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UNIT - IV FOURIER TRANSFORMS

IMPORTANT FORMULAE
1. | Fourier transform pair:
1 % ;

i) The Fourier Transform of f(x) is F [ f (X)] = F(s) = —— f f (x)e'dx
V21T 2%
1 % ,

ii) The Inverse Fourier Transform of F(s) is f(X) = — I F (s)e™ds
21T %

Here F(s) & f(x) are called Fourier transform pair.

2. | Fourier Cosine transform pair:

2 [oe]
i) The Fourier Cosine Transform of f(x) is F, [ f (x)] = F.(s) = \/; I f (X) cos sx dx
0

N 27
if) The Inverse Fourier Cosine Transform of F,(s) is f(x) = \/; I F.(s)cossxds
0

Here F(s) & f(x) are called Fourier cosine transform pair.

3. | Fourier Sine transform pair:
2 [ee)
i) The Fourier Sine Transform of f(x) is F, [ f (X)] = F,(s) = \/; I f (x)sin sx dx
0

. 1% :
i) The Inverse Fourier Sine/Transforim of F.(S) is f(X) = <= j F.(S)sin sxds
21T "6

Here Fs(s) & f(x) are called Fourier sine transferm pair.

4. | Parsevals Identity for Fourier transform: I F(s) 2lds = I It (x) Pdx

5 Parsevals Identity for Fourier Cosine transform: I“’\:C (s) |gs = J-°°|f (x) |gx
. 0 0

5 Parsevals Identity for Fourier Sine transform: .f ‘TS (s) |qs = I‘*’ |f (x) |2dx
. 0 0

7.

¥ a
1) Ie‘ax coshxdx= ——_
. a+b

oo o _ b
Z)Je smbxdx-m
3) _[e'uzdu::‘{CTT

2

0
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4) F [xf (0] = (-i) (L{F [ (] }: (-i) dd_[F(s)]
S

5)F [xf ()] = 4Flf( —d_[F (s)]

6)F [Xf (x A{Flf(x )]} = _[F (s)]

7 If f(x) and g(x) are any two functlons and F(s) & G¢(s) are there Fourier cosine transforms
then i f (X)g(x)dx = J' F. (5)G, (s)ds holds.
0

8) If f(x) and g(x) are any two functions and F4(s) & G(s) are there Fourier sine transforms

[ee]

then J f (X)g(x)dx = _[ F. ()G, (s)ds holds.

PART -A

State Fourier integral theorem.
Solution :

If f (X) is piecewise continuous, differentiable and absolutely integrable in (— 00, 00) then
0 -
f(x)=—1 (| £ (1) it gas

2T o

If F(s) is the Fourier transform of f (x), then show that F{f (x - a)} =¢e'® F(s)
Solution :

Given F [ f (X)] = F(s)
The Fourier Transform of f(x) is

FIf)]=F@E) =22 [ f(x)e"dx
[ ]
F[f(x-a)]= LJ‘ f (x - a)e™™dx
27T %
Let x—a=t =>dx=dt
1 ¢ is(t+a)d
= t)e t
— L (t)
isa 1 ”

e ﬁi f(te dt

Ff(x-a)]ze™F[f(x]

State Convolution theorem in Fourier Transform.
Solution :

The Fourier transform of the convolution of f (X) and ¢ (X) is the product of their Fourier
transforms .

ie.Fgf (x)*xg(x)g=F[f(X)]F[g(x)]=F(s)G(s)

If F{f(x)}=F(s), then find F{e® f (x)}.
Solution :
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F[f00]= Fo=—— T f ()e!dx

o _ o
= eiax 1008 - p oc} e £ (x)e'¥ax = \/—lzﬁ 0(} F (el + 8y
o -0
L [ (x)e© * gy
Jom o,

F eiax f(x)g=F(s+a)

State and prove the change of scale property of Fourier Transform.
Statement:

If F[f(x)]=F(s) then F [f(ax)]=

Solution :
Given F [ f (x)] = F(s)
The Fourier Transform of f(x) is

\/ If(ax) e’ dx
21T

1 © .
FIfX]=F@©) = —=— [ f(x)e~dx
o)
Ff(ax)]= j f (ax) e dx ,
Ifa>0 Put ax=1 = adx=dt=>dx=d_t when K =-ocor=Stt= o and X =0 =>t =0
Bgd, At
Fef(ax)g= ]”f(t)e'ét—
oT - ||
Fof(ax)g=" 1 jf(t) “at= 1FE°E. )
2T o a gag
Ifa<0 Putax-=t, adx:dt,dx:di
a
whenx=—oo=>t=ooandx oo=>t=
__-1 fﬂa-tdt Fﬂa@tdt_l Bsm
=Fpf(ax)g=""[ )¢, j”f() R
2T a V21T - a a pgag
From (1) & (2) we get F(f(ax))- FO32 az0

a|||

Find the Fourier Sine transform of
X

Solution :
The Fourier Sine Transform of f(x) is

F 0] =F.@) = \/%O]- f (x) sin sx dx
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. 71 \/?wsinsx

T o

mlm \/7°°smt \/TI'ITI \/7 °°S|nmx T
dx =—

s‘X‘ mE2% 2

PART- B
oL, <a ¢ sinx _
Find the Fourier transforms of f (x)= | and hence evaluate.[ —— dx.Using Parseval’s
g0.|x>a X

“sin’t T
identity, prove that dt=—.

