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SOME IMPORTANT DIFFERENTIATION AND INTEGRATION FORMULAE:

X"\ = nx" .
L &( ) 12. Ie coshx dx = T
d
2. e e b
(Q(( ) 13. l‘e—axsinbxdx=m
3. —(cosnx) =—nsinnx 0 , if f(x) is odd
d a
_ 14. | f(x)dx =
4. gx(sinnx)=ncosnx Za LZJ. f(x) dx, if f(x) is even
n+1 0
5 J.x”dx: +c n=-1 .
' n+l ' 5 " COST = (1 ifn is even
ax : nz=(- = I
ax e cosnz=(-1)" = {—1 if n is odd
6. |edx= a_H:
7 J’cosnxdx:sm nx S 16. s_in nr=0ifn=1,2,3,4,..
n 17.sin0 =0 &cos0=1
8. Isin nxdx = —COSTIX +C 18. cos(—6@) = cosé &sin(—0) =-sin 6
n 19. sin (A+ B) =sin Acos B +cos Asin B
9. Bernoulli’s 20. sin(A—-B) =sin Acos B — cos Asin B
formula: 21. cos(A+ B) =cos Acos B —sin Asin B
ju v dx —uvl —Uu'v, +u"v; —u"v, + 22. cos(A— B) =cos Acos B +sin Asin B
Here U',Uf, U,...are successive 231, 25in-AC0S B, =sin(:A + B) +sin(A- B)
D|fferent|at|on.
And vy, V3V, afe successive 24, 2C0s,ASIn B = sin( A+ B) —sin(A— B)
Integration.
ntegration ax 25.25. 2€0s Acos B = cos( A+ B)+cos(A—B)
10 .[ e™ coshxdx = [acoshx+bsinbx]
' a+b?
N 26.26. 2sin Asin B = cos( A—B)—cos(A+ B)
- e .
11 [¢™ sinbxdx= 7 b [asinbx—bcoshx]

EVEN & ODD FUNCTIONS

1) Iff(—x)= f(x), then f(x) is said to be even function.

2) Iff(x)=- f(xg (tja)en f(x) is said to be odd function.
Let F(X) = —r<x<0

f, (X) O<x<rm
If fi(—x)= f2(x) and f2(—x) = fy(x) then f(x) is said to be an even function

If f,(—x)=-f,(x)and f,(—x) = —f,(x) then f(x) is said to be an odd function
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Problem Identification

Full Range 1= Upper Limit-Lower Limit Half Range| = upper Limit-Lower Limit
2 v
l For eg: If the Question starts with Find the Half range Fourier
For eg:If the Question starts with Find the Fourier cosine series (or) Half Range Fourier sine Series (or) Find the
series (or) Determine the Fourier Series (or) Obtain cosine series (or) Find the cosine series, it is Half range.
the Fourier series, it is full range ¢
Cosine SeriesB2 Sine SeriesB3
For eg. (0 1),(0,7),(0,1),(0,2).... For eg. (0,1),(0,7),(0,1),(0,2)....
n X ©
f(x)="°+ a, cos B . N7X
2 nzl v f(x)=>_ b,sin -
n=1
> e
ao =, (!: f (x) dx ,
2 N 7zx bnzgjf(x)sm X dx
anz—jf(x)cos dx L
14
(0]
| I
If Interval Starts with Zero then we,usé Formula A If Interval Starts with (-) then we should check whether
For eg. (0,21),(0,27),(0,1),(0,2).... the given function is odd or Even function.
For eg. (-L1),(-7,7),(-1,1),(-2,2)....
Y
Formula A v
o o ¥ Y ¥
=gt Z 8,005, + Z by sin =~ If the given function is Neither If the given function is If the given function is
n=1 n=l ) Even Nor Odd then we use Even then we use Odd then we use
Formula Bl Formula B2 Formula B3
2 I P 2 N i X
o= - f f (x) dx +Zancos +ansm* f=5 +r;an°°5 ; f(x)= nz=1 by sin—,
¢ 2 £ 2 nzx
iy 1 ¢ :F-[f(x) dx bn=r—.([f(x)sdex
1 nzx a, == | f(x) dx 0
;ff(x)cos dx ° EJ- & ’ ay=a,=
o ‘ —€ 2 Nz x
a, :TJ. f (x) cos de
12 n7cx a =L [feocos 7 dx °
bn:;f f (x)sin —,— 9% n gj ) 7
0 b,=0

v
1 If(x)sin 07X %
g—,@ ¢
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Full range:
i) Let x=a be a point of continuity then the Fourier series convergesto f(a)

i) Let x=a be a point of discontinuity then the Fourier series converges to averages of the end
f(a-)+ f(a+)

2

pointsi.e., f(a) =

f(c)+f(c+20)
2

iii) Atend point c or c+2l in (c, c+2l), Fourier series converges to

Half Range:
Convergence of Fourier Cosine Series :

» If x = a be end point or mid point of the given interval then Fourier Cosine series converges to f(a).
Convergence of Fourier Sine Series :

» Atinner point x = a Fourier Sine series converges to f(a).
» At both end points Fourier Sine series converges to 0.

Parseval’s Identity: (For deduction purpose )
Full Range:

1
i) Parseval’s Identity in the interval (0,2l): - I [f ()] dx == + ia + ib :
n=1 1
1 a 2 0

n=

0 o0

ii) Parseval’s Identity in the interval (-1,1): m _[[f X dX— ;Jr Za + Z
—F n=

2

Half range:

i) Parseval’s Identity. Casing séries: _.f[ f (91X = + Za
¢

0
2 { P 2
ii) Parseval’s Identity Cosine series: —'[[f(x)] dx = Zb
0 n=1

NOTE: For the interval (0,27) or (-7, ) replace =7 in above formula

Complex form of the Fourier Series

L
Upper Limit-Lower Limit
2
'
[ I

Full range | =

In the interval (0,21),(0,27),(0,1),(0,2).... In the interval (-11),(-7,7),(-1,1),(-2,2)....
f)= Y c,el("F) fx)= ¥ c,e ("

N=—o

n=-—oo
(inz X\ (inz X
1 T+ — 1 N —
where ¢, = ??x%e { '%5@ where ¢, :Z_IEEIK Iﬁd;‘

Root Mean Square Value: (RMS Value):
The Root Mean square (RMS) value (or) Effective value of the function y = f(x) in the interval a<x<b is
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1} )
m![f(x)] dx

1=t \ ( 0 )
where a == y.a -2 ycos(m\b =_zzysin(w\
RIS S S
PART A

State Dirichlet’s conditions for the existence of Fourier series of f(x) in the interval (0,27).
A function f(x) can be expanded as a Fourier series in the interval (0,27) if the following conditions are
satisfied.
(i) f(x) is periodic, single valued and finite in (0,27)
(i) f(x) has only finite number of finite discontinuities and no infinite discontinuities in (0,27) .
(iii) f(x) has only finite number of maxima and minima in (0,27)
Does f (x) = tan x possess a Fourier expansion?

