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Z-TRANSFORMS AND DEFFERENCE EQUATION

CLASS NOTES

Z-Transform of some basic functions:
1.

Zram =t Cozl)-—= s zay -

- z-1 7+a
2 2] —2
(z-2)’

3.

Sl g 2
o =8 =

41 T 7
A . =1log . :
e Y
51, 1 Lz
=t 7 9 =
6. -1+ !
Z.—. =¢!

e

7. Z[cosne]z 2(z — cosB)

72 —2zc0s0 +1

zsin@

Z|sinnB | =
[ ] 72 —2zc0s0 +1

Inverse Z-Transforms:
The inverse Z-transform of Z [ f (n)] = F(z) is definedas f (n) = Z* [F (z)] .

The inverse Z-Transform of some basic functions:

1| s R Ry
v 71 RN
) 7-1° z oy ; 7-1° z ':(_a)n ; 7-1° 1 Co gt
1-ar “rtal hrtal
Zé
-1 n
3.1z o =(n+1l)a
For Eg.
1) z-1 1 Z) = (n-1+1)a"* = na"!
1 -a)
-I 1 -I
-1 _ _ n-2 _ _1\qn-2
2) Z '(z—a) =(n-2+1a (n-1)a
—1. Zz ' n
3) Z (2_1)2.:(n+1)1=n+1
5 Z- = (n-141)1" =n
71 ( 21)2 (n—1+1)1"
Z_
5) Z- S =(-2+10" =n-
z-1 ( 11)2 2+1)1" 1
Z_
-1 ¢ - n ntt
41z . , 5+ =acos
Z+a 2
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- T T L 1 T T
5 | 21, = a" cos(n 1) - a"cos . — . =a"sin

Finding Inverse Z-transform by method of Partial Fractions:
Rules of Partial Fractions:
1. Denominator containing Linear factors:

@ __A + B + ¢ + ..

Z-a)z-biz-c).. (-2 (-b (-0

2. Denominator containing factors (z — a)" :

@ _ A + B + ¢ +.+ D
z-a" (-3 (@-a* @-a (z-a)
3. Denominator contains a quadratic factor of the form az? + bz + ¢ (where a,b,c are constants):
f(2) _ A + Bz
ar’ +bz+c ar?+bz+c ar+bz+c
f(2) Az+B
Or =
( )az‘+bz+c az’ +hz+c
1. | Find Z-1- Z—Z » using the method partial fraction.
: (z +1)(z —1) .
Solution:
Fo= _ °
(z+1)(z-1)°
F(z 1
W 0
z  (zg1)(z-a)’
Now,
1 A i B 4 C

(2+1)(2- 1 271" 21 (-1

1=A(z-1)°+B(z+1)(z-1)+C(z+1)
Put z=1=>1=2C > Z‘,:l_
2
1
Putz=-1 = 1=4A = |A=_
4
Puuz=0=>1=A-B+C :>B:l_+l_—l :>B=1+2_4 > B=_—1
4 2 4 4
i -1 1
1 _ 4 4 2
(z+1)(z-1)° z+1 z-1 (z-1)°
W=Fp="" 12t 7
4741 4z-1 2(z-1)°
Taking Z —! on both sides
(1) :>Z_1[F(Z)]=lz_1'_zl _l _1 _Z' +l _1 Z

4 4
4 z+l 4 z-10 2 o (z-1)

f(n) = E(—l)n - 1(1) +on
4 4 2
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' )
FindZ ! " ’ 3
2 ) )
Solution:
F(z) - z” :

1
(1+z1)(1-21) (z+1)" . z-1.
7 . .

7

z

Fg)=
(z+1)*(z-1)
F(z 1
9.t - )
2 (z+1)°(z-1)
1 _ A + B + C
(z-1)(z+1)° z-1 z+1 (z+1)
1=A(z+1) +B(z-1)(z+1)+C(z-1)
Putz=1 1=4A > A=1_
4
1
Putz=-1 = 1=-2c > ¢=-_
2
Equating co-efficientsof 22 = 0=A+B > B=—l_
4

@) » FB=l 1 511

4 4
fn)=1-2(-0)" + Zn(-1)
4 4 2
3. | Find Z-* r’ -
(1-z1)(1-22)(1-321),
Solution:
1
F() = ’ : z
A1-z)(1-227)(1-327), oL 20 30
.1 Ivr 1
_ 1
r2-lvr 2= 13
F(z)—/: 4 2 4 Z
)
z-1 z-2 1-3
F@) _ r 0

binils - Anna University App on Play Store



binils.com - Anna University, Polytechnic & Schools
Free PDF Study Materials

Now by Partial Fraction,

1 A B C
(z-1)@z-2)(z-3) =z—1+z—2+z—3
1= A(z-2)(z-3)+B(z-1)(z-3)+C(z-1)(z-2)
Ptz=2, =1=-B>

Put z =1, > 1=2A=> A=E
2
il
Putz=3 = 1=2C=>C=_
2
W=Fo=12 -7 41 °
27z-1 71-2 21-3
02 [F]=tz2" Lozt Bt b
2 v 7-1 v1-2+ 2 v 1-3r
1 n 1/oyn
f(m=_(1)"-(2)"+2(3)
2 2
f)= -2+ 13
2 2
_ 22 +1 . . .
4. | Findthe Z-transformof —— using partial fraction.
@z -1)@% +1)
Solution:
2 +1
F2) = —=——+=
(z =L@ +1)
F(z) z+1
z =9 A1)
z+1 A B Cz
= + +