L t? 2

Mml, -a<X<a

Solution: Given f (x)=p] .
(x) , otherwise
The Fourier transform f(x) is

1 “ .
FIf)|=F@6)=—_ | f(x)edx.
[1e0]=Fo =

F(s)=_—_ ! I| 0 e'%dx + I 1e"¥dx + _[0 e'SXdX|
LI

1
= 'f(cos sX +iissin sx) dx

\/ 21T =
1 l 7] a a a
T
\/_ J' M: :sinsxis aneven fn I sinsxdx =@
- 1 ]'cos sx dx

0
|sm SX [ | _ asin as 0
= \f? i = -

ﬂFI_S_Io s

I_Iblll dS

By inverse Fourier transform of F(s).
f(x) = J‘ F(s)e ™ds

°°l 2 sinas@ _

lifret

2 |smasl

g (cos sx - isin sx) ds
fﬁr I—s—|
i

ISXdS

@ |smas| @ B sinas o

% | (cossx ds—|'|'|_s_
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27@sinas @ @ sinas @
f(x) = —j. [COS sx ds @sin sx is an odd function
oS S

@@ sinas T
gcos sxds = —f (x)
S 2

Put x=0

@ fsinas [

i gcos0ds = —f 0)

S

w @ sinas @ 1

F——pgds=—(1) " f(x)=1=f(0)=1
S 2

Put a=1 and s=x we get

@@ sinx @ m

J X

(ii) By Parseval’s identity,
j [F(s)] dx= j [f(x)]%ds

-0

~ B [Tsinsal’

7 = | 1%d
[an 5= [
Zj’tsmsa ds [x]

2 ¢ Ismsal
—j. |ds-[a -a)]
i S

2 Isinsa

—2.[ g ds =2a

LY 52

“Esinsa 2T a

I g ds=——

0B S 4

Put a =1 & s=t we get,

» sin? t ©psint { T
— di= —-

Jtz gt 2

|X IT X <a
A=,
Io, if |x|>a
AX, —-a<Xx<a

Solution: Given f (X)=p .
(x) 0 otherwise

The Fourier transform f(x) is

FIf]=F() = % oj f (x)e'dx .

Find the Fourier transform of f(x) =
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1 —a a o]

F
5)= _m_[ 0 e'¥dx + J' XeiStx + IO edxg
a

-a

=?/ x(cos SX +1sin sx) dx
21T %

a

Tl a a
= XCOSSX dX +1i I xsinsxdx@ ".’xcossxisanodd fn .. J' X cos sx dx = @

=i :]i 2| xsinsx dx "." xsin x isaneven function .. | xsinsxdx = 2| xsinsxdx
21T 0 -a 0

. a
V}{_\"E —C0S SX [ =SIN_SX

=i /2 e a-We

2TmE B S B B S OO

2@ xcossx sinsxm@’
=i - +

T S ST,
20[@ acossa  sinsap
=i 7 0
i S S
2 ([ sin sa - as cos sa
F(s) = '\f il 2 ll
S Gl
ma- X, T x;<a
Find the Fourier transform of f (x) = | | | | is 1 cc;sasll Hence deduce that (i)
0; if |X| >a>0 Tt S
=@ sint B2 m (i @ [ sint 4d m
, _ n|pg—mp dt= —
t 2 SO 3
. ] pa- X, -a<x<a
Solution: Given f (Xx)= | |
0, otherwise
The Fourier transform f(x) is
FIf0]=F(@)= —— j f (x)e'dx .
V21T %
1 —a a )
|| F
(s)= 0 e™dx + I ( X )e'Sde +J'0 e'SXdX|

21 00

f j' (a J)(cossx +13in sx) dx

27T 5
e Tl ] M/d
. J'(a—x)cossx X+ i ="x )sin sx XE

A-a -a g4

a

" (a —| x|)sin sxisan odd fn.. J' (a- |x|)sin sxdx =0

= T; Zj' (a-x)cossx dx
21T 0
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@ -cossx @@ °
= - _S_ 7
' . i
—\FE cossxza
|| @ ' 0
= C0S $a - C0S
2 |( )
m
m1l-cossar
F(s) —\/7 —
| S
. o[ as Al
sm2— 1-cos 26 0 as
F(s) = 2\/2 sin?0 = =>1-c0s0 =2sin®g _pghere® =
mE S 2 20 2
Deduction: 1
By inverse Fourier transform of F(s).
foo=_1 [Fee s
A 2T
l zl aS||I
1 w [ El—z III
= B2 (26 5
e AE ~ad b
IaSII
oo.SIFI.% @
_ 2 \/2“ B (cossx—lsmsx)ds
N2TT N TT E
t
i 00 sin'aS"Z
270" b2 PUhd]
ﬂ'[ 5 (cos sx) s—|j (sinsx) ds
B .
'
paspl gaspl
g S sm
f(x) = 4'Id'l " [cossx)ds - g (sin sx)isan odd function
TBp s ' s
IasII
ogsin 5 00 T
l‘ cossxds = f(x)
S 4
Put x=0
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Basgl
w|sm i}
1

B
las@
w|sm 2 ma
7 = =-a- =
j — ds A f(x)=a |X|=>f(0) a

Put a=1 and =t get

A. mspi

00|Sln|2L|| T S ds
J ds = put_=t=__ =dt
S 4 2

]flsmtl 11

A 2dt= 4

0

°gsint@” g

(cos 0)ds = f (0)

“HHH

Sl

t 2]
(i) By Parseval’s identity,

L[F(s)]z dx = L[f (0] “ds
laslllz

B sm
]'2\/E .ﬂg ds—_f(a x‘

= \Nmpg s

’ | ! " Iasl
i E Ty, N
112 l% ds= 2] (a-x)"dx " (a- x) and—slz— areeven functions
Eh Eh
l.as |ll i