Solution: _
. . . sin x e

tan X does not possess a Fourier expansion because the function f (x) = tan x = has the infinite

COS X
. - . V4

discontinuity at the point x =~ .
2

eELerifirie uie vaiue vl a, o Aag il uige FUUrIer Series expalisivii vl 1 (X)) = A 3 Il —/t <A/

Solution:

f(x) == f (%)= (%° = X = (x)=(f (x)'is an odd function ..;a =a =0

Find the Fourier constant by, for x sin xin —z <x < 7z, when expressed as a Fourier series.
Solution:

f(X)=xsinx, —r<x<rx

f (—x) = (=x)sin(—x) = xsin x = f(x)

- f(X) is an even function ..by =0

Find the constant term of the Fourier series for the function f(x) = x*, — 7< x <&
Solution:

f(x)=x*,—m<x<m

f(x)=(x)"=x"=f(x)
~.f(x) is an even function
| — UL-LL_ 7-(-7)_27_

2 2 2
37T 3 3 2
o= oo o 0T - B ool 502
0 L b L ]
a 7l

. Constantterm= __=___
2 3

Find the root mean square value of the function f(x) = x in (0,I)

B S B N _/1Fx3 L
RMSvaIue—y_\/b_a£[f(x)]dx_\/l_ogxdx_ QEJO_ a_\/:_g

What do you mean by Harmonic analysis ?
The process of finding the harmonics in the Fourier series expansion of a function numerically is known as
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Find the constant term mrne exw?,gén[gﬁﬁ gtzﬁ Mé Hg‘,lg the interv W)yz )

Solution: \

= 1+ cos 2X _1

1J‘ cos? xdx="" J- ( 52 gy |X+ sin [(;;) ] ,
e 2 27[ Vs
\ y ] J,,,

..Constant term = ﬂ:l

2 2

PART B
(m-xY
Find the Fourier series f (x) =| 5 in0<Xx<27z. Hence show that
1 01 1 2 1 1 1 1 72
() 4+ + 4 =_ . (i) _— 4+~ H..=__.
12 22 32 6 12 22 32 42 12
Solution: ( 2
T —X

1 2 1
Givenf (x) =| | =_(7-x) =_(7r2—27zx+x2),0<x<27z
2 ) 4 4

o f(X) = + nmx % nmx
General Fourier is Z a, cos > Db sin
n=1 n=1
imi 2n
Herel—@l Ipper Limit — | ower| |mn‘_?7r_0 T L m
T Z A d
&  \ <
f()=—=2+) a,cosnx+ > b sinnx |-————- 1)
e n=1
To Find a:

2 4 27 2r

a, =—Iﬁx =;_f2[(”2 —27rx+x2)dx=ﬁ _[ (7r2 —27rx+x2)dx
0 0

2 3 27 [_ 3 —|
e e T Y (e e o |
4| 2 3], 4z \ 3 ) ]
_7r3 8] 7’ [-6+8] #?[2]
e B Bl el el Y
72_2
a, ="
6
To Find an

a _1J1f(x)cosnxdx— 1 J’1(7r — 2%+ X Jcosnxdx = 1 T(ﬂ — 27X+ X' )cos nxdx

:MLW—(_2”+2)( oosmx ), 2)f “sinp ]
L n ) L) J 1,

_1 [ 1 (-27 + 2x)cos nx ”

azlne I
:—{ 27 cos2nr) — (=27 cos0
a :—[27r+27r]=4—7[ " =1 &cosO0=1
\ , , cos2nz -
47n 47n
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Tofin(?bn'
b _IT f (x)sin nI—dX

17, n
T in nxdx = 1(7[ XX )sm nxdx = I(ﬂ 27X )sm nxdx

) 27[; —cos nx\ - (cosnx )|

= | (7 -2mx+x) - (27 + 2 = +(2)] |

47 L n ) n Lont

F o T

(7: _ 27X+ X )cos X+ ~ COSNX

o,
AﬂJt{—(ﬂ —4r* +4r’ )COSZH?Z'+?2 cosZn;r\| |(_17r cosO+— coso\ﬂ|
L\ V n
N S A
L y
b, =0

Substitute a,,a,,b, in (1)

T o0
f(x)=E+Z?cosnx+Z 0 sin nx
n=1 n=1

i —cosnx |—————-— 2)

w?
2 n=1

LX) =

Deduction:
(i) Let x=0 be a point of discontinuity
2 2 2
72,2 0 1 T 2” )
f(0)+f(27z) G+ 2% p

)= f(O)——+Z—COSO [0 =] — 5 I

nz:m??zz 32

ii) Let x= gbe%point of continuity (x X\z (ﬂ_”\z
f(ﬂ')— Z cosnr f(X) | )| = 1E(0)—|k J =0
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n=1
TSy
12 z‘l n?
7 <11 1 1
__:_+___ —_—
12 12 22 3 4
11,1 1 7" ¢
12 22 3 4 12
I
Obtain the Fourier series for f(x) of period 21 and defined as follows f (X) = {(
10
de 1 1 1 V4 1 1 1 .
ducethat(i) 1- —+———+..=— (i) 1+ >4+ —+—+...= —
3 57 4 Wtz tgta 8

dy ©
nzX

o0
Solution: General Fourier is f (X) = >+ Z a, COS_LE-&-%bn—Si-H_—‘
n=1 | A=

I B o 2 [

_H 1> nzx|
[gn‘7° N
In - Tnitt
s d
1 — 1\;151"'
an — n2ﬂ2
0 ,n=246
1 m=— nzx 1 P 1