-D@+) (-1 2+1) (22+1)

7+1= A% +1)+ Bz -1) +Cz(z -1)

Putz=1, = 2=2A>

Equating co-efficientsof 2> 0= A+ C =
Ptz=0, => 1=A-B= B=A—1:l—l=

F(2) _ 1,0, -z

z (-1 (Z22+1) (22 +)1)
z 7?
F(z) =

z-1) (*+1)
PutZ ' on both sides

i Ltz 4tz
z [F(»)]=z2 — -2

PR R nTr
. . =C05—
.7 tal. 2

nTr
f(n)=1- cos7 VA

Finding Inverse Z-transform by Residue Method:

By Inverse Z-Transforms Z ~* [F (z)] = f(n)
Procedure:

1. write F(z) from given expression and write F(z)z"-!
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2. Find the poles by equating denominator to zero in F (z)z"-1
3. Write the order of poles
4. Find the residue at these poles

Casei: If z = a is pole of order 1 (or) simple pole then

ResF(z)z"',  =lim(z-a)F @™

m-1

. . 1 .. d
Case ii: If z = a is pole of order m then ,ResF(z)z"!, = lim——(z-a)"F(z)z"*

=2 m—1zadz

5. f (n) = sumof residues of F(z)z"-!

1 Find Z-! . 2 , by the method of residues.
(z-2)(22+1),
Solution: 5
Let F(z) = :
(z-1)(2 +1)
277"
F(z)z"*'=
@ (z-1)(z% +1)
n-1 22”
F@z = - (1
Z-Dz+)z-1i)
Here z=1, z=1i and z = —iare poles of order 1.
1) Res,F(z)z"', =lim(z-a)F(z)z"*
27"

Res,F(2)z"!, #=lim (z~
gt (1 + i)z =)

. 2z

=lim
L@+ i)E )

_o21)
@+ (=)

_2 CAH)-i) =12 -7 =1 (-1) =1+1 =2
2

Res*, F@™'+., =1

z=1

2) Res, F(z)z"', =lim(z-i)F(z)z""

Res F(z)z™', =lim (z_i 2z

= i (-1 @)@+

—

=iz =Dz +1)
_2(3)

(i=1@+1)

_20)
W _ 0 _ 0
ii-0) -0 (1=

n1 _ ()"
Res,F(2)z » _(1+i)
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3) Res, F(z)z”-l, = |£@_(Z+i)F(Z)Zn‘l

Res,F(z)z", = Ilmj;%l’f 1);;7( )
=z - ) (z—i

27"
= lim

=iz =1)(z 1)
(=) _ 2(=)"
=D -0 (L D@
N Gl ) N Gl A )

L+ (i+i3) (-1

R .F nflI ( I)n
es.F(2)z S

f (n) = sumof residues of F (z)z"*

=1 L
(1+i) (-1
2. | Find the inverse Z-Transform of AZ—HE by residue method.
(z-1)
Solution:
z(z+1)
Let F(2) ) _1)3
7' (2 +1)
F(2)2"* =
@ (z ~1)
" (z+1)
FQt= 7 ----- 1)
(-1
z =1 is a pole of order 3
" 1 _d™! .
Res,F(z)z = lim (z-a)

—1— 4= 7 (z+
Res,F(z)z"!, = lim z-1)°

7=1 (3 _1)| z~1 d22 7 _1)
1 d’

=""lim M

2 -1dz7?

= —Ilmi,(n+1)z” +nz",
2 z-1dz

- Liim ,(n+)nz" + n(n-1z"-2,
2 -1

- Liim (N2 +n)D)"™ + (n? - n)1™-2,
2 -1

[EEY

== n’+n+n?-n,

2

Res,F(z)z"1, 1

=1 2
n

_

.2n?,

Res: . F@)7'-.

z=1
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f (n) = sum of residuesof F(z)z"-! = n?

