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UNIT- 1l
INTERPOLATION AND APPROXIMATION

PROBLEMS BASED ON NEWTON FORWARD AND BACKWARD DIFFERENCE FORMULA

Newton’s Forward Formula

u u(u—-1) , uu—-—1Du-2) ,
y(x) = +EA%+ o AVt 3 Ay, + -
u=%ﬁ and h =x —xg

Newton's Backward Formula

v +1 +1D)w+2
v )sz Lt D@ +2)
vy, 2! n 3! n
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1. Find the value of ywhen x =5 for the following data.

X 4 6 8 10

y | 1 3 8 | 10

X y Ay A%y A3y
4 1
3—1=2
6 3 (Ayop)
5 — 2 = 3(A%yo)
g | 8 P13k 1 L3 31— —6(A%yy)
2—-5=-3

U="Th T2 2 2 %3

yGo) =3 + o o + M Py TV
J(5) =1+ 01_'5(2) N 0. 5(0.2? -1) 3)+ 5(.5— ;)'( 5-2) (-6)
J(5) =1+1+ 0. 5(;0. 5) 3)+ 5(—0. 56)(—1. 5) (-6)
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-0.5
2

y(5) =1+1-10.375—0.375 = 1.25

y5)=1+1+ (3) = (-0.25)(-1.5)

2.Find the value of y when x = 2 for the following data.

X 0 5 10 15

y 14 | 379 | 1444 | 3584

Given:
xo=0 yo= 14
X1 = 5 Y1 = 379

X, =10 yoi= 1444
X3 = 15 Y3i= 3584

h:xl—x0:5—0:5

_ x—0 2-0 2
X=% _ _ —“~04
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x y Ay A%y A3y
0 14
379 — 14 = 365
5 379 (Ayo)
1065 — 365 = 700
(AZ%yp) _
10 | 1444 | 1444 370 - 1065 1075 — 700
— 375 (A%y,)
s | 3584 2140 — 1065 = 1075
3584 — 1444= 2140
u u(u—1) , u(u- 1D -2) ,
Y =3 F W e, WAt 3! A,
0.4 0.4(0.4 —1) 04(0/4— 1)(0.4 — 2)
(@) =14+ 365k ) (7.0 00k N (375)
y(2) = 14 + 146 + %% (700) + T8 (375)

2

y(2) =14+ 146 — 84 + 24 =100

Newton's Backward Formula

+v(v+ 1)V2y +v(v+ Dw+2) _,

v
=y + \vj
y(x) =% Vyf, 21 . 31 y +

X—X

3.Find the value of y when and x = 43 & x = 84 for the
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following data.

Solution:
Xo — 40 Yo—= 184
X1 = 50 Y1 = 204
Xo = 60 Y2 = 226
X3 = 70 Y3 = 250
X4 = 80 Y4 = 276
X5 = 90 Y5 = 304
X 40 50 60 70 80 90

y 184 204 226 250 276 | 304

X y Ay A2y A3y Aty A5y
40 184
204 — 184 = 20
50 204
2
226 —204 = 22
60 —_ 0
2
70 0 0 .
s50 | 250 —226 = 24 .
80 2
276 0
276 — 250 = 26
90 2

304 | 304—-276 = 28
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(i) when x = 43
h=x1—x0=5—40=10

Xx—% xX—40 43-40 3
h 10 10 10
u(u—1) , uu-1Du-2) ,
21 AVt 31 &Y,
43=184+0.31/(20)+0.30.3—12/(2)+0.30.3—10.3—23/(0)

=0.3

u=

y(x) = +%Ayb +

0.3(—0.7)

y(43) =184+ 6 + (2)+0

y(43) =184 + 6 — 0.21
y(43) = 189.79

(ii) when x = 84
h=x1—x0= 50-40=10

x—xl_x—m 84—90_—6
N PY AT R &
y(x) =yl+v +v(v+1)vzy +v(v+1)(v+2)v3y R
Vyf' 2! n 3! n
y(84)=304+(_(1);6) (28)+(_0' 6)(;?'6+1) 2)
—0.6)(=0.6 + 1)(=0.6 + 2
, (-0.6)( ; 06+
y(84) = 304 —16.8+ " 62)(0' 2 (2) + 0

y(84) = 304 — 16.8 — 0.24

y(84) = 286.96
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UNIT- 1
INTERPOLATION AND APPROXIMATION

