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UNIT 111 APPLICATIONS OF PARTIAL DIFFERENTIAL EQUATIONS
PART - A

. . . cu
One Dimensional Wave Equation: —

-

o | o
3 ra
=

—=da”

cl

A 4

Vibrations of a string

A 4

\ 4

Zero Initial velocity

Hint:

1) Velocity will not be given in the question
2) The word released from the rest will be there

in the gquestion

A 4

\ 4

Non Zero Initial velocity
Hint:
1) Velocity will be given in the question
2) The word initially at rest will be there in
the question

The Boundary and Initial A

conditions are:
i) v(0,0)=0
i) v(/,r)="0

i) < (x.0)=0
cl

iv) 1 0)= f(x), 0=x=]

\ 4

The Boundary and Initial
conditions are:

i) 1(0.)=0

i) v(/,r)=0

X iy )= 0

A 4

iv) gilﬁU}: f(x), 0=x</
c

The Correct (or) Suitable Solution is

vix,t)=(Acos px+ Bsin py)( C cos pat + Dsin pat )

y(x,t) — The displacement of the string at a distance x from one end at time t

L
1) Inthe wave equation =C
ot? ox?
Solution:
. . .. ou 2%
One dimensional heat equation is — = Cc 2
ot ox?

y
, what does C? stands for?

C?= T/m, where T is the tension and m is the mass of the string.
2) Write all possible solutions of the transverse vibration of the string in one dimension.

Solution:

(|) y(x ,t): (Aepx+ Befpx) (Cepat+ Deipm)

(i1) y(x,t) = (A cospx + Bsinpx) (C cospat + Dsinpat).

(i) y(x,t) =

(Ax+B) (Ct+D
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PART - B

A uniform string is stretched and fastened to two points 'I* apart. Motion is started by displacing
the string into the form of the curve y=kx (1 - x) and then releasing it from this position at time
t=0. Find the displacement of the point of the string at a distance x from one end at time t.
Solution:

o’ y o’ y

T
One dimensional wave equation is —— = a“—where a?= —
ot? & m
The correct solution is
y(x,t) = (Acos px + Bsin px)(C cos pat + Dsin pat) — - - — — Q)

The Boundary and Initial conditions are
i)y(,t)=0

i) y(1,1) =0

iiiy Y (x.0) =0
ot

iV) y(x,0)= f(x)=k«(l —x), O<x<lI

Applying condn (i) in (1)

(1) = y(0,t) = (Acos0 + BsinT)(C cos pat + D sin pat)

0 = (A)(C cos pat’+Disin pat)

Here (C cos pat #.D&in pat) = 0 -

Sub A=01in (1)

(1) = y(x,t) = (Bsin px)(C cos pat + Dsin pat) ——— —— ()
Applying condn (ii) in (2)

y(I,t) = (Bsin pl)(C cos pat + D sin pat)

0 = (Bsin pl)(C cos pat + D sin pat)

Here B = 0, (C cos pat + D sin pat) # 0

sosin pl=0 = sin pl=sinnt = pl=nn = p:n:I
Sub the value of pin (2)
( nt [ nra nra )
(2) = y(x,t)=| Bsin—x || C cos t + D sin t| —-———-—- (3)
S| )
Diff (3) partially w.r.to ‘t’
nre I nra (nma ) nrta (nna )l

(2) > a_y(x,t)—(Bsin_xJ —-C sin
o )|

Apply condn. (iii) in the above equation
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oy ( nmn \r % (nna{|
—(x,0) =| Bsin —x || -C sin + Dcos0x |
ot i J L]
( ne [ (nra)]
0=|Bsin—X||Dx] ||
T U

nm nmta
Here B = 0, sin — x = 0, =0,

[ [
Sub the value of D in (3)

(  nm [ nra )
3) = y(x,t)=LBsmI—xJkCcos : t+OJ

. nm nrta
y(x,t) = BC sin —xcos
| |

t

.n nrta
y(x,t)=blsm I xcos 1T

t let BD=b1

The most general solution is

3

nm nma

y(x,t) = > b, sin l_xcos | 14 I (4)
n=1

Applying condn (iv) in (4)

* nn

y(x,0) = > b sin I—XCOSO
=1

nm |
f(x)—stml—x “cos0=1

Which is half range Fourier sine series in (0,1)

2! nmx

b =—|f i
. I{ (x)sin

dx

nmx

2|
:I—J'kx(l—x)sin dx
0

2k [ —213 nax |

=—| —=—=Co0s
| Ln T | J
0
E
= [cosnm —cos0]
Innd
—4kl?

- [(—1)"—1]
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0 if nis even

if nis odd

{
b, =14 8k?
{

Sub b_in (4)

- 8kl2  n=n nra
y(x,t)= > ——sin —xcos
ne13s. N T | |

t

8klZ & 1 2n -1 2n -1)ra
(Or) y(x,t):—e—z —;sin( ) xcos( ) t

T n=1 N | |

2. A string of length 2l is fastened at both ends. The midpoint of the string is displaced transversely through a

small distance ‘b’ and the string is released from the rest in that position. Find an expression for the
transverse displacement of the string at any time during the subsequent motion.
Solution:
2
o2 ) 0 y T
=a — where az= —
ot? ox?