1‘ s ﬂ ds-j(a—x) dx

2.
@S
——
l
l'a_.[[
gl
——
i
[[

8~

'2“ Ba-x)8’
J' o ﬂ dS:
0 S
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-3°an

7
B ds=p0)-g — pm
m3 ag

Puta =1 & s=t we get,

ﬂ [sm
» B°INA ]I

_[I_I ds= put_=t=__ =dt
24 2 2

i by
° gsint @' n

oot
!%ﬁ% 2

ST 0

e

Find the Fourier transform of f [X] 3 and hence find the value of

®sin? t © sin* t

(i)J' Tt

Sloution:
Hint in the previous problem a=1.

pa’ - x?, X <a

Find the Fourier transform of f (X) 4 and hence evaluate

Y x|2a
wpsint -tcost @ T °°sint—tcost2 T
pdt =— ii —p dt=—
IO s ()IO £ 15
Pa’-x%2, -a<x<a
Solution: Given f (X)=@ )
70, otherwise

The Fourier transform of f(x) is
1 % -
F [ f (X)] =F@©) = — | f(x)e™dx.
~J
1 @ =

(s) = T@: 2 J' 0e'dx + J' (a - X )e‘sxdx+ .[0 e'SXdX|
=fF J' (a2 - x ) (cos sx +isin sx) dx

2T 5
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a a
II al —xz)cossx dx + iI (a2 - %2 |sirsxdx B
V2 L
a
'(az—xz)sinsxisanoddfn:.J'(a2 —xz)sinsxdx=0
=a
L
A/ 2TT
- (=2x 2)l ~C0S SX [ (- ) @ -sin sx g a
i —— ]
s s,
5 IXCOSSX sinsx @’
S Y el _
m s s
- _ / acossa sinsap ?
2 g b7 - bq (0)
m
=_2 [p @ascossa-sinsan
m S3
2 [@sin sa-ascossarf:
F(s) =24/~ 5
ull S
Deduction: 1
By inverse Fourier.transform of F(s).
1 o .
f0) = —— [ s
V2T *o
1 TI 2 msinsa-ascossap @ 5 ¥
Gripiny s B
°°|sm sa - ascossa
\/ﬁ ,/ . 2y (cossx -isinsx)ds
2 B psin sa ascossaf © [sin sa - as cos sa @
" I o) 2 (cossx) ds - |I (sinx) ds
@- ' =oe- '
4 = [@sin sa - as cos sa @ @sin sa - as cos sa
= COSSX G sin sx)isan odd function
_ Trjc S $? ( )
 [ISin sa - as cos sa 0
cossxds = — f (x)
l s’ 4
Put x=0
© [5in 5a - as €0S 5a 0
7 cos0)ds = — f (0
[, ls0es=5 10
% [Isin sa - as cos sa [ 7 a2
b= — cf(x)=a’-x*= f(0)=a?
Ji— y () 0)

o -

Put a=1 and s=t get
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» @sint -t cost 7 T
T dt=—
5 0 t il 4

(ii) By Parseval’s identity,

L[F(s)]z ds= L[ f (x)] 2dx

. 2
= [ Asin sa - ascos sa [ | I 2d
2, = s s=[la®-x X
,L T B 5 @ J;( )
. 2
8 “ [Isinsa - ascossall 2 ) - .
2 ds=2[la" —2a°x” + x" |dx
T -([% s° B .([( )
. 2
PSP sinsa — ascossa .
. (a - X ) and areeven functions
s’

“ @sin sa - ascos sa [’ B, 2ax X
41.{ s g ds=ga'x- —3—+5m
8°I°sinsa—ascossa2d 1, 2a° a’l
_ 3 S=pa — +
m) f S f 3 75

. 2
8Tsmsa—ascossa ds:lSaS—10a5+3a5
m 5° ] 15 '

0
* @sinsa — ascossal’ 18a°l ‘m

ds= -
! s’ I15 8

Put a =1 & s=t we get,

»@gsint —tcostl~
e
o [ t 15

_ _ PL-x*; if ¥ <1
Find the Fourier transform of f (x) =

a0; if[x=21
“gsins—scossd  @sd  3m “(xcos x-sinx)”
Hence show that (i)J' - cosg-pgds=—— and (ii)J' - dx=—
S |2 7 16 A X 15
A1-x?, -1<x<1
Solution: Given f (x)= )
70, otherwise
The Fourier transform f(x) is
FIf(X)]=F()= f (x)e’™dx .
)
1 I -1 1 o0
| _ _F
(s) = J' 0e'dx + J' (1— x? ] e dx + J'O edxg
-1 1

(cos SX +isin sx) dx

N
3
'Hb—-H
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1 L 1
= _J'l x]cossxdx+|f(1 x? | sirsx dx B
v2‘IT _1
1
(1 xz)smsmsanoddfn .[(l—xz)sinsxdx=0
=1
1 1
= )
_\/ﬁzz[(l x)cossxdx
1
= e @ -CoS SX [ B -sin sx gl
E(l_xz z . _(_2X) _2_+[_ ) _3_
V2 g s s 1,
2 2 X COS SX sinsxl
TP & @ & ,
- — 2R cos sms ?
2\/7 LSL
2 @SCoSS - smsl
nf s O
F(s) :2\/ZS|ns—§cossE
ul S
Deduction: 1
By inverse Fourier transtorm of F(s).
1 = .
f0) = —— [F s
21T °,
© [ 7
1 2|sms scossl & 5