PROBLEMS BASED ON CUBIC SPLINES FORMULA

4.4 Cubic Splines

Interpolating with a cubic spline

The cubic spline interpolation formula is

1
S()=)x)= L= @[(x,- = M1 3 (o ) M

1 i’ ! i
+ E(lf = 1)), EMi-I] + ﬁ(x ;) ng]

where
6 )
My +4M;+ My, = h_:[vi-l -2+ yil

n = number of data
i = number of intervals [1e.,i=1,2,3,,(n-1)]

h = length of interval = interval length.

Note : If M; and y, values are not given, then assume My = M, = 0 lor B ST = 0|, and find
My, My, M, in 1% interval, 2™ interval, .- |, (n- 1)'" interval value,

Note : Order of convergence of the cubic spline is 4.

MAS8491 NUMERICAL METHODS
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. Find the cubic spline approximation for the function f(x) given by the data:
v (0]1(2]3

p=fi) | 1(2]% | 4

with M, = 0 = M, Hence estimate the value f(03), /(L), /(23), AU2010)

Solution: We know that cubic spline interpolation formula for .y < x <xyi= 12318

=3y e

blﬂli&MQOm

Ui (I “1i) ‘:"MI (1)

b

where . + 48+ M, = ﬁ[}'u “Dithul (0

n=number of data =4
i= number of intervals = 3 i i= 12,3,

h=length of inteval = |

MAS8491 NUMERICAL METHODS
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Solving ()&(4),  (3)=4M + My =180
4% (4) = 4M; + 16M, = 4320
e, () +4x(4) = -15M, = 4140
= M, =276
(3) = 4M, = 180 - 276
=M =-X4

To find Cubic §pline
Wheni=1,

Cublesplinemx; €x <y,
e, <x<x

e, 0<xr<l

MAS8491 NUMERICAL METHODS
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Le., Cublcsplinein0 < x< 118

nw=950s= %l)|(x1 -Jc)3 My+(x- xo)3M1|
l

|
n- gMo

+I(xl-x)

l
+T(X‘XO) ‘

l
)1~ 'Ml‘

=%|(1-x)3 (0)+(- 07 ()

F(1-)[1-0]+ (=02~ (24

binils: @Qm

=4y +5r+1
Wheni=2,

Cubic spline In y.; <x < x;
i.e., nexsn

ie,1<xg)

MAS8491 NUMERICAL METHODS
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Le., Cubicsplinein ] <x<21s

1
=40 =27 M4 o=y

l
T()

—

l
n- EMI

l

1(Jf x)n

A

i g|(2-x3 )+~ 17 076)

+H(- )2--( )

l
+(x- ))33-6(276)‘

W +46(r- 1) +6(2- x-1)

binile:sem

Wheni=3,

Cubic spline In xi.; < x < x;
i.e., nersy

18,2¢x¢3

MAS8491 NUMERICAL METHODS
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L¢., Cublespline 1n2 < x <318

|
=S - -1y
| bl | |
+']'(xs-x) }*z-gMz +I(x'xz) .VJ--(;M3‘

=%I(3-x)3 (140

](76 )+ (t-)4-0

blmlmm

=460 + 414 - 051+ 715

MAS8491 NUMERICAL METHODS
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', Cubie splme 1

)=z 4541 1539
=1 Sy =pl)=30r - 160 4 167-5, L¢a¢]
fofe) 2= 60 4t - W TIE] r)

MAS8491 NUMERICAL METHODS
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When x = 0.5,11(x = 0.5) = S1(x = 0.5) = -4(0.5)° + 5(0.5° +1=3
When x = 1.5,1(x = 1.5) = $2(x = 1.5) = 50(1.5)° - 162(1.5)* + 167(1.5) - 53 = 1.75

When x = 2.5,3(x = 2.5) = §3(x = 2.5) = -46(2.5)° + 414 (2.5)* - 985 (2.5) + 715 = 121.25

x 1123
From the following table - . Find cubic spline and

y=f()[-8|-1|18

compute y(1.5),1'(1),»(2.5) and y'(3).