One dimensional wave equation is

3

The correct solution is
y(x,t) = (Acos px + Bsin px)(C cos pat + Dsin pat) ——-—-—— P 4

The Boundary and Initial conditions are .
L

Assume 2I=L A [ 2 b J

i)y(,t)=0

i) yu,t)=0

v

0
i) —(x,0) = 0 0(0,0) B(L.0)
ot

V) y(x,0)= f(x)=2

To find f(X):

The equation of line joining two points is
X — X y-vy,

1

X =X y —-Yy
2 1 2 1

Eqution of OA is O(0,0)& A(l/2,b):

x—0 y-0 2X y 2b L
=— = — =_ > y=—X,0<x< —

L b-0 L b L 2

—=0

2

Eqution of AB is A(L/2,b)&B(L,0):

2x - L

—-2xb +1b =yl —1Ib

—-2xb+ Lb+Lb=yL = -2xb+ 2Lb =yL
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2b L
y=—(L-x), —<x<L
L 2
[2b L
—X, 0< x<—
I L 2
y="F(x) =/ |2b L
_ (L-x), _<x<L
[ L 2

Applying condn (i) in (1)

(1) = y(0,t) = (AcosO + B0 )(C cospat + D sin pat)

0 = (A)(C cospat + D sin pat)

Here (C cos pat + Dsin pat) =0 .. [A=0

Sub A=01in (1)

(1) = y(x,t) = (Bsin px)(C cos pat + D sin pat) - - - — - (2)
Applying condn (ii) in (2)

y(L,t) = (Bsin pL)(C cos pat + D sin pat)

0 = (Bsin pL)(C cos pat +D sin pat)

Here B = 0, (C cos pat + D sin pat) # 0

..sin pL =0 :>sian:sinnar:pL:nn:>p:nL—1T
Sub the value of p in (2)
( ne [ nra nma )
(2) = y(x,t)= Bsin—xAC cos t + D sin t| ——---- (3)
S ] L)
Diff (3) partially w.r.to ‘t’
ay ( ne nra (nzma) nca (nma)l

||
/]

(2)=> E(x,t)=LBsin TXH_CSin —|_—tx|\—|_—J+ Dcos—L—tx\\ 0

Apply condn. (iii) in the above equation

oy ( L \f _ a3 (nna\—|
?(X'O):LBsm L_X)| —C sin k y J+DCOSOXL_L_JJ

!

( ne I (nra )]
0=|Bsin —X|[|Dx| [ |
L L J. UL J]

nn nra
Here B = 0, sin — x = 0,

L L
Sub the value of D in (3)

(  nn O/ nra 3
(3) = y(x,t)=| Bsin _XJLCCOS t+OJ
\ L L

20, -~ D=0
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o nn nrta
y(x,t) = BC sin —xcos t
L L
y(x,t):blsin n_nxcos nnat let BD:b1
L L

The most general solution is

nm nma
y(x,t) = > b, sin ~ xcos 14 B (4)
n=1 L L

Applying condn (iv) in (4)

o

nn
y(x,0) = > b sin TXCOSO
n=1

® nm

f(x) =) b, sin Tx “cos0=1
n=1

Which is half range Fourier sine series in (0,1)

2t nmx
bn=—.[f(x)sin dx
L L
[2b L
L
X, 0 —
Z[I%Zb nmx L 2b nmx 1 | C X s 2
= J +—xsin dx+_[ (L — x)sin dx‘ Yy = f(x):i 2b L
K L Lo TL-x), _<x<lL
i : baL 2
B ]

ab |’ N ' nex
=77 J'xsm —dx + I(L - x)sin —dXJ
L

L
K z

I[I— ( nmx ) ( nmx ﬂLT |— ( nnx\ ( nmx \—|L1|
4p | -cos - [ - CO0S —— - sin [
el T el T ol 2 T eyl S
RSP LL"JI”—L'LH
UL )1, L L )]
L 2}
apb [T L nox L nex 15 T L nox L2 nnx—|L]|
:1_74||L— Am X€0s [+ f{rgzsin _L_J +|L—W(L_X)COST Argesin _L_j J5
L ’ .
4b |[F( LL nrx L2 nm) 1 T ([ L(L)Y nn L2 nnﬂdl
= Al —_—cos—+ sin— [-(0)| +[(0)-[-—| —|cos — - ——sin — || |
L’ ||_\ nm 2 2 n2mn? 2 ) ] L \ nml2) 2 nm ZJL\
0 72J

sm_l

ap ! g
7_|_ 5_+ 22sm_+ s—+

_ 4bl 217 gy, nn1|
i

LLnn ZJ
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8b  nm
b, = ——sin
nm 2

Sub b in (4)

© 8b nn nmx nrat
Loy(x,t) = ————sin —sin cos
HZ::l n’rn’ 2 L L

SbZ 1 nr nmx nrat
—2~ _Zsin —sin cos
T np=1 N 2 21 21

soy(x,t) =

This is the required displacement.

A string of length | is fastened at both ends. The midpoint of the string is displaced transversely through a
small distance ‘b’ and the string is released from the rest in that position. Find an expression for the
transeverse displacement of the string at any time during the subsequent motion.

Solution:

Replace L by I in the above problem

A tightly stretched string with fixed end points x=0 and x=I is initially in a position given by

y(x,0) =y sin? ™ . If it is released from rest from this position, find the displacement y at any distance x
[

from one end any time t.

Solution:
. oty o'y T
One dimensional wave equation is =a  wherea’= —
ot? ox? m
The correct solution is
y(x,t) = (Acos px + Bsin px)(C cospat + D sin pat) ——— — — (1)

The Boundary and.Initial conditions are
i)y(,t)=0
i) y(I,t) =0

iy Y (x.0) =0
ot

X

V) y(x,00= f(x)=ysin® _, 0<x<I
|

Applying condn (i) in (1)
1) = y(0,t) = (AcosO0 + B/s-'m/O/)(C cos pat + D sin pat)

0 = (A)(C cos pat + D sin pat)

Here (C cos pat + D sin pat) # 0 ..