Grlfne b
Ism S - scoss @
\/ﬁ \/7 — ¢ 0 (cossx -isinsx)ds

2 07 pein's - scossl ® [SinS - SCOSS @
o ||—Sa—(cossx)ds— |J' sin sx) ds
4 @sins -SCoSS [ @sin S - SCOS S [
jcl — g™ xd R (sin sx)isan odd function
o SIS - $.COS S m
cossxds = — f (x)
.([ &3 4
1
put X = —
AsSin S - SCOSS 7 5‘5'| ™ gla
co ds =
T'I+ ’ 40,0
0 I 2
asins - scossl Bsp m 3 ala 1 3
T st C0SE_mls= 4% 4 '-'1°(X)=1—><2=>f—=1'—=I
0 B2 [
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® {SiN'S = SCOSS [ asa 31T

———— C0Sg— @ds=—
S 16

(i) By Parseval’s identity,

ji[F(s)]z ds= j';[f(x)] 2dx

= msins - scoss@m@ © 2
_J; 2 ﬁ@ $° @ dS:I(l—X) dx

8 ~fsinsa-ascossal’ L
g Us= 2[(L-2x" +x*)dx

3

_2.([

il S

. 2
SINS — SCOSST

2 .
" (1-x*) and, arean even functions
s®
. 1
8 “ gsins - scoss@’ 2% x° B
— ds=gXx-—+—p
U 51,
8 ® Bsins —scossh 2 10
— ds=pl-—+—g
- -
G A NEE
Asins — 7 _m15-10+
8]‘Isms fcoss ds-15 10 3
™
0
. 2
“ @sSINS —ScOssh n8ao m
dS=p—ax -
o 0 s? pl5p 8
Put s=t we get,
> [sint —tcost]” T
) T odx=—
5 t° 15
X, for 0<x<1

Find the Fourier cosine and sine transform of f (x) = ' -x, forl<x<2.

O, for x> 2

Solution:
2 X, for 0<x<1
Given f (x) = 2—x, forl<x<2
0, for x> 2

The Fourier Cosine transform of f(x) is

F [ f(0)]=F.(s) = \/%‘”J‘ f (X) cos sx dx .

\Fl 2 o
- FJ‘xcossxdx+1'[(2—x)cossxdx+.[Oc xde
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. 1 . 2
A0 @sSInsSXp —COS sX ol BSINSX [ B —Ccossxpl @
=y = a(X)z - (1)| ag +g(2-X)p——— - (-Dp—— op
@ls S||0 B S @ 5||1.
. 1 .
\/‘lexsmsx COS SX 1 BSIinsSXf cossx
=6l + + 2—X)v -
2 ( 2
gl s >0 s B

B Zsins c055| B, 1@@ BE, cos2s@ @sins coss @Al
=, |=0an ’

“ " s’ s ¥
/2 sin COSS €c0s2s sin coss
- "ﬁ S./s K 32 _'SZ_ 32 - {S/-I- 32

2 2c0ss—-cos2s-1
FC(S)=\/7 :
[ S

The Fourier sine transform of f(X) is

F[f(0)] =F. () = \/_Zj'f(x)smsxdx

At ®
-~ J'xsm sx dx + I(Z - x)sin sxdx + IOsin X
Rus ; Iy
. 1 . 2
Al @ —COoSSX[ B —sinsxpl fl —COSSX[ A —sinsxpl
= g(X)n i-Wa__. g +p(2-X)n p-(-Do__, g
Tga o 9 @ § oo o ° z_° D
. 2
AR —X COS SX smsxl @ cossxm “sinsx@
= +1 ,0 Fp(2-X)e iRy A
Tr% S S 0 S

1
_\/%Ill C0S S smsl I A@ . sin s| | coss sins AR

- OFd & s e
I cos sms _sin2s  coss sms
\/_Z IR

N
=
=)

Find Fourier transform of e‘a‘x‘and hence deduce that

°% cos xt ™ - 2 2as
| J— a‘x‘ _’3#‘:' _
@) Jaz —dt=—e™ ) F ke i /1T

s? + @’

The Fourier transform of f(x) is

FIfX]=F(@) = % oj f (x)e™dx .

=___ | e T (cossx+isinsx)dx
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= = T‘Fcossxdx“jp e-2¥ s dx
\/_Ioo

ak|

e sinsx is anodd fn-. Ie sinsxdx =0
:—;11 2‘[ e cos sx dx
NENPN
_\f_wﬁj axcossxdx
F(s) = Fle-”HI 2I a og coshxdx=  © herea=ab=s
\/;a2+szl b[ a’ +b?

Deduction (a):
By inverse Fourier transform of F(s) is

l [oe]
f(x) = — [FEe->ds
Tom .

1 2. a ?—lsx
= ds
I T B +s7f +32@
a

1 [2 8

e oS SX —isin sx ) ds
\/211 pa’ +s'|( )

al” g ¥ ® P
= cossx ds- ia '
Bk )5 &
2a B 1 1
AJ'I 0,7+ 70, cos sxds '.'W(sin sx) is an odd function

+5° %

|a +S
ool 'n'

J |cossxds = —f(x)

I COS SX T )y

ds=_"¢e
a’+s? 2a

Put s=t

CosC Tl
j‘t2+a2 " 2a

Deduction (b):
By Property

F ax f (x) = —i—dS[F(s]

Fe-sil=-i = F e

ds

=-i \F a
dsl T a?+s%;

—

o
=
=

B
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_ \/E -1 N _\/5 2as
=— |[Zg—= gz |22
ia 11(324,52)2(0 23) [ 11(2 2)2

,
2 7
. 2as

ax i
Flxe 11@=i | B 0
To(s?+a?)
.