O
Il
I
I
I
1

—X

, 0<x<l
< x<2l

:  «» pimils.com - Anna University, Polytechnic & Schools
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o5 12 Free I-”DSI?nﬁtzud{/WTaterlals
. _ J
b= = i I Nz = ¢ *)V%
1|_ -1 NzX |
=—|—(L=x)cos = r0—|0050 =
LEin7 1 nzt Inz

-

Substitute a0 a,, b, |n(1)

e e}
_* { . n
f(x)="+ Z Nz 5 Ly X
4 135 n7r f nzloonir 14
) 1 nzx 1 NzZX
f() = L'E 5 COS T Z St o 2)
71 n 135 n |,:-, g N |
Deduction:
i) Let x= @ be a point of continuity
'\— 1 nz :‘) 1 n;z! “—X 10 x <
@)= (D= ﬁ — =1
n;TBSn 2 7maon [0 T=<x<Z
- - R |
:>|:E—+2 Z 2L,u>nﬂ Z bllln fk )|_|_ =
2 4 2.5 2 rmfiDn 2 2 2
— Ln_ﬂ' na-
= I:E—_O"' _Z SiT @LS—ZJ 0 ¥fn isodd
2 4 g&n 2
et "1 B30
= m SIinzz + SIn +..
4 r 2 2 3 2 J
= Z %(1)+1(0)+ (-1) +.... @ﬁﬂ;sin?ﬁ:—l;sinizl;sinzz—l etc.
4 1 2 3 2 2 2
gl
3 5 7 4
i) Let x=¢ be a point of continuity
2~ 1 | 1-x , 0<x<I
2)= flzgg‘%rﬁ!%sm\—‘ i) =
@ 0=, 7S Y o ® <LO J<x<2l

0=@_2Kz°:’f_z(—1)”+o = f)=1-1=0

4 n=135 N

S ey
i, 2 v 3 5
_nZZ_F-l 1717 ]
s |

-+
? ? ? ...J

1. 1,1 =
12 32 5 7 8
(X, 0<x<3 i
Find the Fourier series expansion of ()= and hence find the value
6-x, 3<x<6
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(X, 0<x<3

a,
_ nz nzx
General Fourieris T )= — + Z a, cos X, V b sin—"
2 f= | 2] = |

12, 6

ao=—! f (X) dx—ljf(x)dx— “xdx+?(6 x)dx1|
0 I_O 3 J

M2y 17 (@11 179 97 9
R b= 10H 0}~ o b " 22 J=3
J

3 3 s
:]?0 xcos X dx + (6—x)cosnm(dx1

__3 {[cosnz —cos0] - [cos2nz —cosnr] }

2722

[cosnz —1-1+ cosnr |= L[Z(—l)” — 2}: L[(—l)” ~11

nz 2 n27Z'2 n27r2 J
6 (-2, n=135,.

220 n=2,4,6,.
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a = n27z2
0, n=2,4,6,...

2|’

6 3
b, L1 £ gsn " =3 t i njﬁdx%,[; wsin "G+ J(6 s id}
0 0 3
X

W(x) — Mq (1)(

[-E

3
—l lr ( COSu\ (
1{ +1 (6-x) 3 (-1
sl | | |
3
L\ / T J /1)
_1][ -3 n7rx1|s [-3 nzx | ]}
3 | hz xcos S
_3_J+|L (6- x)cos-B—IJ
=—"{[3cosnz - 0]+[0—3cosnr |} = —[3cosn7z 3cosnr]
3nrx 3nrx
b, =0
Substitute a,,a,,b, in (1)
3 ®© _ o
f(X)=_+ Z 12 COS%_;_ Osin%
2 n=135 I’]27Z'2 n=1 3
3 12 1 _ n
T00=2="5 0 s B Sk @
2 )
Deduction:
Let x =0 be a point of continuity
f(O)—E—E z COSO f(X):(x’ 0<x<3
2 7l N=135 TG—X 3<x<6
:OZE_Q 1
2 x° n=135 n’
12 & 1 3
_, 12 1l _3
ﬂ_zn;’&g’ nz 2
2
- 1l 7 1.1 1 _7r_2
n;&s v 8 et et T
1 1 n?
Find the Fourier series for f(x)= |X| in —r<X<manddeducethat _ +__ +__ +..ccoennns =
12 32 52 8
Solution:

Given f(x):|x|, T <X<T

Now, f (-x)=|-x|=[x|=f (x)

- T (x) is an even function.
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a o0
B (x)="+2.a cosnx ————- 1 -
()?%n W ==

To Find ap:
2I 271 27r
aozl—!f(x) dx=;!|x| dx=;t[x dx

:E(XZYI— i(ﬂ'z—O):i[

7\ 2 ), 2&

To Find ax:
I nax 27 27

2
a, =T£f(x) cosl—dx=;I|x| cosnxdx=;£xcosnxdx

2l (sinnx (icosnx\ =
f‘ 1

(%)

_n'?_||

n | -

) ( )
L i}
_2l( 1 Jcosnxwﬂ
= gJﬁ h\[cosnzr—(é:oso]
)
2
=2 [ 1]
el
4 ifn=135..
a, =4 7n’
0, if n=2,4,6,...
L= f(x):ﬂ+ i _—4005nx
2 s n’z
, oz 4 ¢ 1
(e i s
Deduction:

Let x =0 be a point of continuitf/
(2) = f(O)zﬂ-—ﬂ i — cos0

2 Tolizs. n’
r 451 f(x)=x; = f(0)=0
0=%_
- 2 ”ng,s,s... n? | |
4 v 1 _z
= /s n=1vz3,“5_” n> 2

00_1_72.2

=
n=135.. N 8

binils - Anna University App on Play Store



binils.com-Anna University, Polytechnic & Schools
1+ +5 +..= | Free PDF Study Materials
nd the Fourier series for f(x) = x? in —z < x <z and deduce that
11 r?
a) 1+ +..=__.
@ Hmtpt= g
1 1 1 7
b - + = .
T2 ¥ 12
1 1 1 xt
e + + +..=
™ o2* 3 90
lution:
Given f (X) =x*, —r<x <7z
Here_— Upper Limit — Lower Limit _ n—(-m) _2n_ﬁ L.

