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UNIT — 111 SOLUTION OF EQUATIONS AND EIGENVALUE PROBLEMS

Newton’s iterative formula:
f(x,)
n+l n f'(Xn)
Ex: To find the Iterative formula for finding VN , where N is a real number
Let x=+N =x*-N=0
Let f(x):xz—N; f'(x)=2x

f (xy) (%2-NT x N 1{ N—‘
We Know that  Xp.q =X, — =X, —| = __+__ =_|X*

Pon) L 2 ] 2 20 2 X
1l N‘H

The iterative formula for finding N iSELXn +—J
Xn
Diagonally Dominant:

A matrix is diagonally dominant if the numerical value of the leading diagonal element in each row is
greater than or equal to the sum of the numerical values of the other element in that row.

Consider the system ofyequations,

aX+byy+ciz=dy
aX+byy+coz=d,
agx+bgy+czz =ds
e a2+ 2o ] o[ 2f] + s

Procedure of Gauss Elimination method.
In this method the augmented matrix is transformed into an equivalent upper triangular

matrix, and then by back substitution we get the solution.
Procedure of Gauss-Jordan method to solve the simultaneous equations

Answer: In this method, the augmented matrix is reduced to a diagonal matrix (or even a unit matrix) by
elementary row operations. Here we get the solutions directly, without using back substitution method.

Procedure to find all the eigen values of a 3x3 matrix A by using power method.
Answer:

Step 1: Find the dominant Eigen value of A, Say A4, by using power method.

Step 2: Consider the matrix B = A — A1l

Step 3: Again by applying power method, find the dominant Eigen value of B. Then the smallest eigen
value of Ais equal to A 4 the dominant eigen value of B

Step 4: The remaining eigen value is found by using the property.
Find Newton’s iterative formula to find the reciprocal of a given number N and hence find the

Value of 1_
19

Solution:
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1 1
Let X=__ SN=_

1N X
f)="-N;x =x-f0). . =x(@2-Nx)

X i+1 i f ,(Xi ) i+1 i

19 20
X;=0.0525; x2=0.05263; x3 =0.05263 ; x4=0.05263.

" iz 0.05263
19

Find the least positive root of x* —x—10 =0 correct to 2 decimal places using Newton Raphson

method.

Solution:

Given f(x)= x*-x-10, f'(x)=4x®-1
f(1) = -10= -ve; f(2) = 4= +ve
Therefore A root lies between 1afn Take xo=2
f
x =x _ f(). x= P?) =1.871; x =x — ) =1.856; x =x — f(x,) =1.856.
"o fix) ot Y o '(Xo) ) 7 f(x)
Therefore the root is 1.856

Find a root of xlogio Xx—1.2=0 Newton’s,method orrectto three decimal places.

Solution:

flx)=xlog,,x— L2 f(2)= —wve, f(3)=+re

The root lies between 2 and 3

take x3=3;3=2.5 xi+1=xi—%
i=0 x,=2.7465
i=1 x,=2.74065
i=2 ;= 2.74065 Hence the rootis 2.74065

Find the approximate root of xex = 3y Newton- Raphson method correct to 3 decimal places.

Solution:

Given f(x)= xe* =3 f'(x) = xe* + ¢
f(1) = -0.2817 = -ve;
£(2) = 11.7781 = +ve

Therefore root lies between 1land 2.
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Here |f(1)|<|f(2)|
The root is nearer to 1 Take xp=1
x =x _ f().

n+1 n f 4
f'(x,)
f f
X=X — (%) =1.0518;, x =x - () =1.0499; x =x _ f(x;) =1.0499
o0 f(xy) Lt k) 2 f(x,)

The value of X, and X; are equal. Therefore the root is 1.0499
Solve the following system of equations by Gauss Elimination method

2x+3y—z=8 4y +4y—-37z=3 2r—3y+2z=12

Solution:
[2 3 —15]
(A,B)=|4 4 —33‘
[2 -3 4|2

3 15|

='0 =2 -1|-7'R 5 R -2R
|2 2 1

Lo 6 3 _3J|J|

[2 3 -15 ]
=0 -2 -11-7' R 5 R —-3R

| Sl FR

lo o 6|18 |

Hence 2x+3y-z=5
-2y—-z2=-7
6z =18
z=3y=2 x=1
Apply Gauss Jordan method to find the solution of the following system:

X+3y+3z2=16, x+4y+3z=18, x+3y+4z=19;

Since the coefficient of x in the third equation is unity, we interchange first and third equation,

we get X+3y+3z=16, x +4y +3z =18, x +3y +4z = 19.
Solution:
1 3 3161
(A,B)=|}1 4 318
113 4191
[1 3 316] [1 0 310] [1 0 01]
=01 02'R-R='0102'R-3R='0102'R-3R
o0 13lR-rR oo dal® 21lo 0 dal®
| s 1 L | | ]

Therefore x= 1,y= 2,z=3.
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Solve 10x+ y+2z=12, 2x+10y+z=13, X+ y+5z=7 by Gauss Jordan method
Solution:

X+y+5z2=7 2x+10y+2z=13 10x+y+z=12

[1 1 5 7]
(AB)=|2 10 113’
110 1 112 ]
11 5] 7] N
=10 8 -9| -1 |R,+(-2R, =[0 1 Rg()
o o ao 58 In + (C10)R ‘0 Yo 8o g e
L J3 1 J
[1 1 5| 7 ] [1 1 ) 7]
| -9 | -1 | 9—1|
=lo 1 __| _ |=j0 1 =2
| 8 | 8 ’ 196 88| -8
0 -9 _478] 43| | 1] 1 JRs| 473
| 8l 8l
49| 7
110 5|8 |Ri+(-DR, (1 0 01 ‘9
=lo 1 =9 | =0 1 01 R2+|_)R3
8| 8 8
00 1|1 ‘ oo MURJ%}R
L| |J 1 \8)3

Therefore x=Ly=1,z=1.

Solve the following system by Gauss Seidel.method
20x+y—-2z=17, 3x+20y—z =-18, 2x—3y+ 20z = 25;

Solution:
The system is diagonally dominant,
Now, the system is diagonally dominant.

1 1 1

Therefore x=_"(17-y+2z),y= _ (-18-3x+12),z= _ (25— 2x+ 3y)
20 20 20

Setting y= 0,z=0 we get

x® =0.8500,y" =-1.0275,z% =1.0109

Second iteration: x® =1.0025, y® =-0.9998, z® =0.9998

Third iteration: x® =1.000, y® =-1.000,z® =1.000

Hence x=1,y=-1, z=1

Solve the following system by Gauss Seidel method

A4X+2y+2=14, x+5y—z=10,x+ y+8z=20;
Solution:

The system is diagonally dominant,
Now, the system is diagonally dominant.

Therefore x = 12(14 —-2y-2),y= 1g(lO -X+2),2= l5(20 -X=Y)
Setting y= 0,z2=0 we get
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xW =35y =-13,2z0=19
Second iteration: x@ = 2.375,y® =1.905,z? =1.965

Third iteration: x® = 2.056,y® =1.982,z® =1.995
Proceeding like this we get x=2,y=2,z=2.

(2 2 6)
10. Using Gauss Jordan method find the inverse of the matrix A= || 2 6-6 ||
4 -8 -8

Solution:
[2 2 61 0 0]
Given[A|I]=A={2 6 6|0 1 OJ
4 -8 -8|/0 0 1

[1 1 3 (1/2 0 01|
A='2 3 3| 0 1/2 0 R R /2R >R /2R >R /4

| 1 1 2 2 3 3
i -2 20 o 14

[1 1 3 11/2 0 01|
:>A=|O 2 —6[-1/2 1/2 0 'R >R -R,R >R =R

lo 3 5]-1/2 0 1/4]

1
[EN
— O

6| 3/4 -1/4 0 ]
=3\ -L/4 7114l 0 |

'I_Llo 0| 51561 3156 1/

1 0 0(3/14 1/14 6/56
=>A=0 1 0|1/5 5/5 -3/5%6" R -5 R -6R ,R >R +3R
| 1 1 3 2 2 3
o 0 of5/56 —3/56 -1/56]
1112 4 6
Hence Al = |_1 5 —3-‘
56| |
5 -3 ll|
(11 3)
11. Using Gauss Jordan method find the inverse of the matrix A=| 1 3 - |
-2 -4 -4
\ )
Solution:
1 1 3100
Given [A |I]=A=1 3 -3|01 0}
-2 -4 -4]0 0 11|