Sub A=0in (1)

(1) = y(x,t) = (Bsin px)(C cos pat + Dsin pat) — - — — — (2)
Applying condn (ii) in (2)

y(I,t) = (Bsin pl)(C cos pat + D sin pat)

0 = (Bsin pl)(C cos pat + D sin pat)
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Here B = 0, (C cos pat + D sin pat) # 0

s.osin pl=0 :sinpl:sinnn:pl=nn:>p:nl—1T
Sub the value of pin (2)
( nt [ nta nma )
(2) = y(x,t):LBsin—xJkC cos t + D sin t) ——---- (3)
I I )
Diff (3) partially w.r.to ‘t’
oy ( nm nra (nma) nna ‘(nnaﬂ
(2) = —(x,t) =| Bsin —x || =C sin t x + D cos x
ot L | J‘L T L—|—J T
Apply condn. (iii) in the above equation
ay ( nmto [ 3 (nra)l
—(x,0) =| Bsin —x || —C sin + D cos0x |
ot ) - )
( nt Y (nra)l
0=|Bsin —X|[| Dx| [
L o ur g

nm nn
Here B = 0, sin — x = 0,
| |

Sub the value of D in (3)

® .0, - [p=9]

(7 nal [ nma )
(3) = y(x,t) = Bsm—xJLCcos t+0J
W
nm nra
y(x,t) = BC sin —x cos t
| |
y(x,t) = b1 sin n_nxcos nnat let BD:b1
| |
The most general solution is
’ nm nma
y(x,t) = > b, sin I_xcos | 14— (4)
n=1

Applying condn (iv) in (4)
* nmw
y(x,0) = > b, sin I—XCOSO

o

nm By
f(x)=ansin|—x ©cos0=1
n=1

X * nm
b sin —x
n
n=1

in3
y, sin I

X nm
X

* 1
yosin3_I:ansinl— Z[SSine—sin 36]
n=1
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[1|— mX 3nX—|] * nn

—| 3sin — - sin = b sin —x
y°14[ I Jf Zl " I
3y, . mX Yo . 3mX . WX . 2mX . 3mx . 4mx

sin ___— __sin =b 1sm _+b 2sm +b 3sm +b 4sm + ...
4 | 4 | | | | |

Equating co-efficients of likely terms on both sides

3
b = Yo ;b, = 0; b37£;b:b =b ..=0.

1 4 5 6
4 4

Sub these values in (4)

. TmX mat . 2mx t . 3mx 3nat
(4) > y(x,t):blsml_cos : + b, sin | S : + b, sin : cos | + .

3nXx 3rat
|

A tightly stretched string end points x=0 and x=l is initially at restin its equilibrium position. If it is set
vibrating giving each point a velocity x(x -x*) , then show that the displacement of given string is

3 w» _ _
Y1) = 8l 1 sin (2n —=1)mx sin (2n —1)rat )
an aa(2n-1) | |
Solution:
o oty oty T
One dimensional wave equation.is =a — where a2-=
ot? ox 2 m
The correct solution is
y(x,t) = (Acos px + Bsin px)(C coswpat + D sin pat) ~'—~ — 4 1)

The Boundary and Initial conditions are
i)y(,t)=0
ii) y(I,t) =0

iii) y(x,0)=0

. oy
iv) (x,0) = 2(Ix = x2), 0 <x < |
ot

Applying condn (i) in (1)
(1) = y(0,t) = (AcosO0 + B/sj-n’o/)(C cos pat + D sin pat)

0 = (A)(C cos pat + D sin pat)

Here (C cos pat + D sin pat) = 0 .-

Sub A=01in (1)

(1) = y(x,t) = (Bsin px)(C cos pat + Dsin pat) - - - - - (2)
Applying condn (ii) in (2)

y(1,t) = (Bsin pl)(C cos pat + D sin pat)

0 = (B sin pl)(C cos pat + D sin pat)
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Here B = 0, (C cos pat + D sin pat) # 0

nn
.sinpl=0 = sinpl=sinnt = pl=nn = [p=—
|
Sub the value of pin (2)
( nt [ nna nma )
(2) = y(x,t)= Bsin—xJkCcos t + D sin t) ——---- (3)
L I I )

Apply condn. (iii) in the above equation
( nn

3)=> y(x,O):LBsin —x}(c cos0 + M)

o= 8sin ) (c)
= sin —X
I

nm
Here B = 0,sin—x=0, |- c=0
|

Sub the value of Cin (3)

( nt Y nna )
3)= y(x,t):LBsin I—xJLDsm t

)
o nn nra
y(x,t) = BD sin —x sin t
| |
y(x,t)=bisin n_nxcos nnat let BD=b1
| |
The most general solution is
- nm hma | __ _ _ _
y(x,t) = > b, sin | xsin | t (4)
Diff (4) partially w.r.to ‘t’
oy - nm (nna\
—(x,t) = > b, sin —x cos LA
ot ) I I I J

Applying condn (iv) in the above egn.
8—y(x,O) = i b, sin n—nx cos0 x |( nna\|
ot "t | L)

w ntx ( nra

f(x) =2 b, sin XL }
n-1 | |

nmx nmta
: let B, = b, :

y(x,0) = > B, sin
n=1

©

nm
f(x) = z B, sin I_X
n=1

Which is half range Fourier sine series in (0,1)

binils - Anna University App on Play Store




binils.com - Anna University, Polytechnic & Schools
Free PDF Study Materials

nmx

2 |
Bn=—J'f(x)sin dx
I 0

2! nmx
= —J'XX(I - x)sin
|
0

dx

2n [ —213 nrx |
= —| —==C0S8 |
| [nm | 1o
WNE
= [cosnm —cos0]
In%xn?

b nma _ —AME gy q]

n 3_3
|

n’n
— 4213 :
b = —1)n-1
n n“n“a[( ) J
|[O if nis even
b, =1 8nl® | .
{ " 4 if'nis odd
n‘n'a
Sub b, in (4)
> 8Als nm nrta
y(x,t)y= >, L . sinT xsin Tt
n-135. N T @ I |
8ald = 1 2n -Dn 2n - 1)ra
(or)  y(x,t)= > 4$in( ) xsin( ) t

na ng(2n-1) | |

If a string of length I is initially at rest in its equilibrium position whose ends are fixed and each of its points

( |
ex ;0 < X< E
is given a velocity v such thatv = { , find the displacement of the string at any timet .
I
|c(l -X); —<x< |
L 2
Solution:
. . L , a"y T
One dimensional wave equation is =a — where az= —
ot? ox? m
The correct solution is
y(x,t) = (Acos px + Bsin px)(C cos pat + D sin pat) ————— (1)

The Boundary and Initial conditions are

)y@,t)=0
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i) y(1,1) =0
iii) y(x,0)=0
|
oy |cx;0<x< —
i)iv) = (x,0) =4 2
ot | )
c(h=x); —<x <1
l 2