! 2 >— 2
Now, f (—X) =x* =(—X)* =x* = f (x)
. T(x) is an even function.

. b,=0

f(x)= Z ancos %
=

= (X)) = +Za coSNX ————— (1) | =7
To Find ao:
a,= 2 [ £ (x) dx= 2o B | B 2 [#r=0] - 277
I Ty zZ| 3|, 3x 3
272
a, =
-3
To find an:
a, = f__[ f (x) cos @dx = EI X,C0S nx dx
0 | T,
2]

= 1)
2% 2

_ - T
(T o
= XCOosSnXx —|”
Al
_ 4 (mcosnz —0)
7
_ 4(-1)"

a=
_n

E— 2 © A({_1\N
L) f (x):z +ZA( nlz) COoS NX
-~ n=1_1%1

binils - Anna University App on Play Store



binils.com - Anna University, Polytechnic & Schools

f (x):%2+4n§;(;:;£r@aqPDEStudy(Materials

Deduction: a
Let x=7bea point of continuity

@=f(n-2 42 -

— 72 + Z(—l)”(—l)” 2= g =7t
—7 L f () =) f(C)
n=1
2 o
= 7’ 7[_:42 ~1)*"
3 on
27t &1 ,
n:
1+ . +i+ ya
2?3 6
Deduction: b

Let x=0bea point of continuity

2 = f(0)= —+4Z D coso

_ © (=1 \2 _
= O—%+4: (n) EIE :>f(0)—0
72-2 OOn:l
= T
3 el n’
1 DA w?
= -+ = ==
12 22 32 12
1-14+1=7r2
o2 o3 12
Deduction: ¢

By Parsevals identity for Fourier series,
gjif ()] dx =2% + > a2

e [ "
I 2

n=1

2 e[l dx 8 L3[4y Y

;IL | 5 “K )
2 1)2n

_J'x“dx_

2f(7z\ i 2nt °°1

S (O E— +162ﬂr 31

i ) |
2L= L1685 L
57 ;.n
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o1 1. 1.1, _a
ZF_F+_ Py

1 24 3 90
Obtain the Fourier series of f (x) = x + x? in—7 < X < 7r . Hence show that
2 1 1 1 72
) T i)
—_— )5 =S+t —..=—
V2= 2T 12

Solution:
Given f (x):x+x2in —T<X<7m

Upper Limit — Lower Limit  z—(—z) 27T

HereLl; T > = ; 7 _7_“ =T
Now, f (—X)=—X+(-x)?
=—x+x2 = 1 (%)
=—(x—x%) #—f (x)
()= () & F(—x)=—f(X

.. T (x) is Neithereven Nor odd function.

a, s o0
- nmx . NmX
General Fourieris T )= —+ D" a cos' ==+ 3" b sin
n=1 == |

.'.f(X)—a_+Zancosnx+Zb sinnx  —————~— 1) [gh=xl

2 n=1 n=1

ToFindao:
a = |f(x)dx— ﬂ(x+x)dx: [X2+x3—’”
L ]

S IR RSP R
G (N I N | 2 )
27’
Q="
3
To Find an:
nx 1~

a,= %J; f(x)cosl— dX:;_J;(x + xz)cos nxdx
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a = (x+/><)\/4freex5?8F StudW\Wj
"o \n ) 1.

_ 1y 1 \(1+ 2X) COSNX ,
() L.

- f{[ (1+27z) cosnz — |-[ (1-27) cos (—n”)]}

_—12 Lr(—l)” (Y+2m-¥+ 27;)1 .+ €os(-n7z) =cosnz = (1)’

To Find bp:

N7TX

ll
R i

=if’(x+x2)sin nx dx
i

1F ( —cos nx\ ( cos nXW
= [(xx) @J,/y)tﬂj (@
ﬂ»t L n ) _r|1 \ o )J_
= 1 ( (x+x )cosnx+|(—3 Pcosnx |” ‘ cos(—n;r)zcosmr:(—l)”
" ) 1.
1@] f\ﬁﬂ'+ﬂ' )cosn7z+|(—3 ?cosn 1| {(—\ﬁ THT )cosn;r+|(—3\|cos(—n7z)1|]}
L\ ") J L\ ) ") i)
(-1)" 27z
7(?‘% i ﬁ*% / "‘
—_
V= f(¥)= -3-+Z 2)" cosnx+z 2(_1)n5innx
f(x)——+4z 2 oS NX — 22( 1)n5|nnx ————— (2)

Deduction: 1

Let X= be the pomt of discontinuit
binils - Anna Ljnlversﬂy App on Play Store
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2= f(ﬁ)=%+4z%£{ﬁ,?_@ v.Materials

2
n
, 7l 1 ) f(n)+f(x) -rm+7°+m+7> 272% 2

="+ ¥=
s () =K+x = f(n)= = = =7
n? 2 2 2

Deduction: 2
Let X=0 be the point of continuity

2 o n w n
T ) NN )7
2)= () 31:42 = cos0— 2 . sin0

(-1)

2 0
0="_+4y f)=x+x = f(0)=0
23 1 n
IR e T Y ]
_ 4—_2 —
3 Ll 2 3 |
1 1,1 7.2
12 22 3 12
+X, -m<x<0
Find the Fourier serigs.expansion of f (x) where f Q( ): d and hence deduce that
n-X, 0<X<nmn

z"’: 1 7
(2n-1)2 8°

1

Solution:

) T+X, -w<X<0
leenf(x):
n-X, 0<x<nm

UpperLimit—LowerLimit x—(-x) 21

Here=——r ——T Iy
LE Z Z Z

fi(x), -#<x<0
Let f =
et (%) {fz (x), 0<x<m

Where
LX) =7+ X f(X)=m—x
f(-X)=m—x=1,(X) LX) =7+ x=f(X)

- f(x)is aneven function.