Z
Find the inverse Z-transform of the function by the method of residues.
7 + 77 +10
Solution:
7, ;'. =97
2+ 72410+
Fp=_ % = °
2 +72+10 (z+2)(@z+5)
_ 2"t
F(2)z"*=
(z+ Z)SZ +5)
n-1 z
Fz)z = — - ——---- 1
@ (z+2)(z+5) 0
Here z=-2 and z=-5 are pole of order 1
1) Res, F(z)z”*l, = Iim(z -a)F(z2)z"!

n

—I
Im(%yg;df(HS)

Res, F(z)z"!,

_ (=2 _(-2r
(-2+5 3
RES. F(Z)Zn_l. . — (_j)n
2) R = n_ll =i Z—
) Res. F(2)z - er?sw (z+2)M
sy sy
(-5+¥2) -3
Res, F(z)z"1, i _(;S)H
f — f f F n_1
(n) S&”QP re@'@ﬂes"l (Z)zzw (=5)"
T T 3

Z—2

4 | FindzZ-t- ) " by using residue method.

'(1+ 2-1) (l—z-l)'

Solution:

-2

F(z) = 7122 PN 12

(1+Z ) (1-2 ) RS
LT
F2) = ’
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o Zn
F(2)z =77 —— ----- @
(z+1)*(z-1)
Here z = —1 is pole of order 2, and z =1 is pole of order 1

m-1
1) Res,F(z)z"!, T ( 11)|!1Td(1 —(z-a)"F(z)z"*

Res,F(z2)z"!, = I|m_

21 (2 —1)le-1dZ? %Mz -1)

_ Ljjm d
iy dz—z—l‘

-t -"(1-0)"
= lim - .

=1 (z-1)
B L e I e S VI G

~1-1)? 4 4
Res.F(z)z"™!, = (-1 [gnl—ljj)

n

=1
2 Res,F(z)z"!, =lim(z-a)F(z)z"*

n

Res,F(z)z"™, =lim(z= j
121 (z+1) (z
.7 1”//171
= lim = =
(7 #)5 Afrm1)” 2
Res,F(2)z"Y | = L
=1 2

f (n) = sumof residues of F(z2)z"-*

n

f(n):T[Zn —1]+%

1" 923
5. Using complex residue theorem evaluate 2 .————— = .
C@B-172-2) .

Solution:
71" 928 o7 978 o7 Al
7= - 9z =1 = 2) 7= 17—
- 3 3
Fo)=, 2
-7

3
F(z)z"'= 2z

—_

@-;0@-2

n+2

F(2)z"'= z

7=z -

3

1 .
Here z = ~ are pole of order 2 and z = 2is simple pole.
3

1) Res,F(z)z"!,

m-1

R
z=a ( ]_)I —a dzm

(z-a)"F(z)z"* here m=2
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Res*F(2)Z7 . =lim—" (2%

(2 = 2)(n+ 2™t - "2 (1) -
= (z=2)* .
2" (z-2)(n+2) -]
(z=2)" '
L . 1
-2. (n+2)—3LI-I

—_

n

171 Bn-11.  -1.1.
- c=—. B+l
. 253

9
Xk 33'--" 3
- 1=
Res. F(@)2"". " = 5.3 (5n +11)

n+2

2) Res.F(z)z"*, . Llrp (z-2 P 2}i ;

"2 9 /
Res,F(z)z"', , = 5 1y =252”+2
3
_ 9

Res,F(z)z"", =—"2"

=2 25
fm—=-sumofresiduesof F(z)z"-!

9 S
fm=fmn= 22+ . . (51+11)

25 25 3

Finding Inverse Z-transform by Convolution theorem:
Convolution of two sequences:

If { f (n)}and{g(n)} are any two sequences then its convolution is defined by
n

f(n)*g(n) = EEJ fk)g(n —k)

k=
Convolution Theorem:

gzt [fm] =F@andz[gm)] = G@) then Z[ f () * gm)] = [ f(M)]- z[9(m)] = F(2)-G(2)
ote.:

1) z[fm*9m]=F@)-GE
f(n)* g =21 [F2)-6(2)]
2 Folxzt[e@] = 2 [F@)-6@] ~z-'[F@] = fm&z-[6@)] = om
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2 [F@-c@]=2-[F@ ]+ 2 [cq]
an+1__1
a-1

2) 1+a+axai.+a="

2

1. Find inverse Z-transform of z by using convolution theorem.
(z —a)
Solution:
IER A
Given Z . s =7

-y,

By convolution theorem
2 [F@)-6@]=z[F@ [+ z-'[c@)]

2

A SR Y S SN S
7 -af '7-a 7-a-
=7t P Tt B
v 1-ar v 1-ar
=a" %"
= Y aa" ) % g(n) = Z f (k)g(n — k)
k=0
- S
k=0
=a"> 1
k=0
-1 ZZ n n
z -+=a (h+1)-1= (n+1)a
(z =a)
oz ;
yA =(n+1a
(z-a) ()
2
2. | By using convolution theorem, show that the inverse Z-transform of z is
(z+a)(z+b)
( 1) n+1 an 1,
b-a '
Solution:
Given Z-1", z U7

By convolu.tion theorem
2-[F@)- 6@)]= 2 [F@) ]x 2 [c@)]

74" 7? C_Zar 2 z -
{—z—o—a}éz—o—b)— rta -0

S SR T
‘TTa ST
= (-a)" *(-b)"

=§:: -a)" (-b)™ '-'f(n)*g(n)=éf(k)g(n—k)
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1) S a'h "

k=0
n |a|k
=)0 3. -
0 b
oan -a-2 caed R
= (=)l s s
b -b- b b
a M_l.' an+1 . n+1 bn+1 .
R YN MO A
a_g .. a-b
b ' - b - b

B ) . n+1 bn+1 b . . . n+1 bn+1 b/
(_1)'0'. ot acp b/ K E Ca-n

QML bn+1 .