Applying condn (i) in (1)
(1) = y(0,t) = (AcosO + M)(C cospat + D sin pat)

0 = (A)(C cospat + D sin pat)

Here (C cospat + Dsin pat)#0 |~ A=0
Sub A=0in (1)
(1) = y(x,t) =(Bsin px)(C cos pat + Dsin pat) — - - —-— (2)

Applying condn (ii) in (2)
y(I,t) = (Bsin pl)(C cos pat + D sin pat)
0 = (Bsin pl)(C cos pat + D sin pat)

Here B = 0, (C cos pat + D sin pat) # 0

nn
sosin pl =0 = sinph=sin nma=npl=nt =9p= —
|
Sub the value of puin (2)
( nt \/( nma nmwa
(2) = y(x,t)= Bsin—xACcos t + D sin t| —---- (3)
k ! | )

Apply condn. (iii) in the above equation

(3) > y(x,0)=[Bsin n—nx}(c cos0+ Dosif 0 )

|
nmw

(.
0= Bsin TXJ(C)

nm
Here B =0 ,sin—x=0, ~C=0
I

Sub the value of Cin (3)

( nt \( nca )
3) = y(x,t)=LBsin|—xJLDsin | tJ

nm nma
y(x,t) = BD sin —x sin
| |

t

nmta

y(x,t) = b1 sin n_nxcos
| |

t IetBD=b1
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The most general solution is

nm nma
y(x,t) = > b, sin I_xsin ot (4)
n=1

Diff (4) partially w.r.to ‘t’

oy * nm ( nma )
—(x,t) = > b sin —x cos nra . J
n=1 I | |

ot
Applying condn (iv) in the above egn.
oy (x.0) - Z b, nm 0 ((nrma )
— (X, = sin —x cos0 x
ot et | L | J
w nnx ( nra
f(x):ansin XL J
[ [

* nmx nra
y(x,0) = > B, sin let B, = b,

n=1 I

©

nm

f(x)=> B, sin I_X
n=1

Which is half range Fourier sine series in (0,1)

2 If nTEX
I_[ (x)sin
! [CX'O<X< :
22 nmx : nmX -1 | ' 2
= — [cxsin dx + [c(l = x)sin dx Tof(x) =
||I { |\ ic(|—X);|_<x<l
2 ] l 2
20[% nmx ' nmx W
=|—|[{xsm I dx+I(I—x)sm dx |
( ! )
||r ( nux ) ( naex V17T ( nux ) ( nex V1|
2¢ | - cos —— ’—sm H ’ —cos —— ’—smTH |
-l el ool eyl 2
TR T
L|_ N ) o L o
2c[|_ | nmx 12 nnx—|; [ nmx 12 nnx—|L]\
i R Eak i et +[_W(I_X)COS_I__WS"]_I_JLT
L ° 7
ZC[F( I nn I? nm ) 1T (1 (1Y nx I° nnﬂI]
= Al - ——cos —+ ——sin— |- (0)] +[(0)-|-—] —jcos —— ——sin — || }
| |L|Lk nm 2 2 nmw 2 ) “0 IL L nel2) 2 nmn 2 )ULJ|
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2cl 2 Sk ne | T nr |
=—| - 0s — + sin — + S— + sin — |
F nn 2 nZm 2 T 2 n2m 2 |
2c[ 212 nr |
| Ln = 2 |
nra 4cl nn nra
| n’n’ 2 = |
4¢l? nm
b = sin
nirda 2
Sub b in (4)
= 4cl? nn nmx nrat
SLoy(x,t) = ———sin —sin cos
o h'm a 2 |
4¢l?2 = 1 nm nmx nrat
Loy(x,t) = ——> —sin —sin cos
n'a ng N 2

If a string of length of | is initially at rest in its equilibrium position and each of its point is given the
velocity a_y(x,O) =V sin? ™ 0<x<I. Determine the displacement function y(x,t).

at I
Solution:
I B ooty o'y T
One dimensional wave.equation IS — = a " _-where a2
ot ? ox? m
The correct solution.ds
y(x,t) = (Acos px + Bsin px)(C cos pat + D sin pat) — - - — — 1)

The Boundary and Initial conditions are
i)y(,t)=0
ii) y(I,t) =0

iii) y(x,0)=0

. oy o mX

IV) (x,0) =V sin?3 ,0< x<|
_ N -
ot |

Applying condn (i) in (1)

(1) = y(0,t) = (AcosO + B/sjn/o/)(C cos pat + D sin pat)

0 = (A)(C cos pat + D sin pat)

Here (C cos pat + D sin pat) = 0 ..

Sub A=0in (1)

(1) = y(x,t) = (Bsin px)(C cos pat + D sin pat) ————— (2)
Applying condn (ii) in (2)

y(I,t) = (Bsin pl)(C cos pat + D sin pat)
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0 = (Bsin pl)(C cos pat + D sin pat)

Here B = 0, (C cos pat + D sin pat) = 0

nn
ssin pl =0 = sin pl=sinnt = pl=nn = [p=—
|
Sub the value of pin (2)
( nt [ nta nta )
(2) = y(x,t)= Bsin—xJkCcos t + D sin t) ——---- (3)
L I I )

Apply condn. (iii) in the above equation
(3) = y(x,0)= [Bsin n—nxJ(c c0s0+ Dsifi 0 )

o= 8sin 2 )(c)
= sin —X
I

nn
Here B = 0,sin—x=0, -~ [c=0
|

Sub the value of Cin (3)

( nt \ _ nma )
3)= y(x,t):LBsinI—xJLDsm | tJ

= nma
y(x,t) = BD sin —=%sin
| |

t

nma

y(x,t) = b1 sin n_nxcos
| |

t |etBD=b1

The most general solution is

nna

” nm
y(x,t) = > b sin I—xsin t———— - (4)

n=1

Diff (4) partially w.r.to ‘t’

oy
at

© oonn (nma )
(x,t) = > b sin —x cos

nmta
t x
e )

Applying condn (iv) in the above eqgn.

oy © o nx (nma )
—(x,0) = > b sin —x cos0 x|

ot - [ L

nmx (nna\
| XL | J

f(x)=> b, sin
n=1

©

X nra nmx
Vv, sin® =y b, sin
| n-1 | |
(1T X 3x ) ib nrta nmx 1
Vol 3sin — — si |+ = i _[35in6—sin36]
0 sin sin h sin m=
L4L I L) e | 2 4

binils - Anna University App on Play Store




binils.com - Anna University, Polytechnic & Schools
Free PDF Study Materials

3V, nx VY, 3mx na X 2na 27X 3na 3nx 4na 47X
sin — — —sin =b —sin —+0b sin +b sin +b sin
4 | 4 | | | | | | | | |

+ ..