Find the Fourier sine and cosine transform of e-**,a > 0 and deduce that
- TT
i) T , sinsxdx = _2_e

||)T , 1, cossxdx= Te-,
0 S t+a 2a

Solution:
The Fourier sine transform of f(x) is

F[f(0)] =F. () = \fj'f(x)smsxdx.

/ J.eaX sin sx dx
m

F(s) FIe-aXI > '.'me-axsinbxdx: b herea=a;b=s
|'a +9a0 J a’.+b?

The Fourier cosine transform of f(x) is

F[f()]=F.() = \/_FT] f (x)cos sxdx .

= /_'[e'a" cos sx dx
Tt 0

20 a [ © a
F(s)=F le®0= : : e~ coshxdx = herea=a;b=s
c c ﬁla2+52l J a2 + 2

The inverse Fourier sine transform of F,(S) is

f(x):\/?] f (x) sin sx dx
\/%J'\/% Ismsxdx

5 Sinsxdx
I| a+s I|

“8 s 0 1T

N, sinsxdx = __f(x
J|a+s'| 2_()

]sinsxdx = ZE -

0
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The inverse Fourier Cosine transform of F.(S) is

200
f(x) = —If(x)cossxdx
.20 d
\/7 \/? |a+s Icossxx

22

=\ 2. €0S SX dx
jl|a+s il

°f a s
i cossxdx-—f
J pa +s'| )

T lcossxdx— MTe

cda +s [ 2a

10.

Find the Fourier sine and cosine transform of e-*,a >0 and hence find F xe-axc and F xg-ax .

Solution:
The Fourier sine transform f(x) is

f(x) F.(s) = \/7J'f(x)smsxdx

\fj'eax sin sx dx

F(s) Fle—a"l \/_2 S '.'me—a"sinbxdx: b herea=a;b=s
ol + a0 !!- &% b?

The Fourier cosine transform f(x) is

F[f()]=F.(5) = \/?] f (x)cos sxdx .

= /_'[e'a" cos sx dx
T 0

_ax a o a .
F(s)=F De-®0= .J~e cosbxdx = herea=a;b=s
‘ ‘ T i+ 00 a2 +b?

0

We know that

) ‘{Flf -_[F )]
d .
F7 _ax7:_— F P _ax7 =- T .
s %€ ds{ce dsﬁaz+52
7

= —a\/7 @WJ.

__al_ @
=-a|_ 0+2s
-n-l(az_l_sz]?( )
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: fﬁg a5 F
ax: !
e Ea2+32]2

fig

i) Fc[xf ] = (%S{F lf(x)]}z ‘Z_S[Fs(s)]

o _d G2 S
F gxe ‘ds{':Ce ‘ds m fa’+s°1g

P(a? +2)(1)-5(0+25) 2
[ z
AT (a®+5)

e, o 2
2Ma +s -2s
Tpg (a®+s?
- 2 at-¢ IF
Oxe 0= —
s 2 + 52]
) ) ) e—ax Ie ax e—bx
Find the Fourier sine transform of ,a>0 and hence find F, p | —_—1.
X X
Solution:
The Fourier sine transform of f(x) is
2 00
F [ f (0] =F,G)= \/:I f (x)sin sx dx
Be™ I e
F, J‘— sin sx dx
X
Taking dlff on both sidesw.r.to s
d| |e‘a"|l d @ 2ee™
i =— |- —sm sx dx
dsl 7 DX . dsl

\/7_"—— sin sx d
\/7 cossx )(dx
\/7J'eaxcossxdx

d g i
%%Fl " \/zla—i—s—l

a I aly
Integrating on on both sides w.r.to s

Ie-axl A a [
F f2 ds
s [ J'IEE : II
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Oe* 0 1@sA . a 1B X
. Y J' dx = tan-t
sB_@= an X+ a )
X W mafp
Be™ @ 1@sh
Similarly F, g |—|z| tan I ‘
Deduction:
Ie—ax_ —bx Ieax ebx
R x 27 P X x02
__ Ee™n Be™ @
I:sl_l X 2l I:sl_l X 2
I @sa
@S [
g
— Hir
pap VT gbp
Be® -eQ 100 1BSE
Foo———@=yplan g_g-tan g-@
x g \mf  fad 3 b
12 ) ] ] e—ax ) e—ax _ e—bx
Find the Fourier cosine transform of ,a>0 and hence find F, g ——— @1
X X

Solution:
The Fourier cosine transform f(x) is

F, [f(X)] =F,(8) = \ij f(x)cos $x dx
c \/'O]‘icossxdx

Takmg dlff. on both sides w.r.to s

d o | |e‘a"ﬂl d @ g-a

=— [—|——cossxdx

dsl l X .@ ds mdoX
® g

J'—— cossx)dx

\/7 (-sin sx ) xtix
\/?J'e sin sx dx

d %F lo- \/_?

0y g X | ™52 ST

Integrating on on both sides w.r.to s

Re-* [ S
I:c =_fj= lldS
—X— gal+silp
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2¢@ S
=—\/:J. (t
|a+5|
\/7
E‘.Ia +sI

1 o
- log|s® +a . dx = log| f (x)
\]Liz ( ) '[f(x) [ ]

_~ log(s?+a?)
27T
= ! Iog .