=
QD

o 2 .
3. Find Z .——— . using convolution theorem.
Te-a@-b
Solution:
{ 2 .
Given Z-1, z BB
(z=a)z =D

By convolution theorem
2 [F@)-6@]=2[F@ ]x2-[6@)]

RN SR ST S D
T-ag-n ~ T-ai-b-
Y & N
v 7-4 +1-h
= (@)" *(b)"
=@ M = X kg - k)
k=0 k=0
— akb—kbn
k=0
n.a.k
=b">. .
v D
S DR LA TR vat
U 1_|_ A T ST I
. o+be b D ‘b
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l.' al. _1.' . a.n+1_:|- . . n+1 bn+1 .
b i e '4'*"—17
=p =bn.b =p b -
a . a . a-»n
b1 Bl b
/b
R S b
= R i A
b+t a-b, . b"b a-bh,
—h+t—n+t
_a -b
Z,l '- Z2 ) 9 hn+1 _ bn+1
l(Z—a)(Z—D)l a_b
1t 8z°

4, Using convolution theorem, findZz .———=
ng convoiLt AL o S +)

Solution:
. 2 .
Given Z-1. 8z Ll?
z -1z +

By convolu.tion theorem
2-[F@)-6@]=z-[F@) |*z-[c@)]

Zfl'. 8z? .':Z —1l. 822 . 2271.. z . z
=y ——t 1
' ’ 200- b1+ 1= s L=

2+ 4 2 4
N R P
P ..
|Z_7| Z_iu
PRI £
_.1In*llln
T T
”.1.k.1.n_k
=) o . f(n) % g(n f(k)g(n —k
Ly, TT0x0- %()g( )
"1t
RS
k=07 k n k n
-1-”1-()k T ”()k
=, . . 4 P . - 2
. 2.2— 4 2.2— Z
nk:O k=0 k=0
D1
= 142422422 4427,
4.
A a™t -1
=. .. . Vltat+@d 4+ +a =
T T -1
' 8z° T

A P ——————— | |

(22 -z 4. -4
e 7 .
5. | Using convolution theorem find Z TS
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Solution:

) . 2 .
Given Z-1., z Sl ?

-1z -3
By convolution theorem
2 [F@)-6@]=z[F@ [+ z-'[c@)]
Z4, P 7.t 1 L-
Z-D(Z- - Z-17-3:

Z ' 1 N
A

=7t
T

= (0)" *@)"
= kg.)(l)k(3)"’k L F()xg(n) = kZO f(k)g(n-k)

_ kn-knn
_é;igjllk
=3Y. _.

k:0'3

'I.I ]_I.HJrl _1.' . 1n+1_1 . . 1n+1 _3n+1 .
37 N n+l . " n+1 .

I R
: 371 e Yoy £
. :1_3n+1 Xi.' _ }}.. 3n+l _3n+1 X%..
Iy, Ty 4

_ g
2

ya —— =

2 ,
: : 13,
T=yr=3 7

Formation of Difference Equation:

1 DTTTVE UTC UIMTTTTTTILE TYUALIUTT ITunT 'y, — (TA T DITjZ n

NeRSY = (A + Bn)2 .

Y, =A2 +Bn2 ------ 1)

Replace nbyn +1in (1)

y..=A2 +Bn+12
yii=2A2 +2n+1)B2, ----- 2

Replace nbyn+ 2 in (1)
Vo, =A2 + n+2 2"
Voro =4A2 +4(n+2)B2 - ---(3)

From (1), (2) and (3)
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Yo 1 n
Voo 2 20+1)[=0
Vo 4 4 +2)
. [800 +2) —8(n +1)] ~1[4(n + 2)y,.. — 20 +2)y,., ] + n[4Y,.; —2Y,,.] = 0
Y, [(8n +16 —8n — 8] -1[(@n +8)y,., + (-2 yM] ¥ 4nym - 2ny,., =0
8yn }Dy/ 8Yn+1 %‘F 2Yn+2 W n+2
2yn+2 8yn+1 + 8yn - O
|yn+2 - 4yn+1 + 4yn = 0|

2 DTTTVT UTC UTTTTTTTILT TYUAUUIT TTUTIT U, — a T U9

Solution: u, =a+b3 ----(1)

n

Replace n byn +1|n (1)
M =a+b3
Uy = a+303 ————(2)
Replace n byn + 2 in (1)