1 00
“1 1 01R—>R R,R >R+2R

| 2 2 13 3 1

2 01l

[1 1 3
A:‘O 2 6
o -2 2
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1 1 3 1 0 O
3A=‘0 1 -3|-1/2 12 0|R, > RJ2
0 -2 2| 2 0 1]
10 s 3/2 -1/2 0
:>A:|[0 1 -3- |12 12 O]R —-R -R,R 5>R+2R
1 1 2 3 3 1
loo 4 | 1 1 1l

(1 0 0] 3 1 3/2}
—~A='0 1 0|-5/4 -1/4 -3/4'R >R -6R,R - R +3R

| |1 1 3 2 2 3

||_0 00|-1/4 -1/4 _1/4J

[12 4 6

A—l_ll_s
Hence _4| -1 —3|
|-t -1 -]

( 2 2 3\
12. Using Gauss Jordan method, find the inverse of the matrix A= LZ 11
1 3 SJ

Solution:
[2 2 3110 0
Given [A | Lk]=A=2 1 1|0 T 0||
135 (g 0 1
1 1/8/201/2 0 0
=>A=12 1"1 0 "1 0|Ry > R,1/2
13 5 |0 0 1]
1 1 3/2|1/2 00

1
=A=0 -1 -2 | -1 1 0|R, >R,-2R;,R; > R3-R,
0 2 7/2|-1/2 0 1]

1 13/2)1/2 0 0
—A=(001 2 | 1 1 0||R2—>—R2
02 7/2(-1/2 0 1]
10 1,2 ]1/2 1 O]
=>A=01 2 1 -1 0|R; > Ri-Ry,R3 > R3-2R,
00 -1/2|-5/2 2 1]
10 1,2 (172 1 0]
=A=|0 1 2 1 -1 0 ||R3—>—2R3
00 -1/2| -5 -4 -2
o 12 1 -1
| R
=A=010/-9 7 4R 7R "5 oRa-2R;
{0 0 1|5 -4 -2
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[2 -1 -1
Hence A1 :| -9 7 4
EA

1 2 3
13. Find the largest eigen value and eigen vector of | 0 -4 2\, by using Power method.
0o 0 7

Solution:

1 2
Let A= I_O -4 %_l .Let the initial eigenvector be X
o 0 7]

1 2 3](1) (6 0.857)
Aleo -4 21 H={— 2]:7(0.285 ||:7x2'
o o 7w (7, (1
E 'ﬁ

J
(0.857Y (4.427Y (0.632)
| 0.285|=| 0.86 |=70.122|=7X "
3

%:.8969' odkr

1512 |=7/0216|=7X
4

H
I
TR
- -
-

N—

AX =AX '_ly -4

2 2| |
o o 7/l 1 \)
1 2 370632

'#
AX =Ax'= o —45 2" ]10.122|=

g ()69\|L 7{(7)5811L \ J

0 7%[
i
0 -472 |0216 = 1136|_7|0162|_7X
| |
"o 7 L 1
905\ O 5} (3 44\ (0 562)
1352|_7| 103]=7X 1228 _7 0175 |=7X '
%913\ 0561{ %3 929 %0560
AX, = 1260|_7|0180|_7X 1280 _7 0182 |=7X
921\ 0. 560 (3 924\ 560\
AX, = 1280|—7|0182|—7X ' llsz [ 182J
L7 )

0. 560\

Therefore the eigen vector is t0.182 | and the eigen value is 7.

1
( 16 1)
14. Find the largest eigen value and eigen vector of A= Ll 2 0, by using power method. Also
00 3J
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find the least latent root and hence find the third eigen value also.