& 2 nzx
f(X):—+Z a, C0s ——
“—

2 T & =

0

’ f(x)=%+‘ a, cosnx| ————— 1 ~l=x

4
1

binils - Anna University App on Play Store
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aozzl(n—x) dx=;1x dx

2( x2\ 2f , 7)) 2
=_|zx= | = =

7\ 2 ), =n\ 2) m 2

To Find an:

1 N
a, ZT.[ f(x)cosILdX
|

= EI (7 — x) cos nxdx

.
2 e S [ |
F \ J \ ) |,

(-1) 1-

COS nNX

ZEL S

cosnz —cos0
" ﬂ[ ]

N
zn’ L( ) i

4 ifne185,..
a, =4 zn’
0, if n=2,4,6,...

L= f(x):g+ i 4 cosnx

2
2 s N7

0

. f(x)=§+_4 > —12cosnx ——————— (2)

7T 135 N

Deduction:
Let x =0 be a point of continuity

1
2 7 4 & — cosO
&= 10)-7 nn% .

s z 4 1 [m+Xx, -w<x<0
+— Z— - F(x) =4 = f(0)=7x
2 7 onims. N m-X, 0<Xx<n
4 -1 V4
— —z-
7T n=135.. N 2

N g
H
oo|§,\,
|
M
H

. 1 (2n 1)2

binils - Anna UnlverS|ty App on Play Store




binils.com - Anna University, PoJytechnic &,Schools
Determine the Fourier series exparEiloee‘Weﬁtﬂ@iyﬁ%teﬁals_ T with f(x+27) = f(x).

+ X, 0<x<m

Solution: (4% -m<x<0
Givenf (x) =1
[1+X, 0<x<=
UpperLimit—LowerLimit z—(-x) _271:

Herer—= = ——T T
LE Z Z Z
(fi(x), -t<x<0
Let f(x)=+1
(f2(x), O0<x<m
Where
fi(X) = -1+ x fa(x) =1+ x
() =-1-x=—1+x)=—f,(X) f,(—x) =1-x=—-(-1+x) =—f,(X)

- f(X)is anodd function.

> nzX
(9= bysin =
(X) nZ::1 sin =
o (X)=D basinnx ————— (1)

To Find by:

1| o nzmXx 2 ¢ .
b, =|—I| f (x)sin de:;{ (1+ x) sin nxdx

I 1 1
_ 724(“ x)l( —cosnx\|_ (1)‘(—sm J
\ ) )4

2 (1) ]

(1+ x)cosnx ~

7\ ) l

= _—2[ (1+)cosnz —(1+0)cosO |

N

= [(1+ 7z)(—1)”—11J

nx

2 '
b = E[l_ 1+ 7)(-1) |

L= f(x)= 2—2 |_L 1- (1+ 7)(-1)" —|Jsin nx

n=1 N7T

| (%) :73 i ﬁ [ 1- @@+ 7)1)" T jsinnx

[0, I<&<0
Find the Fourier series for f (x) where ¢ (&) :{L

1, 0<&<I

Solution:

binils - Anna University App on Play Store
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1, O<x<1

UpperLimit —LowerlLimit 1—(-1) 2 1

Here[=—*r —====% — =1|
LE Z Z Z

Givenf (x ):

Let f(x)=4
( ) (f2(x), 0<x<1
Where
f1(x) =0 f2(x) =1
fi(—Xx) = 0 = f2(X) fo(=x) =1 f1(X)
fi(-x)=0=- f2(X) fo(—x) =1= - fi(x)
. T(x) is Neither even Nor odd function.
& i) DX
General Fourieris | ) = + Z a, cos 12X Z b s nos
5] n=l |
LX) = + Z a_ CcoSNTX + Z b sinnax |—————- (1)
n=1 n=1

ToFind ap:

1| 11 0 1 1
a, :I_jl f (x) dx= Ijlf(x) dx :jlodx+j01dx=[x]0 —1-0=1

gy =1
To Find an:

1 nzx
a, :TII f(x)cosTﬂdX

1¢ NX
zijlf(x)cosde
0 1

= _|.0 dx+£lcosn7rx dx
]
[sinnzx T

_|L nrz Jo

=[sinnz—sin0] =0

To Find bn:
ng

nzx

b, Z'_J. f (x)sin = dx
17 . NaX

==| f(x)sin ——dx
1,[1 1

0 1

= _[0 dx+£lsin nzx dx
]

[—cosnzx T

:||_ nz Jo
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— [cosnz —cos O]l
0

n7r

0, if n=2,46...

D= f(x)= l+i—2 sinnzx.

13 N7
f(x)=l+—zilsinn7zx
2 3N

10 Find the Fourier series for f (X) = ¢OS X 1n the interval (-m,7).

Solution:
Given f(x)=|cosx|, -zm<x<7
llnnprl imit =1 owerl imit = (—Tr\ 21
Here S — > == S =T
Now, f (=x) = pos(-X) [ ¢osx f f (x)

. T (x) is an even function.
o0
f(x):ﬁ?+z ancos n_%

1

f(x)— +Za COSNX ————— Q) .=z

To find ag:

a,= ﬁ j f (x)dx

Z_J.|COSX|dX
[ . z
o [ x 1 cosx, 0<x<,
:;Ucosxdx+ﬁjz—cosxdxj| -_»cosx|%[_cosx’ Eeres
2
7_2T|L(smx)02 (sinx);j
2[( .« o\ (. 2
sin” —sin0 '~ 'sinz —sin © (1 (-1)
Az )| *ZJJ
To find an:
binils - Anna University App on Play Store
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a, = j (x)cos—dx——J‘ FreesmiF Study Materials

2 T
a, = ;J. cos x| cos nxadx
0

2 V3
= _[ I COS X Cos nxdx + j —COS X COS nxdx—’
Lo |

2 [
a, ——U COS NX COS XX —
0

7l2

Va

I COS NX COS xde
zl2

1
cos Acos B = E[cos(A+ B) +cos(A-B)] Here A=nx B=x

s

13

wl2

2 i_nlz 1
a, = ;[ '[ 3 [cos(n +1)x + cos(n —1)x]dx

i
i

[cos(n +1)x+ cos(n —1)x]dx—’
]