Ie-ax I

[

E 1 2
Fx§ T Y
Ao
Similarly F.g—p =
BXn

z

i
1 @
+a

1 B 1 @
lo
29I

J2m +b* 2
Deduction:

g g g g™
F =R
g g

~F.p—a F.p—a
X X

1 1 1 1
= Iog.2

1 IS+b2I
= logl,

2Tt |s+a|

S ?

- _ o-DX 2 27
g Qe -e I= 1 Iogs +h 5
+

X
Using Parseval’sidentity evaluate the following integrals.
1) dx
(& +a%y
0

2

X
2) J.mdx, where a >0.

Solution:
Assume f (x) = e
The Fourier sine transform f(x) is

F[f(x)]=F.(s) = \/%“’j f (x)sin sxdx .
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2%
_[e sin sx dx

00 b .
F () =F g™ \/7 Tz, 2T IEX sinbxdx= i herea=ab=s

The Fourier cosine transform f(x) is

F [f()]=F.()= \/nzj f (x)cossxdx .

-\fje-ax C0S X dx

/ B a
F.(s)=F ge e COSbXxdx=——— herea=ab=s
() a +S ..[e a 2 b2

X a- +
(i) The Parseval s |dent|ty for Fourier cosine transform is

€"|I%(s)|2 ds = J;|f(x)|2dx

Al uesss *

23 1 ,ds= ]”e-zaxdx

8 os- J‘(e‘ )" dx

m o(a2+52) 0
| [l e Ioo
E;r(a2+sz)2 “ha *B-2dg,
{ m

dS: B [0 —1] e = 01 e_O =1

Put s=x we get

( ! dx = m
o(a2+x2)2 4

(if) The Parseval’s identity for Fourier sine transform is

jl Fs(s)|2ds=L|f(X)|2dx

0 7 7 72 o
el o e
ol ™ . 0
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%1 s? 2ds=.fe_2axdx
0 (a2 +52) 0
ds= mpPe™ g

s? g
]'faZ—QTF 2-p2a-

wi}dwj@'m—e%

o(a2+52) 4a

© g -0 oo -
.([(a2+822ds-—a[0—1] e =0e°=1
°'°[ s gso T

—2_S=_

o(a2+32) 4a

© 2

X
2
0(&12 +X2) 4a

[oe]

dx (b)J.

x+a x+b2 0x+a

Evaluate (a) J. )dx using Fourier transforms.
0

Solution:

(a) Assume f(X) =& ;g(x)=e™
The Fourier sine transform f(X) is

F[f()]=F.(s) = \/Zw'[ f (x)sin sxdx .

\f[e sin sx dx

F(S) F |e e~ sinbxdx = b herea=a;b=s
m I‘a +32I' f!. a2 +b?
Similarly
S
G (s)=F e-bx:\/z
S S T b2+52

We know that

J F. (5)G, (s)ds = J f (x)g(x)dx

\/‘? 74 +Sz|*\/? nbzs r:ﬂ ds = axe_bxdx
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T' s’ ds=Te—aX Drgy
2(at+s )(b“SZJ 0
$ m

!@(52 +az)(sz +b2)@

2
T,

=

= [O ‘1] e =000 =1

vf 2
2 2'S i
$+a° @24p? @ds =

ool )0 )
Put s=x we get

T' i az)‘(z’xz bz\dX - n
X + + )
OL ) J 2(a +b)

(b) Assume f(X)=e g(x)=e™
The Fourier cosine transform f(x) is

ok
F [ F()]=F.() = \/H:J f (x) cos sxdx .
e
= \/;j e~ cos sx dx

_ax 20 a K -a _ a —ah —
FC(S):Fce :\/;IZ . '.'_[ex cosbxdx-—e12+b2 herea=ab=s

'a +S

Similarly

2@ b
() =Fep \/7|b2+sE

We know that

J F.(5)G, (s)ds = j f(x)g(x)dx

\/7 \/7 ) ids = [e e brx
Aa +S [ mb +s @ 0
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2ah » B 1 ?

= [ oax bx
—H—O.fqpﬁﬂ{bﬁs_}z b, 2Ids OJ'e dx
m%g aﬂs "@) (L S
= a X,
0.[ va|fs, 2Ids %aboje dx

[ee]

LI
=ﬁje (@ qlx

T Iea+b °°
/| B
2ab g-(a +b) g,

il 1}
= e -

2ab(a +b) ¢ 2o
—"—10-1] e =060 =1
2ab(a +b)
= T
2ab(a+b)
T' 2 z‘l' 2 bé\dX= 1
X“+at | xf+
Oil Il J 2ab(a+b)
° X % 1 : :
Evaluate (a) .([ . +9)[x2 +16] dx, (b) J;(XZ +1)(X2 +4) dx using Fourier transforms.
Solution:

(@) Assume f(x) =e-® :g(x) =e™
The Fourier sine transform f(x) is

F[f (0] =F,(s) = (J'f(x)smsxdx

\/7J'eaxsmsxdx

F(s)=|:e-aX=\/T S '_'!!-e-axsinbxdx= b herea=a;b=s

F Iaz +Sz I az + b2

Similarly

X S
G(s):Ge-b=\/:[
S S 1Tb2+32

We know that

J‘ F. (5)G, (s)ds = J f (x)g(x)dx
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2 SO 20 S O C—
]’\/_blz zl\/_b[ 2d3=IeaXebXdX
oV ma +s gVmwEh +S O 0

E T S ds,zife—aX gy
m 0(6‘2*52)(“*52} 0
w ] Sz m°
(a b) x
J@(Szwz)(s +b2 l? _([e )Xdx
J"e (ag)xdx
0

(2]