Solution:

Sw)= Si)=n®)=3x-10+4x-12, 1
SH(x) =3(x) =33 -x) +22x-48, 2<x<

Wr=15)=8(x=15)= -‘;—5. ya=1)=Sx=1)=4

Wx=25)=8x(x=25)=1315y (x=3)=S,(x=3) = 22.

binils.com

S1(x) = () = =4 +5x+ 1, xe[0.1]
SE)=3(x)=1{ §H(x) = yy(x) = 50 - 162x* +1670x =53,  x€[1.2]
S3(x) = y3(x) = —46x° + 414x* - 985x + 715, x€[2.3]

f(x) = -46x" +414x* - 985x + 715 x€[2.3]

Solution: Hint :

£'(x)=-138x" + 828x - 985
£(x=25)=-138(2.5) +828(2.5) - 985
=2225

MAS8491 NUMERICAL METHODS
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x |0(1]|2]8
y=f(x)|1]4]0]-2

Fit a natural cubic spline for the following data:

{AU 2008}

Solution: Assume M, = 0 = M,

$1(0)=n ()= =20 +5r+1, (0,1]
S()=1{ $1(0)=10) =3 - 152 +20r-4, [1,2]
$3(0) =300 == +9¢° - 28x+28, [23]

4.4.3 Anna University Questions

L IE£(0) = 1,£(1) = 2, f(2) = 33 and f(3) = 244, find a cubic spline approximation, assuming M(0) =
M(3) = 0. Also, find £(2.5). (AM10)

binils.com
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4. The following values of x and y are given:

2 1 2 8 4
y: 1 2 6 11
Find the cubic splines and evaluate y(1.5) and y'(3) (MJ12)
Solution: Hint : ;
$1() =y (x) = §(x3-3x2+5x), xe[l,2]
S@) =p(x)=1{ $1(x) =n(x) = 1(13 -3+ 5x), xe[2.3]

S3(x) = y3(x) = S (-20° + 242 - T6x + 81), xe[3.4]
1
¥x) = §(:(3 -3¢ 4 5x) = 1(1.5) = 1375, xe[1,2]
Y(x) = % (3x* - 6x+5) = /(3) = 4666666667,  xe[23]

(or)

Vx)=< 6x’ +48x - 76) = 1/(3) = 4.666666667, x € [3,4]

blnlls com

-1 01 2
5. Obtain the cubic spline for the following data to find y(0.5). ! i & (ND12)
y: -1 1 5

Solution: Hint :
S =y =-20-6-+1, xe[-1,0]

S() =y() ={ $5(x) =p(x)=10x' - 6x* - 2w + 1, ve[0.1]
S3(x) = y3(x) = -8x° +48x> - 56x+19,  x€[l,2]

MAS8491 NUMERICAL METHODS
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6. Using cubic spline, compute y(1.5) from the given data. (MJ13)
x: 1 2 9
y: -8 -1 18

Solution: Hint :
S(x)=y(x)= W -0+ 13x-15

WL5)=3(15) - 9015 +13(1.5) - 15 = -% =-5625, xe[l,2]

9. Obtain the cubic spline approxumation for the functiofi y = /(&) from the following data, given
that yy =7 = 0. (ND14)

x -1 01 2
y -1 1 3 35

10. Find the cubic Spline interpolation. (AU N/D, 2007,AM2014)

x |112]13|4]|5
fl1lof1]o]1

11. Given the following table, find f(2.5) using cubic spline functions : (AU May/June 2007)

X 1 2 3 4
f(x) | 0.5 ] 0.3333 | 0.25 | 0.2

Solution : [Ans: §,(2.5) = 0.2829]

MAS8491 NUMERICAL METHODS
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UNIT- I
INTERPOLATION AND APPROXIMATION

4.1 Introduction

The process of finding the value of a function inside the given range of discrete points are called

interpolation. We have

1. Interpolation with unequal intervals

2. Interpolation with equal intervals

Methods of Equal or Unequal intervals Methods of only Equal intervals
Lagrange’s interpolation (Lagrange & Inverse Lagrange) | Newton’s forward difference method
Newton's divided difference interpolation Newton’s backward difference method
Cubic Splines

4.2 Lagrange’s interpolation

Lagrangian Polynomials(Equal and unequal intervals):
Let y = f(x) be a function which takes the values y = yp,y;,- - ,, corresponding to x = xp,x;,-+ ,x,,.