M —a+h3
Uy, =@ +903 - ---(3)

From (1), (2) and (3)
u, 1 1
U,, 1 3/=0
U,, 19
U (9 —3) =1(8Uyp = . g) - 1{U, 5 —Upy) = 0
6U, — 3U, 59, 1) F U, = Uy, =0
-4u,., +10u,,, + 6U, = 0

+(—2) = 2un+2 - 5un+1 - 3un =0

. . T
3 Form the difference equation y =cos ~—

n .l 2 ..
Solution:
. « NTT -
Given y =cos — ----()
" L2
Replace nbyn +1 in (1)
L .

y = cos e -sin - ---(2

" L2 .' L2002, L2
Replace nbyn + 2 in (1)

Yoo = cos’ .M "= o5 2_1'r UL E

.2, 22
. m ' . m '
y =cos T+ = - (08
n+2 : 2 " : 2 'I

Yosz = —Ya from (l)

= yn+2+yn:

Solutions of difference equation using Z-Transforms.
1.z[y] = z[ym)] = y@)
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2.2[y,1] = Z[y(n +1)] = y(@) - 2y(0)
3.2 yn+]=Z[y<n+zi]=z2y(z)—z2y(0)—zy(1)
4.2[y5 1= z[yn +3)] = 2,y - 2 y(0) -  y(1) - zy(2)

1 JUTVT ubllly Z"IITrarioTuriITIiS LCbIIIIIL.iuC I UTTTITTTTICT cquauun yl‘l+2 T “fynJrl T Qyn — J nV\III.II
Yo =0,y1 =1.
Solution:

yn+2 + 4yn+1 + 3yn = 3n :

Taking Z-transform on both sides
z[y ]+4z[y ]+3z[y]=2.3"
n+2 n+1 n

22y(2) - 22y(0) - 2y(1). +4[2y(z) - 2y(0)] +3y(2) = & :
Z —
Giveny, =y(0) =0y, = y(1) =1
2?y(2) — z + 42y(2) + 3y(2) = ot
-3
(22 + 4z +3)y(2) = e
z-3
1+ 22 -32

7-3

(z 2+ 47 +3)y(2) =

7?2 -2
7-3)(2% + 42 +3)
2(z-2)
z-3)z +1)(z +3)

By Partial Fraction,
y(z) _ (z22)
z (z-3)(z+1)(z+3)
(z-2) A B C

NOW(Z—3)(Z +1)(z +3) B (z-3) i (z+1) ¥ (z+3)

1-2=A(z+1)(z+3)+B(z-3)(z+3)+C(z+1)(z-?3)
Putz=3 = 1=24A :A:i

y(2) = (

y(@2) £ (

24
Putz= -1 :>—3:—SB:>B:3_
8
Putz=-3 = -5=12C :>C=__5
12
(z-2) /24 . _3/8 | =5/12
= + +

(z-3)(z+1)(z+3) (z-3) (z+1) (z+3)
@)= YO _ L2438 -5/12

z (z-3) (z+1) (z+3)

1 z 3 z 5 z
y@) =" + - -

24(z-3) 8(z+1) 12(z+3)
Taking Z* on both sides
clyel= Tt P
1+l 12 P14

4 v 1-3

ool N
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y) = @) + (-1 - (=3 SRR
24 8 12 v 7-3-
2. | Solve yn+2—3y n+1— 10y, =0, given yo=1,y1 = 0.
Solution:

Yni2 T 3Ypey —10y, =0 . ]
Taking Z-transform on both sides

Z [ yns2] =32 [ya] 102 [ya ] = Z[0]

.2%y(2) - 2%y(0) - zy(1). - 3[2zy(2) - y(0)] -10y(2) = 0
Giveny, =y(0) =1y, = y(1) =0

22y(z) — 72 - 3z1y(z) + 3z —10y(z) = 0

(22 -3 —10) y(z) =22 -3

7 -3z
) = izz -3z —105
2(z-3)
= 5 2)(2-9)
By Partial Fraction,
v _ (2-3)
== === (1)
z  (2+2)(z-5)
(z-3) A B
Now =

_|_
(z+2)(z-5 (z+2) (z-5)
7 - 3 =Mz 5) BBz +12)
P72 5 5= —TA 5 A=c>
7
Put z=5 :2:7B:B:2—

7
5 2

JZ_—?’L_?JF?