2
m e -(@h)x
2

= Be= - 00
2@+m‘ fo
-TI
= [0-1] e =0;e0 =1
2(a+h)

T s BT
, ) 2(a+b)

Puta=3 & b=4 anq S=X We get

:J-(X +9)(X +16) 2(3+4)

x? L
dx=—
J(x2+9](x2+16) 14
(b) Assume f(x) =e® :g(x) = e-™
The Fourier cosine transform f(x) is

ke
F[f0)]=F.(s) = \/H:J f (x) cos sx dx .
= \/71 e~ cos sx dx

® a
F(s)=F - [o.? cosbxdx=——— herea=ab=s
C() c, \/7 a+5 .Iex 2 b2

a- +

Similarly

2@ b
G.(9) = F \/7|b2+SE

We know that
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J’ F. (5)G, (s)ds = j f (x)g(x)dx
B .32 off ,b 2dS=J:oe_aXe_bXdX

T@Oa +S B VW @b +s M 0
2ab = 1 N

- - ax bx
—H—OHW b s, Ids OJ'e dx
qu 5#{5 ||s} L

= a X,
Oj cva)s,+b, Ids g&boje dx

[ee]

LI

= ﬁje (@Dl

A o (@) °°
e
2ab n-(@+b)p |0

L}
= ool B

2ab(a +b) 2 2o
—0 [0-1] e =060 =1
2ab(a + b)
T b2) |
S +a s +
. 2ab(a+ b)

Put a=1 & b=2 s=x we get

1
(1)=>j:(72ﬂ_}w)dx_

T 1 T
dx =
X° + X- + Vi

0

Self reciprocal:
If a transformation of a function f(x) is equal to f(s) then the function f(x) is called self reciprocal.

14.

—x2
22 -
Find the Fourier transform of e-2* Hence prove that e 2 is self reciprocal with respect to
Fourier Transforms.
Solution:
The Fourier transform f(x) is

F[f®)]=F() = % j f (x)e'*dx
—azx2 _1 -a2x% 4isx
F2e 0 = OJ' e " edx
—1 J‘e—a2x2+isxdx
N
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azx2 |sx

_[e (A-B)? = A2 -2AB + B?

2 ois o° pis 6°0 2AB = isx

- (ax) -isx+g B -0, 08
J-e @ 287 0728 By 2qx )
) IS
Here A=ax,B=—
‘ax ISIl |IS‘ Za

Le %an gn 2 gy
e}

ISoo ISI

g I e" 2 "y

ik ik & 4

is du
Let u=ax- >du=adx = dx=_

2a a
%% o0

1 ﬁJ‘e_uzd_u

. e4a

\2TT Yoo a

-s? o

-1 eQJ'e-Uzdu Cit=-1

; U:—ocotooo

Flear- L oghell|] JLE [ @
A
E %Az

Deduction:

—x2
To prove e ? is self reciprocal

_ & J s
It is enough to prove that F Zle 2 @ ise 2

1 .
Put a= in (1)

J2
_g?
1o 1 g
Fle'wF1 2= g 240
Al
T\rz_
gv2p
-52
B-*p 4

F@e?@=e?

A _¢p -
Foe 2@ =¢?
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,XZ

<. e 2 isselfreciprocal.

—x?

Find the Fourier transform of eT.

-x2
(or) Show that e 2 is self reciprocal with respect to Fourier Transforms.
Solution:

Let f(x)=e 2

Assume f(x)=e-2* where a= i
J2

The Fourier transform f(x) is

1 % _
FIf0]=F@) = — [ f(x)e~dx
N2t '!;
2,2 1 ® 0y
le-a ¥l = —— -a’x® qisx T2 oAz .
" J2T _Le e (A-B)? = A?-2AB+B
1o e 2AB = isx
= Jom [ T )
1 % (a-is Here A=ax ,B=—
=~/ J.e dx 2a
21T 2
2 gisg’ gisgl

= (@) -iscrg gl

_ 1 ‘Le ma@a'ﬁdx

L2 .2
Is@g @isa

e ¥ g H iy

.2 L2
AI1SE o 1S

—— gt I e B a iy

T
i du
Let u=ax- >du=adx= dx = ; Ui—ootooo
Za a
iZSZ [¢e]
= 1 e4a2— J‘ e_uz d_u
2Tt Lo a
1 —S2 o]
= géa’ J' e-Vdu cit=-1

-0
-2

2 2 . -
= pat ZI eVdu -."e Y isanevenfunction
a 0

QD
"3

-y

-s? 5}

= g4 2" '.'Ie-“zdu:i/ﬂ_
a2 fm 2 b 2

a —g2
Fle-2¥0= * g& | _—____ @
Deduction:
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—x?

Toprove e 2 is self reciprocal

Ll

It is enough to prove that F e 2 @ ise 2

D oo

1
Put a= in(1
: ”
| B1 e zI 1 4l_lszl2
Fle 750 A
0 @ E ‘ -l—l—l e %
g II

2 -s>
o -x 4
2

Fe 2p=e
g _r -5
FRe 2@m=¢?

ﬁ

~.e 2 isselfreciprocal.

16.

Find the Fourier cosine transform of e-**" Hence find F, xe Q.