Equating co-efficients of likely terms on both sides

ra 3Vo 2na 3ra Vo

1 2 3 4 5 6

3V | -V

Sub these values in (4)

TX nat 271X at 3mnX 3nat

X nat V1  3=nx 3rat
S

One Dimensional Heat Equation

One dimensional heat equation is

ou , 0%u " k Thermalconductivity
—=a  wherea”" = — =
ot o0x? pc densityx Specific heat capacity

u(x,t) - The temperature distribution at any point x from one end at time t.

The various Possible Solution of 1-D heat equation.
() u(x ,t) = (Ae ».+ Be -P)Ce «P !

(i) u(x ,t)= (A cos px + B sin px)Ce -« ot
(iii) u(x ,t) = Ax+B

The boundary and initial conditions.
i)u(o,t)=k C x=0 x=I
A I B

iii) u(x,0) = f(x) K C k,C

2 2
a pt

The correct solution is u(x,t) = (Acos px + Bsin px)Ce"

The steady state solution in 1-D heat equation:

Solution:
ou s 02u
—=a T === €y
ot ox?
ou
In steady state t=0then __=10
ot
" 02u 02u d2u
o =0 > =0 = =0
ox?2 ox?2 dx?

Integrating twice we get
PART - B

A rod of length | has its ends A and B are keptat 0 ¢ and 100 C until steady state condition prevail. If

the temperature at B is reduced suddenly to o ¢ and kept so while that of A is maintained. Find the
temperature u(x,t) at a distance x from A and at time t.
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Solution:
ou 0°u , k
The 1-D heat equationis —=a’ where a® = —
ot ox? pcC
To find steady state solution u(x,0) = u(x)

ou
In steady state t=0 then — =0
ot
Zazu 02u d2u
a =0 = =0 =
ox? ox? dx?

Integrating twice we get -——-
The boundary conditions are i) u(0) = oled i) u(l) = 100ted
Applying condn (i) in (1)

()= u(0)=0+B=[B=0]

=0

Sub Bin (1)
u(x) =Ax —---(2)
Applying condn (ii) in (2)
100
u(l) = Al =100 = Al = A:I—
Sub Ain (2)
100 x
u(x) =
The boundary and initial conditions are
i) u(o,t) = o%‘
i) u(l, th= 100%

100 x
i) u(x,0)= f(x)=——,0<x<I
|

The correct solution is
u(x,t) = (Acos px + B sin px)Ce’“z”z‘ _____ 1)
Apply condn. (i) in (1)

u(o,t) = (ACOSO + M)Ce*azpzt

0=ACe=«""
Here c 20, e “ " %0 ~|A=0

Sub Aiin (1)

u(x,t) = (Bsin px)Ce"’zpzt _____ (2)
Apply condn. (ii) in (2)
u(l,t) = (Bsin pl)Ce"

azpzt

7a2p21

0=(Bsinpl)Ce
Here B = 0,C = O,E‘“zpz‘ 0 .

sin pl =sinnz = pl=nz = [p=—

Sub pin(2)
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( n7Z'X\ 7aznz7rzt
u(x,t):kBsin JCe !
|

a’nr?t
MxJ):ﬁsm””Xe’ E BC = b (say)
|
The most general solution is

. 7a2n27r2t
- me N (3)
u(x,t) = by sin |
n=1

Apply condn (iii) in (3)

nzTx
e

u(x,0)=>" b, sin
n=1

This is Fourier sine series of f(x) in (0,)
|

” o onrx
f(x)=> b, sin
n=1

2 nz X
L_ — o f(x)sin —dx
br= | |

2'100x  nzx
=—J' sin ——dx
KA |

I
200 nz X
= stin —dx
|

2

nrx )
-~ cos
|

(
|
L)

:
200 |
L (x)

2

= _|_L
UL o
-200
= [Icosnz - 0]
Inz
~200(-1)"
B nz
200
bn — —(_l)n+l
nz
Sub by in (3)

a’n?n’t

“ 200 . nzmX .
u(x,t) =% ——(=1)"**sin e
V4 |

200 ~ (-1 nzx -
u(x,t) = Z sin e !

V/ n |

This is the required temperature.
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The ends A and B of a rod | cm long have their temperatures kept at 30 ¢ and 80 C, until steady state
conditions prevail. The temperature of the end B is suddenly reduced to 60 C and that of A is increased to
40 C.Find the steady state temperature distribution in the rod after time t.

Solution:
. . ou , 02U , k
The 1-D heat equationis — = ¢ “~——where "=
ot ox? pc

To find steady state solution 1 u(x,0) = u(x)

d
In steady state t=0 then Moo
ot

02u 02u d2u
=0 =
0x2 ox? dx?