(z+2)(z-5) (z+2) (z-5)
5 2
(1) = y@) _ 7 L 7

Z 7+2 1-5

5 12 2 2
y@)=____ +___
T7z+2 71-5
Taking Z* on both sides
2 y@] ="z L
7 142 7 v 1-5
yn) = > (-2 - °5" o ST
7 7 v I1-as

3. | Solve the equation y(n+3)—3y(n+1)+2y(n) =0 given thaty(0) =4, y1)=0 and

y(2) =8.
Solution:

Z[yn+3)] -3z [y +1)] + 2z [ym)] = 2 [0]
.2%y(2) - 2°y(0) - 22y (D) - zy(2). - 3[zy(2) - 2y(0)] + 2y(z) =0
Giventhat y(0) = 4,y(1) =0
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2®y(z) — 4% — 8z — 3zy(z) +122 + 2y(2) = 0
28-32+2,y(z2) =473 -4z

473 — 47
=
42(2% -1)
y@) = ——-——
(z -1)%(z + 2)

A2 (21) (2 + 1) VRV ~
y(2) = @ _1)1(2 2 Ja”—b°=(a+b)(a—h)
y(2) = 42(z +1)

(z-1)(z+2

By Partial Fraction
y(2) _  4z+1])

z (z-1)(z+2

4z+1) _ A + B
(z-D)(z+2 z-1 742
4z+1)=Az+2)+B(z-1
Putz=1=>8=3A=> A=

)

8

3

Putz=-2=-4=-3B=>B= _
3

y(2) 8/3+ 413

yA z-1 7242
4

24 [yl=Lz o G2 1
3 72-1- 1 3 12

z

y(n) = © =2 Y o Nty
3 3

4. | Using Z-transform solve y(n) + 3y(n —1) —4y(n —2) = 0,n > 2 given that
y(0) = 3and y(1) = -2

Solution:

Given y(n) + 3y(n —=1) —4y(n —2) = 0,n > 2

Replace n by n + 2, weget

yn+2)+3y(n+1)—4y(n) =0
Taking Z transforms on both sides

z [yt + 2]+ 3z [y + )] - 42 [ym)] = Z [o]

22y(2) - 2°y(0) - 2y(1). +3[2y(2) - 2y(0)] - 4y(2) = 0
Given that y(0) = 3and y(1) = -2

L 2y(2) -3 + 220, +3[zy(2) - 32] - 4y(2) = 0

22 +3z2-4,y(2)-322+22-92=0

22+32-4,y(2) =32%+ 72

322 + 712
) =
v 22+3 -4
By Partial Fraction
) _ +7 _  u+7T

7z 2+3%-4 (z+48)(z-))
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3L+7 A +B
(z+4)(z-1) z+4 -1
I+7=Az-1)+B(z+14
Putz=1=10=5B=>B =2
Putz=-4= -5=-5A=> A=1
yiz)y 1 2

+

yA 2;4 z—zl
y@)=___+2___

7+4 z-1
zy@)] =zt~ +2zt
c1+ 4 Sl
z n

y(n) = (=4)" + 22" =2+ (-4)" WA i

Now,

5 OUTVT USITTY Z7IIariSTUTITTIS TCUTITImyq Ut e UuTTTeTerice TyuauuiT u, > T U, T JUu,— < nVVILII

U=u=0.
Solutiong . gy, +ou =2
Assume u=y
yn+2 +6yn+1+9yn =2n ;y0= yl=0
Taking Z-transform on both sides
z[y ]+6z[y ]+9z[y]=z.2".
n+2 n+1 n

 22y(2) - 22y(0) - 2y(1). + 6[2y(z) - 2y(0)] + 9y(2) = —= :
Z —
Giveny, =y(0) =07y, = y(1) =0

22y(2) + 62y(2) +9y(2) = iz
Z —
(2 + 62+ 9)y(2) = r

71-2
Z

(z —2)(z%* +62+9)

y(2) =

(z-2)(z +3)
By Partial Fraction,
yo _ 1

7z (z —12)(2 +3)? 3 c
Now = +
(z-2)(z+3)* (z-2) (z+3) (z+3)

1=A(z+3)*+B(z-2)(z+3)+C(z-2)
Putz=2 = 1=25A = A= 1_
25

Putz=-3 = 1=-5C :C:__l

5

Equating co-efft. of z2 on both sides = A+B=0=>B=-A =B = — 1_
25

y(@) =
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1 -1 -1
y@ __ 25 . 25 , 5
2z (z-2) (z+3) (z+3)
Taking Z* on both sides
z « 1

yin+2)+ y(h) =2
Taking Z-transform on both sides

z[yn+2]+z[ym] = 2z[1]

Z
. 22y(z) - 22y(0) - zy(1). + y(2) = 22—_1
Given that yo = y1 = 0.

(22 +1)y(2) = i
71

y@) - %
(z -1)(# +1)
y(2) 2

z (21 +1)
By partial fraction
2

Now, :A+B+CZ

-1 +1) -1 7#2+1
2=A@Z? +1)+ Bz -1) + Cz(z -1)
Putz=1 = 2=2A=>A=1
Puuz=0 = 2=A-B=>B=A-2=>B=-1

2 +1

(1):>y(z)= 1+ l+ z
z 7-1 22+1 22 +1
z z 72
V@) = - -
z-1 7#+1 7 +1
Taking Z* on both sides
. 7.