Solution:
[1 6 1] 1
Let A= | 1 2 0|.Let the initial eigenvector be X, =[0]
|0 0 BJ 0
AX, = H 2 (1)—| [(1)—| = E—’ = Jﬂ =1X,
o o allo] o] Lo
|r1 6 ﬂl [1] rﬂl 1 1
AX,=1 2 0 04286
ER A
AX3 = F g (1)—|”[0 4286—: l[f gg%g—ll 3. 5714||0152-‘| 3.5714.X L

[oosfl o Ko | hol

Proceeding like this we get, eigen value = 4 and eigen vector = (1,0.5,0)

To find the least eigen value B = A - 4l since A1 =4

300 2oL
|002||004||00 2|
\ ) \ ) \

(3 3\(5\_(—5\;
° M) 0

\
-3 1 -5 1
By = ( Y -0. 3333 (1 6666) 5|( 0. 3333\|‘|= -5y ,

0 2||0!|

3|( 0%333]_ -3y
| 0

: u )|| |
\00 L I G N
(
|
{

-5 1
1. 6666\}| 5r 0. 3333\P| 5y3
° )

3 6 1
y —(1 =2 0\1(—03333\}|

2

\ y
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Dominant eigen value is—5
Adding 4,smallest eigenvalue of A=-5+4=-1
Sum of eigen value=Traceof A=1+2+3=6
44+ (-1)+A3=6
Ay =3
The eigen values are 4,3,-1

|(25 1 2

15. Find the numerically largest eigen value of A = | 12 8 OJ and the corresponding eigen vector,

\ )
by using power method.

Solution:
R
Let the initial eigenvector be X @ =] 0 |
o
\ )
[25 1 2] 1W (25\ (l\
AXO= 3 | |

0= ®,
| || 1 |=25,0.04|=25X

|2 0= \0) \2) (0.087
[25 1 21( (252\ ( 1 ) (1 )
| | ! @ 2 ||
AXt=) 1 370 I || |1.12|= 25.2. 0.0444 | =252X (ie) X =] 0.0444 | Repeating this ,
|2 0 -4l 168 0.0667 0.0667
J \ ) L) \ ) \ )
1 1
(T T G T S
we get 25.1778| 0.0450 |25.1826| 0.0451(,25.1821| 0.0451 |. Therefore The largest eigenvalue is
. 0. 06888) k0'0685) \0.0685)

(1]

25.1821 and the corresponding eigen vector is | %%%%%H

16. Solve the following system of equations by Gauss Elimination method
2X+ y+471=12, 8x-3y+22=20, 4x+11y-z=33

Solution:
[21 4121 [21 412]
(AB)='8 -3 2|20 '='0 -7 -14-28 'R >R -4R ,R ->R -2R
| | | 2 2 13 3 1
|4 11 33| |0 9 -9|9 I
2 1 4112 ] .
R
=01 2|4 |R2_’_—;vR3—>—g1
01 -11
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(2 1 412]
:>|o 1 204 |R SR -R

3 2 3

0 0 33 |

By Back Substitution, we get,
3z=3=>1z=1
y+2z=4=y=4-2=2
2X+Y+4z2=12=2x=12-(2)-4(1)=2=x=3

Hence the solution is, x=1, y=-2, z=3

17. Solve the following system of equations by Gauss Elimination method

Xy + X, + X+ X, =
X+ X, +6X;+ X, ==5, X, + X, + X; +4X,=—6

4, X + 71X, + X3+ X, =12,

Solution:
12,

=5, X;+ X, + X, +4X,=—6

Xy + X, + X+ X, =4, X +1X, + X3+ X, =

X;+ X, +6X; + X, =

1.47/5 1 a1 1| 4
1142 110 34 4 _4| 56
1—5’|Io 4 29 4—29'

4—6J LO 4 "4 19—34|J

|
= ol

(A,B) = —>5R R , R —>5R R R —>5R -R

3 4 1

H
e
(S e N SR

5 1 1 1| 4
34 4 4| g

0 970 120{-1210
0 0 120 630|-1380 ||

1R —34R -4R ,R —34R -4R

3 3 2 4 4 2

5 1 1 1 4 1

ot % IR -970R -120R
0 0 97 12| -121 | 4 4 3
0 0 0 5967|-1193¢ |
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Hence 5967xs = -11934

X, =—2

97x3 +12x4 = -121
X;=-1

17Xo + 2X3 + 2X4 = 28
X, =2

SX; + X, + X5 + X, =4
X, =1

Hence the solution is X, =1;X,=2; X; =-1; X, — 2

binils.com

binils - Anna University App on Play Store