Integrating twice we get — -—-—()
The boundary conditions are i) u(0) = s0led ii)u(ly=80cC
Applying condn (i) in (1)

W)= u(0)=0+B = =30 |

=0

Sub B in (1)
u(x)=Ax+30----(2)
Applying condn (ii) in (2)
u(l)= Al+30 =80=Al+30 = |A= 51
|
Sub Ain (2)
50 x
u(x) = +30 = fi(x)

This u (x) will be treated as the initial conditionsu (x,0) = f (x)
To find steady state solution 2 u(x,0) = u(x)

Integrating twice we get {u (x) = Ax + B|- - - —(3)

The boundary conditions are i) u, (0) = soled ii)u(1)=60C
Applying condn (i) in (3)

(3)= u (0)=0+B =

Sub B in (1)

u(x)=Ax+40---—-(4)

Applying condn (ii) in (4)

u(l)=AIl+40 =60=Al+40 = |A=

Sub A in (2)

20 x
u (x) = I_+ 40

This u (x) will be treated as the transient state temperature.
The required temperature is

2 2
a pt

u(x,t):ut(x,0)+(Acospx+ B sin px)Ce’
20 x A
u(x,t)=___+40+ (Acos px+Bsin px)Ce “"'————— (5)
I
The boundary and initial conditions are

binils - Anna University App on Play Store




binils.com - Anna University, Polytechnic & Schools
Free PDF Study Materials

i) u(o,t) = s0lea
i) ul,t) = 60%‘
50 x

iii) u(x,0) = f(x)=——+30,0<x<1
|

Apply condn (i) in (5)
u(0,t) =0+ 40+ (AcosO+Bsin0)Ce

40=0+40+(Acos0+ Bsii0 )Ce "

p’t

a’p’t

0= ACe

Thisc z0,e” %0 - |A=0
Sub Ain (5)
20 x

u(x,t) = +40+ (Bsin px)Ce ™ pt_____ (6)

|
Apply condn (ii) in (6)
u(l,t) = 20 + 40+ (Bsin pl)Ce™ "

aiplt

60 =20+ 40+ (Bsin pl)Ce"

a?plt

0=(Bsinpl)Ce

p’t

B%0,C#0e% " #0 - sinpl=0

nz
sin pl =sinnz. = pl=Enr = |[p=-—
Sub p in (6)
20 x ( nﬂx\ 7a2n27r21
u(x,t) = ——+ 40 +| Bsin |Ce !
! \ I

a’n?r’t
20 x nzx -
u(x,t) = +40 + b, sin e ! m
| |
The most general solution is
20 x © nrx _a’niz’t

u(x,t) = + 40+ b sin e ! _____ (7)
|
n=1
Apply condn (iii) in (7)
20 x * nz X
u(x,0)= ——+40+ 3 b, sin —e "
I n=1 I
50 x 20x © nmx X
+30 = + 40+ > b sin
I I n=1 I
30 x - nrzx
-10 = ) b, sin
I n=1
To find bp:
2! nz X

b, = —I f (x)sin —dx
| |

0
2 1/ 30x nzx
= I(| —10\|sin dx
+H ——
ol )
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|r [ nrx) _
2|(30X \|—COS | (30\|—sm
=77 -10 | - == |l
LI oM
)

|
] \ I

oT( -1V(30x ) nzx]

B Sy A |

-2
=_rL(20)cos n;r+10h
nz

—20
b = _m_[z(—n +1]

Sub by in (7)

20x -20 n nzTx -
u(x,t)= ___+ 40+Z_|—L2(—1) +1—|Jsin e !
| h1 N |

© a’n?rt

a n gt

nzXx -
e I

20 x 20 1 ;
u(x,t)=|_+40—_zﬁ|—|_2(—1) +1—|Jsin I
T na

TWO DIMENSIONAL HEAT EQUATION (LAPLACE EQUATION)

0%u  0%u
+

1) The 2-D heat equation:
ox?  oy?

=0

2) The various possibleselution of 2-D heat equation,is
i) u(x,y)= (A cospx + Bsinpx) (C e ™' +.e )
i) u(x,y) = (AeP*+ Be 7P (C cospy +sin py)
i) u(x ,y) = (Ax+B) (Cy+D)

1. | Asquare plate is bounded by the lines x = 0,x =1,y = 0and y = |, its faces are insulated. The temperature
along upper horizontal edge is given by u=x(I - x) when 0 <x < I.while the other three edges are kept at
0 C . Find steady state solution in the plate.

Solution:

The 2-D heat equation is
02%u N 0%u _0
ox?  ay? 4y

The Boundary conditions are u=x(I-x)
i)u(0,y)=0 =|

i Ju(,y)=0

i) )u(x,0)=0 0T

iv) ux,I)=f(x)=x(1—x), 0<x<lI x=0
Here the non zero temperature is parallel to x axis then the
Correct solution is

u(x,y)=(Acos px + Bsin px)(CePY+De-PY) _____ (1) y=0 o¢
Apply condn (i) in (1)
u(0,y)=(Acos0+Bsin0)(Ce™ + De ™)

x=I
0T

xv

0= A(CeP + De ™)

Here ce” + De ™ 20 . A=0
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Sub Ain (1)

u(x,y)=(Bsin px)(Ce™+De ®) - - - - (2)
Apply condn (ii) in (2)

u(l,y)=(Bsin pl)(cepv n De—py)

0= (Bsin pI)(Cepy + De‘Py)

Here ce”™ + De ™ %0, B %0 . sin pl =0

nz
sin pl =sinnz = pl=nz =p= —
|
Subpin(2)
( nzx " R
u(x,y)=LBsin JICe' +De ! | ————— (3)
AN )

Apply condn (iii) in (3)
( nzx) 0 0

u(x,O)=LBsin J(Ce + De )

( nzx)
O:LBsin J(C+D)

o onrx
Here sin #0,B20, .C+D=0 = D=-C
|

Sub b =-cin(3)
( nﬂx\( " 1|

u(x,y):LBsin J\Ce' -Ce 'l |
au )
nzx (070 270
u(x,y)= BC sin [e M—e" 1T
b )
nzrx( nzry) _e’
u(x,y) = BC sin LZsinh J @:sinh@
| |
nrz X nzy
u(x,y)=b sin sinh let 2BC =b
| |
The most general Solution is
* nz X nry
u(x,y)= > b, sin I sinh — T (4)
n=1

Apply condn (iv) in (4)
*© nz X
sinh nz

u(x,l)=> b sin

nzx
let B, =b,sinhnz

f(x)=> B,sin
n=1

This is Fourier sine series in(0,1)