-1 -1 =
z 2)|=2 — -Z -Z .
[y( )] L7 -1 '22+1' ,ZZ+1,
y(n):(l)“—l"sinm—ln (:osm
2 2
y(n)=1—sinm —cosm
2 2

2 [yw)] = 1_2’1' R A 7t
25 v1-2+ 25 143 5
T T T
nN=_"_(@2"-_" (-3)"-_n(-3)"* !
y(n) 25( 25( c (=3)
u(n) = 1 2" - 1 =3)" —En(—3)”*1 u=y
25 25 5
Using Z-transform method solve y(k + 2) + y(k) = 2 given that yo = y1 = 0.
Solution:
Givenyk+2)+yk) =2 ; y, =y, =0.
Assume k=n

Equating co-efft. of z2on bothsides = 0= A+C=C=-A=>C = -1
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y(k) =1-sin K _ C0S K
2 2
4 Z o+, N 4tz -, T
vz, . =asn_ &Z ., ,.=acos _ heea=1
7t - 2 L tan, 2

Problems Dased on Z-Transtorms:

. nmo . nm

1. | Find Z[cosm®], Z[sinnB] and hence find i) Z ,cos . , i) Z .sin
.2, .2,

iii)Z ,r"cosnB, iv)Z,r"sinnd,

Solution:

We know that € = cosn@ + sinn6

cosn® =real part of " & sinn® =imaginary part of e"®

and Z.a", =
z-a
Z.e", =7 (e'e )" =
" Z_ele
_ z
z — (cos® +isinB)
z (z - cosB) +isinB

:(z—cose)—isine (z-cosB) +isinB

7 o _ z(z-cos) +isinb (a+b)(a-b) = a’ - b?

(2—003922—i25i9r126_ .
Z [cosn® + isinn6] = 21— e0s0) + izsin

= -1
7* = 2z2c086 +ec0326 +sin? 6" 6
Z [cosnB |+ iz [sinn@] = fz-cos9) zsin

ocos? 0 +sin?0 =1
72 —2zcos@ +1 72 —2zc0s6 +1
Equating co-efft. Of real and img parts on both sides

___2(z—cosB) i
Z [cosnf | =222 :Z[sinn@] = 5inf

72 —2zc0s0 +1 7 —2zcosD +1
Deduction:

We know that
__72(z—cos9)
7[cosnB ] = 2(z — cosB
7?2 —2zc0s0 +1

. E.
Z,1-C05" ,

oo
i) Z:cos_z__, =7 [cosnB ], » =

2

gl
2 —27c0s— +1
2
. 72 T
Z . cos , = cos =0
. . 7TTFI

Z [sin ne] = z5ind
? —2zc0s0 +1

zsinE
i) Z sin ™ " =z [sinnB], x = 2
) 2 2 2 -27c0s +1
2
nm z T T
" Z sm = cos =0 &sin =1
2. T+t 2 va

We know that
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Z.a"f(n), = Z[f(n)]zf

a

i)z, r"cosnd, =.z[cosnB].

_ _2(z-cosb)
v - 220080 +1-  :

r

7+ 1 .
= = —cosh
o .

=7 g

cosO +1
r ]
« 7-rcosh -

_“N—:N |N
-

r

72 — 27r cosh + r?
(2

z(z - r cosH
Z'r"cosnd, = ( )
72 — 2zrcos@ + r?
7 . z .
“sinB “sin0
iv) Z-r"sinnf: =, z{sinmB}, ,=——T =
2= 2 - 2r +r?
", -2 cosB +r? c;)se
r r r
) zrsinf
Z'r"sinnf, =

72 — 2zr cos® + r?

2. | Findthe Z-transformof _ * ,forn>1
nin+1)

Solution

. 1 .
Z. . =7

. (1) .
By partial Fraction:

1 A+ B

nn+1) n n+l
1=A(n+1)+Bn
Puth=-1:1=-B=>B=-1

Putn=0; A=1
11 1
n(n+1% n n_-l-ll
z AR A 0

1. w141
I, ., =) . _. n>0
e T,
1 1.1 1.1.°
=_+ + +
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2 3

X X 1
=X+—+—+... here —=x
2 3 z
= —log(1- x)
Z',_ll,=—Iog'1—_1'=—Ioglz_1'=log' L
s Z., Z .. :Z—ll.
Z-_l- L
e S0
1 1 -1
Z,_— .=) . .
n+ ZTn+1 z
n=0 b b
1ol 1.1
=l+ .7 4+ 4
2+ 1+ 32-2- ,
1 1.1 1:1
N e
W1 2010 3e 1
=z:—log'.1— N = —7log
. .1 z
Z = zlog :
1= 2 '=Iog +zlog
z ! =z +1)log

3 | Find Z.n(n-1)(n-2).