ﬁf -%é [cos(n +1)x+ cos(n —1)x]dx — 'T [cos(n +1)x+ cos(n —1)x]dx—’

[sinh+1)x  sin(n—)xT" |

F
J,r/zJ

0

[sin(n+D)x sin(n —1)x "

2)

7{4& n+1 0\ _|L n-1
1 S|n(n+1) sm(n 1) ] 1[ sm(n+1) sin(n 1)
1L 2, 2 | - (0) ——|(0 - 2
ﬂ” n+1 -1 | { | n+1 n-1
In joog o
(- (n_ff AN g Ty 1% 7\
18|n2+2| |2_2| |2+2| |2_-2
G YAEE I I\PJAVV,\V
T n+1 n-1 n+1 n-1
sin(A+ B) =sin Acos B + cos Asin B
sin(n—ﬂ+7—r smn—cos—+cos—5| x cosn— -_-cosgzo&singzl
L 2 2) 2 2 2 2 2 2 2
sin Dz —Z\:sinn—ﬂcosg—cosn—”sing_—cosn— cosZ =0&sinZ =1
2 ZJ 2 2 2 2 2 2 2
[ nz Nz nz nz\
lcos— coS— CO0S—~ COS
1
an—;|| —ﬁﬁ——f-———ﬁ=f—+—n——o——@———ﬂ—f—|l
\ )
2 nzf 1 1)
=zCO0S 2 D_-I-_l_n—l}
:Zcosn”%n—l—n—l\
T _L(n+1)(n 1)J
a :ECOSWZ( -2 )
" L(n 1)J
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a=— % oo | providreePDF Study Materials
(n?-1) 2

When n=1

2 T
a1 =—I |cos x|cos xdx

l2
[ _[ COS X COS XdX + _[ —COS X COS xdx]
”L 0 7l2

_ ZH cos? xdx — Icos2 xdx—||

Ztr”f(lJrcost\ 7 (1+c0s2X ) 1|
- dx
Lo .z J

WZ (1+cos2x)dx — I (1+cos2x) dx]
zl2

1 |r( sin 2x ™" _( sin ZXW 1|
ﬂ&ﬂL( 2 Jo\ L_| |—( )7;/2“ ]
_1lilz -(0) - T
=3[ + g | " 724)—(_+3'” ﬂ%
A2 ) L )\ 2 )]

1|_7r_ 7|

Y

4
Lt )=Z+) cos " cos nx
2 ;z(n2 )2
L) =" — COs ~_ COSNX
T ozt A (n -1) 2

11. Find the half range Fourier sine series for f (X) =x(x —x) in the interval (0,7) and deduce that
1 1 1 140

13 3 53 i
Solution:
Given f(X)=x(7-x)=7zx-x?, (0,7)
NTx
- General Fourier is f (X) = Z b, sin ——
n=1
Here|_§|UpperLimit—LowerLimitzn—O:n L. =T
Too
f(x)=> b,sinnx ————- @)
n=1
To Find bp:

i

b, :Zg f (x)sin N7ZX dx
ZF
= /) X(7r — x)sin nxdx

binils - Anna University App on Play Store
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(cosnxﬂ

7zx N M |
" 7Z'|_ Jo

2[ 2

=_, —__CO0S nx
ﬂt n’ s

= [ cosnzz—coso]
an’

f‘
= —j(yzx x*)sin nxdx

8
b, =17zn®"
0, if n=2,4,6,...

if n=1,3,5,...

The required Fourier sine series be
o0

8 .
1) = f(x) = Z _35|nnx

n=1ss. 7N

8 0
fFeo=— > Lsinnx - 2)
T n=135..

Deduction:

Let X= “ be a point of continuity.

)y 8 © 1  (nxm) () 7% 7% 272 _r2
2)= f|\7 =_ > %sm|\_2_)| LF) =x(r-x)= f| 2_)|= L
nz) (z\ =?
2 | "o

—SinN—+—sSin—+—sSin—+...= —

1 T2
12.  Find the half — range cosine series for f (x) = (x —1)?in (0, 1). Hence show that 14__1 +_te=__.

12 22 32 6

Solution:
Given:
Here|_'§|Upper Limit — Lower Limit=1-0=1 co =1

% < nmx
Let the cosine series be FO)=—+ Z a, cos T

binils - Anna University App on Play Store
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f(X) =_ _|_ Z a Cosnﬂfr@_tu_dy(watenals

To Find ao: 1

2 _zj , ~ (x3 x T (1 )_2
ao__ff(x) dx_l (x —2x+1)dx_2 _3__2_Z+X| =2 3—1+1 =4
(og 1 0 L N )
a 2
° 3
To Find an:
1
a, = 2! (x2 — 2x+1)cosnzxdx
1
I ( sinnz (—cosnzX ) (sinnzx) |
=2| (0@ -2x+1)|= | —(2x=2)| 1+(2) | | |
| \ nz ) \ nz? ) b )JO
2|_( 1 \2 , T
= X —2)cosnzX
| e [ - eosnx]
0
—[(O)—(—Zcoso)]
n’z?
4
a, =
Nz’
2/3 °
N F(X)=5"+7 COSNATX
( ) 2 ‘1 nzﬂ'z
. 1 491
.f(x): T COSNTX ____(2)
3 24 2
Deduction:
Let x=0bea pomt of dlscontlnwty
2 = f(0)== Z— cos0
3 % n?
) _ —1\2
:l:l+izzi _..f(x)—(x 1) :f(o):f(0)+f(1):1+021
2 3 1’5 2 2 2
11 4~_1
= - =
2 3 ﬂZr"]zl n?
170 &1
= GXT_;nZ
41 11 r?
4,n 12 22 3 24
13. 1 1 1 z
Find the Fourier cosine series for X(ﬂ—X)in 0 < X < 7r .Hence show that ey t_Fa=_
1 2* 3 90
Solution:
Given:

Let f(X)=x(m—X), O<x<m

f(X)=nx—x?

binils - Anna University App on Play Store
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f(x)= 2+Zacosnx l=g-———-- (1)
To Find ao:

2| rx XS—’” 20 z* =) ]

aozi f%??x_ {(ﬂx x?) dx = -zzj_L 3 _ﬁ—ttQ—-— 3J (O)J

2’22;[37r3 —27[3—’:3{7?_\:7#
] I
72.2
%= 31
To Find an:

1

a, = ZI (x f2x +1) cos nzr xdx
0

271'
aﬁ;!(ﬁx—xz)cosnx dx

Al (sinnx (—cosnx ) ( =sin nx T
:_(ﬂx/x)j/ (7- 2x)| |+%
all k n J n? ) )J

2[( L (7 +2x)eosnx

el )

=— [-wcosnz—zcos0]= =z (1) +1]

n? n? ] J
= __2[(—1)n +1]
n2

4
!'—2; if n=2,4,6...
a =5 n

o, if n=1,35...
S 4
S f(x)==— _—
(%) 5 +n:;" 7 COSNX.
Deduction:
LetfhePar valsldentlt or Fourier cosine series be
f(x),dx=gz2+)a’
J 2 n=1 "
Trﬂx ld=2 1 X [4Y
L 2 n=2,4,6,.. Kn ) 1
271' x—27rx +X dx= 4+16 > =
n '(')‘ ] 18 N=2.4,6,.. n*
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27°(1 1 l\ 7r4 16°° 1

2,,4#10 15+b)\| 18 1%:1

30 n*

\ ) m

sl

1 l n=1 n4

i_l 67* -57*

& n* 90

3 1 1 1 1 7t
S N

&,n 14 2 3 90

Find the cosine series for f (x) =xin (0, 7z) and then using Parseval’s theorem, show that
1,1 1, 2

—
14 34 54 96

Solution:

Given:

Let T(X)=X%X, O<x<m

Here|_'§!Upper Limit—LowerLimit=n-0=n . =T
Let the cosine series be F)= + Z a;cos— i

a,
f(x)=?+z a,cos nn [l =
n=1

To Find ao: .
2 ¢ 27 2021 2

ao=—|wx :;lxdx:;L?JO =2—7[[772 -0]=7

To Find an:
2 N X 27

a, =— s—dx:—fxcosnx dx
I %

2 [ ( sin [ —cos nx ]”
= 2[ () S0y Eoem]
ﬂ/(ﬂj k J],

2 [ ! \cos nx—|”

Il

= Lz[cos nz —cos0]

Ty 1]
_ 2 (-1
izl ]
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n

2 1

a,=yn°z
0, if n=246,..
f(x)_—+ Z _4cosnx
2 5.
Deduction:

Le the Parseval s |de9t|ty for Fourier cosine series be

dx = % 0y a
_I [f(x)] : > a?
2 7r 72.2 © ( _4 )
Xdx = o + 2 2
ﬁ'([ . n135. \N 77 )
2(x3Y & = 16

Find the complex form of the Fourier series of f (X) =cosax in (—z,7),where a is not an integer.

Solution:
Given f (x) =cosax in (-x,7)

Herer=

Let the complex form of the Fourier series be

Inﬂ'X

f(x)= ZCn e!

N=—o0

f(X):nZCn einx :71'

1 | il 1 T
C =— fOde  dx=— 1 t (x)e-™dx
217, 272;[2 9

l “ —inx
Cn=2—ﬂjcosaxe dx

ax

[eax cosbxdx=ze—bz[aC°SbX+bSian] Here a=-in & b=a
at +

|

|

| e—lnX _ + ) i
incos ax asinaxf

1((|n)2
binils - Anna University App on Play Store
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:m[e'”” (-incdF e RDESteld( - oteriotsnar)

e"” =cosnz +isinnz =cosnz = (-1)" and e =cosnz —isinnz =cosnz =(-1)" --sinnz=0

= m[(—l)“ [—in Cos ar +asinarz +incosarz +asin a;r]]

- m[(—l)“ (2asinar) |

(-1)" asinar

Co = 7z(a2 —n2)

. f(x):asinaﬂi (-1)’ s

T = (a2 —n2)

Find complex form of the Fourier series of the function f (x) =e* —1<x<1
Solution:
Given f(x)=e>-1<x<1

Upper| imit = Lower L imit 1_(_1\ 2 1

HereLE; = ———% —=1
2

2 2
Let the complex form of the Fourier series be

II'V[X

f(x)= ZCn

n=—o0

f ()= ic e @

C 1 f() __J.e_xe |n”x X
rTE

1
[e xifd de
=1

—(+7z)
in xq
ale

j e 1+|n IZX
T

2(1+|n )

___—1 “ln-inz _ int
ETTITYS

O
HN|I—‘

NII—‘T\J|

-1

{ (1+in) e(lmm)}

e" =cosnz+isinnz=cosnz=(-1)"  and e™ =cosnz—isinnz=cosnz =(-1)" “sinnz=0

_M 1 nooq n
o1+ nz){e (0 ¢ (-]

binils - Anna University App on Play Store
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2(1+ Nz 2

7)1y sinn (1) e

" 2(1+ n’ 7[2)

|1 (x):_z:: A=in7) o inn (1) n

1+ n* 72
CLES)

17. Calculate the first two harmonic of the Fourier series of f (x) from the following data
X 0 30 |60 |90 120 150 | 180 | 210 | 240 |270 |300 | 330
f(x) |18 |11 |03 |0.16 |05 13 |216 |125 |13 |152 |176 |20
Solution:
X 0 30 |60 |90 120 150 | 180 | 210 | 240 |270 |300 | 330
f(x) | 1.8 |11 |03 |0.16 |05 13 216 |[125 |13 |152 |[176 |20
We know that 360= 2z

Here
7 7
K=12
8 X  — nzX
f(X) = N h sin

o0
—+ ) a,008—=+
2 nZi (o & |

T

a 0 0
f(X)=—02~+Z a, cosnx+ »_ bysinnx  [gg=7]
n=1 n=1

f (x):%+(alcosx+blsin X)+ (&, 00s 2%+Db, Sin 2X ) +...