1
nmx

2
Bn:_jf(x)sin dx
I I

l
nmx

2
=_.[x(l—x)sin : dx
I

0
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( nmx \—|I

| cos '
|

2l =213 nax 1

=_L —cos |
I|nm Lo,
—413
= cosnmt —cosO0
i L ]
74|2
. _ g
b sinh nn s [( ) ]
b- _ 4 Tnr-1]
" nizxdsinhnzn J
{O if nis even
bn = 2
Tﬂﬂgl— if nis odd
[n n sinhnx
Sub by in (4)
- 8|2 nzx X nﬂ'y
uy) = 3 e sin ginh
n-1.3.5. No7m, sinh nz I |
8I2 L 1 nm X nﬂ'y
HOey) = sin sinh

3 .
3
T iss.N%sinhnz | |

A rectangular plate with insulated surface is 20cm wide and so long compared to its width that it may be
considered infinite in length without introducing appreciable error. The temperature at short edge x =0 is

10y, 0<
given by u :4[ Y y <10

(10(20 - y), 10 < y <20

and the two long edges as well as the other short edges are kept at

0.C. Find the steady state temperature distribution in the plate.
Solution:

The 2-D heat equation is

oty 0%u AY
+ =0
ox2  oy?
The Boundary conditions are y=20 0T
i)u(x,0) =0

ii) u(x,20)=0 E

iii) u(o,y)=0 <=0 X=00

(20, 0<y<10 0T

iv)u(o,y) =4
[20(20 - y), 10<y<20

The correct solution is

Xy

U(X,Y)=(Aepx+ Be*“x)(Ccos py + Dsin py) — - — — — D
Apply condn (i) in (1)
u(x,0)=(AeP+ Be ™)(CcosO+ Dsin0)
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0=(Ae™+Be™)C

Here (Ae“x+ Be"’x):& 0, |~c=0
Sub Cin (1)
U(va)=(Aepx+ Be"’x)(Dsin py) _____ (2)

Apply condn (ii) in (2)
u(x,20) = (Aepx + Be*Px)(Dsin 20p)

0=(Ae™+Be ™)(Dsin20p)

Here (AepX + Be"’x);t 0, D=0

..sin20p=0= sin20p =sinnzr = 20p=nz = |p=—7

Sub pin(2)

nzx nzx

(2) > u(x,y)=| Ae® +Be72°\|\(Dsin YN (3)
{ JAN 20 J
Apply codn (iii) in (3)
” - nzy )

20 )

u(o,y)=(Ae +Be ){Dsin

Oz(Aew)(Dsin n;ry)
\ 20 )

nzy
temperature e~ = 0,D = 0 ,sin
20

sub A'in (3)

nnx\( nﬂ'y\
(3) = u(x,y) =|Be ™ |szin

\ )

20 )

n
u(x,y)=> b, sin
n=1 20

Apply condn (iv) in (4)

( ) Z“’: b si nzw
u(o,y)= , sin
no1 20

nry
20
This is half range sine series in (0,20)

2 nzy
- in ———dy
bn = I1[f(y)ssm |

f(y)=> b, sin
n=1

20 nzy

2 .
_—J‘ f (y)sin
- 20 20

dy
11 nzy 0 nzy |
= — J'10ysin dy + j10(20 - y)sin —g—dy |
10 0
Lo 10 J

10l nzy 20 nzy 1
=1— Iys'” 20 dy + [ (20 - y)sin 20 dy |
Ls ]

10
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10 20
[ ( nzy ) ( n;ryﬂ [ ( nzy ) ( nnyﬂ
| | —cos 20 | | —sin [ | | | —cos 20 | | —sin 5 |
=l -l +l@o-y) |- Yl |
SRR I e
\ ) )7, \ / \ -
20 nzy 400  nzy]° [ 20 nry 400  nzy]*
= - (y)cos + sin | |- (20 - y)cos - , sin |
L T 20 n<mx ZUJ L A 20 nex ZOJ
0 10
[( 20 nz 400 nz ) 1T (20 nz 400 nz \1
=]] -—(@0)cos —+_sin___|-(0)|+](0)-| -—(0)cos — -~ ___sin
[L nz 2 nr 2 J J L k nrz 2 nr 2 JJ
200 nz 400 nz 200 nrzx 400 nz
= - cos__ + sin _ + cos___ + sin
nz 2 n2z 2 nz 2 n2z 2
A 800  nz
= sin
" n’r? 2
Sub by in (4)
= 800 nzx nry = 800~ 1 nr  nwy -
sin —sin e u(x,y)=——> —sin —sin e ¥
nz 2 20 ~n 2 20

(20, 0<x<5

[20(10-x), 5<x<10
temperature at any point on it.
Solution: Ay 0
The 2-D heat equation is Y=

0%u 9%u AAAANN A
+ =0

ox?  oy?

The Boundary conditions are 0T
i) u(0,y)=0 x=10

. x=0
ii)u(10,y)=0 0T

iii) u(x,©)=0 y=0

An infinitely long rectangular plate is of width 10cm. The temperature along the short edge y=0 is given by

u =1 . If all the other edges are kept at zero temperature. Find the steady state

[20x, 0<x<5
iv)u(x,0) =4 {‘- v
pig 0) =47

[20(10 - x), 5<x<10

Here the non zero boundary condition is parallel to x axis then
The correct solution is

u(x,y) = (Acos px + Bsin px)(Cepy+ De‘W) ————— (1)
Apply condn (i) in (1)

u(0,y)=(Acos0+Bsin0)(Ce™+ De ™)

0=A(Ce™+De ™)