Lagrange's interpolation formula(x given, finding y in terms of x)

(x - x)x -x)... (- %)
(xo =x1)(xp = x3)... (xg =)’

(x = 2)x = x)... (x = ) y
(x1 = x0)(x1 = x2)... (1 = x)
(x =xg)(x =x1)...(x = X )
+ ( -

Vn
(2 =x0)(x2 = x1).... (¥ = Xp-1)

y =)= flx)=
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Inverse Lagrange’s intel'llz)g?a?ifn[t)oﬁmsu agyglven, nafgg x in terms of y)
G- =-1)...00 =)
0o =yD)00 = 32)..- 00 =3n)
=20 -)...00 -0
01 = »)01 = »)...01 =)
" 0 =20 -3n)...0 =)
02 =002 = 0)... (0 = yw1)

Note: Lagrange’s interpolation formula can be used for equal and unequal intervals,

x =x0) = fiy) =

X

Xn

PROBLEMS BASED ON LAGRANGIAN POLYNOMIALS
(1) Using Lagrange’s interpolation, calculate the profit in the year 2000 from the

following data

Year: 1997 1999 2001 2002
Profit in lakhs 43 65 159 248
of Rs

Solution : xo =1997 x; =1999 x, =2001 x3 =2002
Yo =1997 1y, =1999 1y, =2001 y3 =2002

By Lagrange’s interpolation formula we have

Y=f(x) = (x—x1)(x—x2) (x—x3) (x—x0) (x—x2) (x—x3) (x—x0) (x—x1) (x—2x3)
(x0—x1) (Xo—x2) (xo—x3) 7 ©  (x1—x0)(x1—x2)(x1—x3) 7 1 ' (xz—x0) (xz—x1) (xz—1x3) 2

(x — x0) (x — x1) (x — x2)
(x3— xo)(xB— X 1)(xg— xz) Y3

(x—1999)(x—2001)(x—2002) (x—1997)(x—2001)(x—2002)
(1997-1999)(1997—2001)(1997—2002) (1999-1997)(1999—2001)(1999—2002)

Y=f(x) = 65 +

(x—1997)(x—1999)(x—2002) 159 + (x—1997)(x—1999)(x—2001)
(2001—-1997)(2001-1999)(2001—2002) (2002-1997)(2002—1999)(2002—2001)

binils - Anna University Agppuerciays Store
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(2000—1999)(2000—2001)(2000—2002) 43 + (2000-1997)(2000—2001)(2000—2002)

Y=f(x) =
(x) (1997—1999)(1997—2001)(1997—-2002) (1999-1997)(1999—2001)(1999—-2002)

65 +

2000-19972000—-19992000—-20022001—-19972001—-19992001—-2002159+2000—-

19972000—-19992000—-20012002—19972002—19992002—-2001248

M(ED(=2) 3 (=1D(-2) (3)(M)(=2) GMED

=f(x) =————-4 1 24
Y=t (=2)(=0)(=5) 3+ 2(-2)(=3) 65+ 4(2)(-1) 59+ 53)(1) 8
—43 65 | 477 248
=Tty T s
=100

2. For the given values evaluate f(9) using Lagrange’s interpolation

Solution :

X 5 7 11 13 17
f(x) 150 392 1452 2366 5202
Solution :

X9 =5 xq =7 X, =11 x3 =13 X4 =17
Yo =150 y, =392 y, =1452 y3 =2366 Yy, =5202
By Lagrange’s interpolation formula we have

Y=f(X)= (x—x1)(x—x2)(x—x3) (x—x4) (x—x0) (x—x2) (x—x3) (x—x4)
(xo—x1) (xo—x2) (xo—x3) (xo—x4) * °  (x1—%0) (x1—x2) (x1—x3) (x1-x4) 1