Solution:
Let f(x)=e?"
The Fourier cosine transform f(x) is

A W
F [f®)]=F.(s) = \/“zb[ f (x) cos sx dx J' f (x)dx = 2—_[ f (x)dx

_aZXZ
\/n [e cos sx dx
/2 1J‘ ¢ cos sx dx
T,

F.[f(X)]=RP.of = L \/7J' -2 i gy "’c0S sX = R.P.of e

1 K —a X ISX
F[fx)]= RPof—,ﬁje dx
_1 2x2 _isx
= R.P.of N J'me e dx
L . a?x? +isx 2 2 2
b2 =a2 -2
fﬁLe dx (a-b)2 =a?-2ab+b
~RPof wf e—(azxz-isx] i —2ab = isx
et - Here a = ax
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w 2 ||5| ||s|l
- (ax) -isx+p

= R.P.of { e B0 d " oy

210 % o
B & El

=R.P.of—1 “e 'E ZFﬂe - dx
\ 2
=R.P. of— '5"5*- I e_@px_z"!‘s*dx

BB
Vo

is du
Letu=ax-— =>du=adx > dx= _—; Uu:—ocotoo
2a _ a
i%s?
1 et [ e du
N 21T Lo a

-s? o

2 .
géa J'e-” du “ci2=-1

—00

=R.P.of

1
=R.P.of
av2Tr

—00
g% J'e-“ du e isaneven function
0

= R.P.of
av2T1T

-s? [}

g o1 '.'J'e-“ du=T
avgwg 2 0 2

Fleol= [ ewm| __ B p_ 6]

a

= R.P.of

Deduction:

xf 0] =-— {Flf(x)]} F (s)]

F Oyp-a |=_i{p Jg-a"
S[ gs ¢ <@
i ]
il_l e p
T
1 “m-2m

__ em

—g2
S g

F Oxe-a0=

s @

oo -B1,0<s<1
Solve for f(x), the integral equation J' f (x)sinsxdx = 2, 1ss<2.
0 90,522
Solution:
1, Os<s<l1
Guvenj f (x)sin sxdx = 2 1<s<2 ————- 1)
Po,s>2

We know that
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f(x \f]‘ f (x)sin sx dx

g@l ss<1d -
f(x)= 2,1<ss<2 F'F©)]=f(x)= F (s)sin sxds
e s <l
0,s=2
Y
1t 2 a
f(x) = \ﬁ\ﬁ Ilsln sxds + J'Zsm sxds + J'Osm sxdsg
TV T g, h >
20, “
= _ p|1sin sxds + J.Zsm sxdsp]
Ta, i
2 By —cossx @' ~cossx B’
B +2p

“@l X B X Bl
_20m cosx+cos0+2 —cost+cosx

- 7 i
Map~ ¢ X B x X b
2 -cosx 1 2X X

_ _I oS L) COS2X 9 COS XTT
2 X X X X

[1- cosx - 2cos 2x + 2cos X]

f(x) =

[1+ cos x - 2cos 2x]

g ~F

18.

. . . . 1 . .
Find the Fourier cosine and sine transform of x™*. Hence show that _~_ is self reciprocal under

X

Fourier cosine and sine transforms.
Solution:
By definition of Gamma integral
® I'n
t"e-a‘xx"-ldx =—,a>0,n>0

a
Put a =

I'n

J'e-'sx“dx- ,a>0,n>0

(is)"
o I'n
J'Xn—le—isx dx = W

I'n, .

= (i
Sn
g ulla -t mTm
= cos_ isin_— e 2 =c0s—-isin_=-I
s B | 22
Fn m'r . .. . .
; 0s T _jsin 1 ' . by Demorives theorem (cos6 +isinB)" = cosnd +isinnb
s" 2

Fn BNt nTT
x"-1(cos sx —isin sx) dx = sulcos_z_ -isin_, 0

I'n ntt I'm  nTT
-1 1
x"-1cossxdx - |J.xn sinsxdx = < C0S—-

Ny 8 O'——,g

5 |—sn-smT
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Equating real and imaginary parts on both sides
°° 'n nmr °°

. L I'n nmr
Jx- cossxdx=s—ncos > bfx- smsxdx:s—nsm7
2T nTt 2In nTt
J' x"-! cos sxdx = ——cos— j x"-!sinsxdx = ——sm—
2 2
F Bptitg= |~ "cos™ F Bpeiy - \/:”_“sdn nTt
‘ ms" 2 ° ms" 2
Deduction:
To prove ___ is self reciprocal under Fourier cosine and sine transforms.
X
. 1@ 1 1 1
It is enough to prove that F = andF " ="
BB Vs B s
We know that
I'n__nTT n . n1r
ch’Ll = \/—_Z_cos _ st”~1 = \/__Z_sm _
1 s 2 T s
Put n=_
2
1p
1 F [7] 110 l—‘ _ ﬂ; .
F ix2? \/ﬁ —}ECOSYr F B ¥ ﬁ sin ¥
S
L m .m 1 7lm
=sinT =

andl g—pF

4 N4 I2I

Uj-l
=
SRS
==
11
.
o
o
w
~

is self reciprocal under Fourier cosine and sine transforms.

7

19.

—as

S

Find the function f (x) if its sine transform is ¢

S
Solution:

Given F, [ (x)] = F.(s) = &

S
f()=F 1[F ()] = \E‘}F (s)sin sx ds
S .I.I. S

f(x) = \/701'_6Is sin sx ds

Taklng diff on both sides w.r.to x

f(x)]— .1[ J'e_as sin sxds.

—as
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27e® 9
= \/n:,[ — (sm sx) ds
2°°eas
\f'[){cossxx;{ds

\/7j -8 cos sx ds

d 2@ a T a
—] f(x o le™ = herea=a, b =x
dx[ ] = ~/ iR L .([e cosbx dx 13

Integrating on w.r.to x

1 x|
f(x) = \faja P La +X2dx——tanlg
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