Here (ce” + De-™ )= 0, ~[A=0

Sub Cin (1)

u(x,y) = (Bsin px)(Ce"V+De‘W) ————— (2)
Apply condn (ii) in (2)
u(lO,y):(BsinlOp)(CePy+ De”’y)

xvy
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0=(Bsin10p)(CeP+ De ™)
Here B=0,(Ce™ + De ™) =0 - sin10p =0
nrx
..sinl0p =0 = sinl0p =sinnz =10p=nz = p=W
Subpin(2)
( nzx [ ey Y
u(x,y) =1 Bsin |Cet +De * |----- (3)
( 10 J\ )
Apply codn (iii) in (3)
( ) (B Conzx) c
u(x,o) = sin ex -
k 10 J( + De )
( nzx ) . Y
0 =| Bsin [(Ce De
(oo Jee o)
Here B8 » 0,e%= 0,sin 20 . C -0
10
sub Cin (3)
nzx ) -rr)
u(x,y) =] Bsin J|De o
L 10 J{ )
(xoy) = 3 b, sin e 0 (4)
u(x, = sin —e ¥ - — - — -
’ Z 10
Apply condn (iv) in (4)
0 - - nm X e
,0) = sin
u(x,0) E‘l ., s
‘ - b si N X
= Sin
(x) 21 X -
This is half range sine series in (0,10)
2I nzx
bn=|_£f(x)sin T
2 ¥ nmx
_—j f (x)sin dx
T 10, 10
11° nm X v nrx |
=—1] [20xsi d 20(10 - x)sin —5—d
10||_£ X sin x+! ( x)sin &= dx |
20|—5 . onzmx 10 _ nzx 1
:EHXM de+!(lO—x)sm 7o dx |
(N R AT oo [—snmm )]
7 —sin —sin
ISP TR (SR o] +’(10_x)|_°°S 10yl L0 ﬂ %
j SRR L
nx n‘r nrx |
{{ | 10 J L oo J], | L w0 ) | 100 JJSJ
(T 10 nzx 100 nzx1° [ 10 nzx 100 nzx1 |
=24 —-—(x)cos + ——sin +,-—(10 - x)cos — ———sin {
LL nrz 10 nrz 10 Jo L nz 10 nz 10 JS J
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(T 10 ne 100  nz) 1 [ (10 nz 100  nz ﬂl
=24|| - —(5)cos — + ——sin — |=(0) [+](0)—| - —(5)cos — — ——, sin — ||
“_\ nz 2 nrz 2 ) ] L L nxz 2 nrz 2 )
50 nz
=2|-  cos _ + 100, gjp N7, 50 (N7 | 100, gip N7 |
o 2= Wr 2 m 2w 2
400 nmz
W= 55 sin —
n‘rz 2
Sub by in (4)
. nzy nzy
_ 400 . N7 . nzXx -——— 400 ~» 1 n nzrx -
u(x,y)=72 — i —sin e ® = Ju(x,y)= S = sin sin e ©
s nim 2 10 z? “n? 2 10

An infinite long rectangular plate with insulated surfaces is 10 cm wide. The two long edges and one short
(20, 0<y<5

edge are kept at 0°C, while the other short edge x = 0 is kept at temperature u = { :
|20(10 - y), 5<y<10

Find the steady state temperature distribution in the plate.

Solution:
The 2-D heat equation is
o2y 0%u

+ =0
ox? oy?
The Boundary conditions are
i)u(x,0) =0
ii)u(x,10) =0
iii)u(o,y)=0

[20y, 0<y<5

iv)u(o,y) =4

(2010 -y), 5<y<10
The correct solution is
u(x,y)=(Ae"X+ Be’PX)(C cos py + Dsin py) — - — - — 1)
Apply condn (i) in (1)
u(x,0)=(AeP+ Be ™)(CcosO+ Dsin0)
0=(Ae™+Be™)C
Here (Aem+Be™)=0, ~C=0
Sub Cin (1)
u(x,y)=(Aer+ Be*PX)(Dsin py) - - - — - (2)
Apply condn (ii) in (2)
u(x,lO):(Ae"X+ Be‘PX)(D sin10p)

O=(Aepx+ Be*PX)(D sin10p)

Here (Aepx + Be’px):to, D=0

nz
..8inl0p=0 = sinl0Op=0sinnzr =10p=nzxr = p=—
10
Sub pin (2)
nwx 7n7rx\( nﬂ'y\
(2) = u(x,y)=| Ae™ +Be || Dsin | -—---- 3)
L J\ 10 )

Apply codn (iii) in (3)
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[ nzy)

3 o

u(o,y)=(Ae + Be D sin
( )d 10 )

0=(Aew)|(D sin nﬂy)
{ 10 )

temperature e= = 0,D = 0 ,sin Y0, . a=0
10

sub Ain(3)

( nzy )
(3) :u(x,y)=LBe 10 JLDsin o)

” nzry -
u(x,y)=> b, sin e ¥
no1 10

Apply condn (iv) in (4)

.onzy
u(0,y)= > b, sin "

n=1

-0

> o nmy
f(y)=> b, sin

n=1

Which is half range sine series in (0,10)

2 nry
.- — o f(y)ssin dy
br =] 0
10
2 nry
b“:_.[ f (y)ssin dy
10 . 0
2[° nz, y e’ nzy |
b, = —] IZOysin dy + jzo(lo = y)sin dy |
10|_D | 10 ]
a0 [® o nzy v nzy |
bn=_0|Iy5|n_1o dy+j(10—y)sin 10 dy |
0 5
it Vs f 0]
(Ceos™PY) msin MY g (Ceos™¥ ) (s tmY
20’ ~C0S g - 10 - cos 10 |
- | y‘_n.:z_~_(1)| ||+|(10_X)_n4z&_(‘1)|—L;||
5 1 e =z | |
[ | \ L | \ \ J |
oL o J L 100 J), U L 10 ) {100 L I
[-50 nz 100 nz 50 nz 100 n;;"
b =4 €0S$ — + ———sin — + —C0S — + ———sin —
L nz 2 nr 2 nz 2 n 2
800  nx
= —sin —
" nix
Sub by in (4)
. n 7"/1')(
u(x,y)=> 800 sin_ﬂ sin ﬂe 10
.n’rt 2 10
800 ~ 1 nrz nry _"7x
u(x,y) = —sin — sin e ¥
2’ Elnz 2 10
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