+

(x—x0) (x—x1) (x—x3) (x—x4)
(x2—x0) (x2—x1) (x2—x3) (x2—x4) 7 2

(x — x0)(x — x1)(x — x2)(x — x4) Va + (x — x0)(x — x1)(x — x2)(x — x3)
(x3—xo)(xs—xl)(xg—xz(xg—le) 3 (x4—x0)(x4—x1)(x4—x2)(x 4—x3))’4
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Y=f(9) = (9-7)(9-11)(9-13)(9-17) 150 + (9—5)(9-11)(9—13)(9—17)

(5-7)(5—-11)(5-13)(5-17) (7-5)(7-11)(7-13)(7-17) 392 +
(9-5)(9-7)(9-13)(9—-17)
(11-5)(11-7)(11-13)(11-17) 1452
N (9-5)(9-7)(9-11)(9-17) 2366 -+ (9-5)(9-7)(9-11)(9-13) 5202
(13-5)(13-7)(13-11)(13-17) (17-5)(17-7)(17-11)(17-13)

_ @E2D)EHE8)
(=2)(-6)(-8)(-12)

50 3136 = 3872
=—_-|——-|- - -
3 15 3

=810
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Using Lagrange interpolation formula, find f(4) given that f(0) = 2, (1) =
3, /Q2) = 12, f(15) = 3587,

X =0 xn=1l|n=2| =15
y=f) | w=2|(n=3|n=12|p=3587

Solution: Given

Lagrange interpolation formula is

_ = )i - 0)x - x3) X (X — x)(x — 0)(x - x3)
(0 = x)(%0 = )% = X3)" (1 = %)y = X)(xy - xs)
(x = xo)(x = x1)(x — x3) (x = xo)(x — x1)(x — x2)

(xy = xp)(xa = x1)(x3 - xs) (x5 = xp)(x3 — x1)(x3 — x»)

(4= 14— 2)4 - 15) 4-0)4-2)4-15
F)= (0 = 1)0 - 2)(0 - 15) @ (1-=-0)1-2)1- 15) ®)
4 0)4 - 1)4 - 15) (12) 4-0)4-1)4- (3587)

S To ok e - 15 (w-m
A Bar
=I(Z2K - 4)
(4)(3) (-11) #H3)(2)

Ho0En Y o)

=7799 =78

(3587)
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Using Lagrange’s formula, prove that

»n =y3— 0302 — y-3) + 0.200-3 — y-g).

Solution: From the equation, the values of x are

x°=—5 x1=—3 x3=3 X3=5

Yo=)Y-s5 [ VI=Y3 | 2=Y5 | V3=Ds5

The x values are not equally space, so use Lagrange’s formula to find y = f(x).

Lagrange’s formula for a set of 4 pair of values is

- x)x—x)x—xg) (- Xo)x - x)x - x3)

=)= (x0 - x)(x0 - D)0 - x3)" (1 - X)x1 — )1 - xX3)°
(= zoe —me—x) o . G e a0
(2 — )@ — 1) = x3) 0 (3 = x)xs — )3 — x)

y (x+3)(x-3)(x-3) - (x +5)(x=-3)(x-9) :
ES #3397 (343 —B=3 >
(m +5)(x + 3)( (x +5)(x +3)(x - 3)
ol II} ‘“CC)I N
Put x =1, we get
(1 +3)1-3)(1-53) 1 +51-3)1-53

el T Y O e O, R
A+50+30-5) A+ +31 -3

FB+8 4365 GG+ -3
==0.2y_5 +0.5y_3 + y3 = 0.3y5

==0.2v_s+02y 5 +0.3y_3 +y; = 0.3y5

1 =y3-030s—y.3)+ 02003 —y-s)
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I

3

Anna University Questions

8

1. Use Lagrange’s formula to find a polynomial which takes the values f(0) = -12, f(1)= 0, f/3) =6
and f(4) = 12. Hence find f(2). (AM10)
Solution: | f)=x -T2+ 18x- 12 f(2) =4

2. Using Lagrange’s interpolation formula to fit a polynomial to the given data f(-1) = -8, f(0) =

3,fQ)=1and f(3) = 12. Hence find the valur of f(1). (ND10)
Solution: /) =22 - 62 +3x+3= (1) = 2]
3. Find the expression of f(x) using Lagrange’s formula for the followin data. (AM11)
n X 01 4 5
bintls:com
m
Solution: | fx) =2 -3x+4
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