Solution:

Z-n(n-1)(n-2). :Z'(nz—n)(n—z)' =Z.,n*-2n>-n*+2n, =Z,n®-3n%+2n,
z.n(n-1)(n-2). =z .3, -3z ,n%, +22[n] ----@

We know that

z[tm] =2 f(mz"

) 1
Z[n] = 3. -
=0 1 2 3

S TR L

:0+1-_- +2-_| +3|_| ‘I’ .....
L L L,

=X+ 20 +3¢ + ...

1 1.
= X1+ 2X+3¢ +..)=x(1-%2 = _.1—.
I+ 1
fvz-12" 10z 20 10 7
= . = _ . :_.—2_'
1+ 1 1+ 1- 2. (z-1) .
Z[n: ’
(z-2)°

We know that Z [nf (n)] = —Z_(L {Z [ f (n)]}
z
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(-1 - Z[2(z - D]
(2-1)°

(z-D(z-1-22)"

(z-1)
.(z—l) .

o, 1+ 7

= -1

= -1

Z.n® =Z.nn?, :—zi{z,nz,}
dz
d-z+2%

dz. (z-1).

(2 -1%22 +1) - (2% + 23z -1)*(1-0)
-1y

L,

i @2-1% f(z=D(2z2 1) ;3@ +2).

=1
1.t -+ 1-1-3 -3
- @-1)
gttt
= =
a2z + 42 4))
£l s Ny (z +4z+))
7- 2(z +4z+ z+12 z
O= z.nliHn-2). =20 D
3 2
Z-0" (-1 (z-1°
4. | 1fU(_2) = e T , evaluate uzandug
Z_
Solution:
27% +57 +14
Given U(2) = F(2) =
Z_
We know that
2, 5,1
272 + 5z +14 Tostgtg
Uo= f(0) =IlimF(z) = lim ,  =lim >
7— Z——oo—ez—]j— - 24 .1_ 1-
T
1
u="f0=0""=0
0 0
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ur = f(1) = lim[zF (2) - zf (0)]

7—00

* 2(22% + 51 +14)

:!'IE . z-1)* - 40)-
RERPTR Y
: -
=lim* LT
Ao b
. YA
u=tm=0-1=0
W = £(2) = lim, p9F (2) - 2,1 (0) - 2f (1),
Zﬁoo. ) ) 2 .
:m ; "y ; - (0) - z(0).
) .z“':2+5z+l‘%f"., _240+0 _,
R S S
. 7.

u = f(2 =2
U; = fEBB =lim,z,F(z)-z,f(0)-z,f@) -zf (2),

Z— 00

e 75z —1)
2 134 24222 =lim fae et B 134040-0
1o R Ce L 1.0 - (-0

Z6 ] 1_ . . 1_ ]

Z- . 7

P22 +52+14) 3 2 .
=lim . . -2 (0)-z (0) - z(2)-
e, (=1 .
0122 +51+18)
=lim. ) -
-0 (Z _1)
limg (222 +57 +14) 2
=limz . - .
Z— 00 . gz _1!4 i_
B st 72(22% + 57 +14) - 2(z -1)* - 4 4 3 2 2 3
“limz . . (a-bh) =a —-4dab+6ab —4dab +b
o Z*(z -1)" . @-b)
.t (2% +58° +142%) - 2(2* - 42° + 672 - 42 +1) -
=limz". ) . .
1m0 z2°(z-1)
Climz ) 22% + 528 41422 — 274 +82° -1272 +81 -2+
o 2’(z -1)"
T 13 +22° +81-2+

3

5. | State and prove initial and final value theorem of Z-transform.
Initial value theorem:

1f Z[ f(n)] = F(2) then (0) = limF(2)

Proof:
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We know that

z[tm] = Z f(n)z-

n

D1
lim F (z —Ilme

1= - nO Z

1 : C1t

=lim- f(0). — —

A A

Z—-OO..

R PR

e
1
. 1

limF@E) =f0) . _=0

71— 00

Final value theorem:
1fZ[ f (n)] = F(2) then lim f (n) = lim(z —1)F (2)

n—oo z—1

Proof:

z[fm]=Xfmz" ----- (1)

Z[f(n+1)]:§:f(n+1)z—” ————— )
LV-@ =
z[fm+0]-z[f(n ]—an+1z— Zf

[zF (2) - f (0)] - F(2) Z[fn+1—f ]2*

lim[(z —1)E@)— 2 () )= lim Z[ fm=sl) — f ()"

Zﬂl

lim[z —L)FZ)] - (0) Z[fn+1—f ]

z—1

Ilm[(z DF(2)]- () =, ﬂ;(y f(0), +. );,y—);y,+...+,f(n+1)—f
||g11[z ~1)F ]—/f(o)/——f + f(n+1) + .00

lim[(z -)F ()] = lim f(n) -~ f(n+1) = f(n) when n — oo

n—oo

Hence proved
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