2

Where b
a = yb = ysin x

0 2 1 222
a:g( ycosx = y sin 2x

alzlzzzycost2 KZ
2 W2
X y y oS X y COS 2X ysin x y sin 2x
0 1.8 1.8 1.8 0 0
30 11 0.95 0.55 0.55 0.95
60 0.3 0.15 -0.15 0.26 0.26
90 0.16 0.00 -0.16 0.16 0.00
120 0.5 -0.25 -0.25 0.43 -0.43
150 1.3 -1.13 0.65 0.65 -1.12
180 2.16 -2.16 2.16 0.00 0.01
210 1.25 -1.08 0.62 -0.63 1.08
240 1.3 -0.65 -0.65 -1.13 1.12
inits=Anna University Appon Play Store
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300 1.76 0.88 -0.87 -1.52 -1.53
330 2.0 1.73 1.01 -1.00 173
Total 15.15 0.26 3.18 -3.74 -1.39
a=’(1515-252D = 2 (C3.74)=—062
° 12 112
a-? (0.26)=0.043 b = 2 (-1.39) =-0.23
12 2 12
2
a,-——(3.18)=053
12

f (x) =1.26 + (0.043cos x — 0.62sin x) + (0.53003 2x —0.23sin 2x) +...

18. Find the first two harmonic of the Fourier series of f (x) given by
O R A = I e I

3 3 3 3
fx)|1|114(19 [17]15 |12 |10

Solution:

NzX

(0=, S0 T2 S
—+ €0s ——=+ Y b sin
2 = T e

A= |

T

a 0 (e 0]
f(X)=—Oz+Z a, cosnx+ »_ bysinnx  [gg=7]
n=1

n=1

f (x):%+(alcosx+blsin x)+(a, cos 2x +b, sin 2x )+...

Where b 2
a = yb = ysin x

0 1 242

Y )
a -R y €0S 2X K
> W2
X y yCos X Yy COS 2X ysin x y sin 2x
0 1 1 1 0 0
Z 60 14 0.7 -0.7 1.212 1.212
3
2z —120 1.9 -0.95 -0.95 1.65 -1.645
3
7 =180 1.7 -1.7 1.7 0 0
ar — 240 15 -0.75 -0.75 -1.299 1.299
3
il [P A o e 2 o oL, A p e e
mnits=Anna university Appon Play Store



_5_b_i_HTi|o ocom Anna llnivarcitvy. Dalviiacrhnie & Schools
57 |\I..2.I\J||| Olé_\lllla H AV ETSTC 03 Ol LG_Y gglu
s =300 Free PDF Study Malerials
" Towl | 87 | -1 03 05196 | -0.1732
a="(87)=29b =“(05196)=0.17
0 & ' 6
a = 2 (-1.1)=-0.37 b= 2 (-0.1732) =-0.06
) 2 6
a= 27(—0.3) =-0.1
6

f (x) =145+ (—0.37 cos X + 0.17sin x) + (—0.1cos 2x —0.06sin 2x) +...

19.

Solution

X 1011 2 13 |4 |5
00 19 [18 |24 [28 |26 |20
' X 1011 T2 13 4 15 |6

Find the first three harmonic of the Fourier series of f (x) given by

. X 27X . 37X
f (x):%+[a1c033+blsm?j+(azcos—X+bzsm ?\ﬁ(ag cos™ _~ +b,sin ?j+
Where
2 b == ysin ==
a = Zy L KZ 3 J
X ( 7x) 2 27%)
= ycos b = sin
—> _ y
tr= 1) : g2 |3
2 2 2 X
= ycos b = ysin
: x| 3 s w2 |3
2 7TX K L 3 J
= ycos
s K‘Z L—s— )
X y X 27X 37X . TTX . 27X . 37X
y C0S y C0S y c0S ysin ysin ysin
3 3 3 3 3 3
(or) y cos 60x
y c0s120x | y cos180x | ysin60x | y sin120x | y cos180x
0 9 9 9 9 0 0 0
1 18 9 -9 -18 15.7 15.6 0
2 24 -12 -24 24 20.9 -20.784 0
3 28 -28 28 -28 0 0 0
4 26 -13 -13 26 -22.6 22.6 0
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Total 125 -25 -19 -7 34 20.8 0
a = 2(125-4166 b — - (—3.4) =113
08 5
a ="“(-25)=-8.33 b ="(20.8)=6.9
f f
a="(-19)=-6.33 b =“(0)=0
2 6 * 6
a="(-7=-23
6
The requi rmonic of the rier series b
f(x)= |;ﬁ'j'é;@Jrr?()—8.£’>3cos 5—%+ —1.13sineﬂ—x\|+ |(—6.33cos 2xX +6.9sin MX|+ |(—2.3005 SaX + O\|+
2 3 3 3 3 3
\ ) ) )
£ (x)= 2083+ -8.33c0sZ% +-1135in 2% | 4/ ~6.33008 22X + 6.9sin 22X |+ [ 23005 32X | ..
\ 3

3

\

3 3

3

20. The following table gives the variations of a periodic function over a period T
X 0 T/6 | T/3 | T2 |2T/13 |5TI6 | T
f(x) | 1.98 | 1.3 | 1.05 | 1.3 | -0.88 | -0.25 | 1.98
findf(x)upto first harmonic.
Solution:
Assume X = 2zx
T
X 0 7\ 27 | & | Ax 5z 27
3 3 3 3

a 0 o0
f(X)=%+Z a, cosnX + Y b, sinnX

f (x):%+(a1 cosnX +h sinnX)+(a, cos2X +h, sin2X )+(a, cos3X +b, sin3X ) +...

Where
a =" a=" cos X b=" sin X
i ?Zy T~ y 1 zzy
X y y cos X ysin X
0 1.98 1.98 0
V4 1.30 0.65 1.1258
3
binils - Anna University App on Play Store




binisreomzAnna '“"'molty, Polytechnic & Schools

LILLZ! ld
2?” ' " Free Eﬁg Study Materials
P 1.30 13
4z | -0.88 0.44 0. 762
3
57 | -0.25 -0.125 0.2165
3
Total 46 12 3.013
a——Zy— _15a_—(112) 037b_—(3013) 1.005

3 1 6 1 6
i (x) =0.75+0.37cos X +1.005sin X

binils - Anna University App on Play Store



