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UNIT I -PARTIAL DIFFERENTIAL EQUATIONS

Notations: If z = f(x,y) then

0z 0z 0%z 0%z 0%z

=" ;0= r=__.S= t=
P OX q oy X oxay e

Formation of PDE by eliminating arbitrary constants:

Let the given equationbe z =f (x,y,a,b) - - - - - 1)
Step 1: gifferentiating (1) partially with respect to x
z /
—=p=f'(xyab) ----- )
0x
Step 2: Differentiating (1) partially with respect toy
Z !
—=q=f'(xy,ab) ----- ®3)
ay

Step 3: Eliminate a &b from (1) using (2) & (3)

1. | Obtain partial differential equation by eliminating arbitrary constant ‘a’ and ‘b’ from
2= (x-2)° +(y-b)?

Solution:

Givenz = (x-a)’ +(y-h)? ----(1)
%iff Partially w.r.t x

9 ox-a)+0

X

p=2(x-a) --~~(2)

Daiff Partially w.r.t y

% —0+2(y-h)

ay

q=2(y-b) ----@3

Eliminate a &b from’(1) using (2)'& (3)
)= (x-2) = % ——--(4)

@=y-b=2 ---~(©)

Sub (4) & (5)in (1)

ppE BqO
1 =R T 7 R
(1)=1z @?+@?

The required the PDE is
P2 +0? =4z

2. | Form the partial differential equation by eliminating the arbitrary constants ‘a’ & ‘b’ from
z=(x* +a)(y? +h).

Solution:

Givenz = (x2 +a)(y? +b) - ---(1)
%iff Partially w.r.t x

& =p=2x(y +b) ---- (2

0X

%iff Partially w.r.t y
Z=q=2ype+a) ---- 3)

ay

Eliminate a &b from (1) using (2) & (3)
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@= (P +b) =L ----(@
2X
@)=x2+b= 1 ————(5)
2y
Sub (4) & (5) in ‘1)
q l
= "2r“
The reqmred the PDE |s
4xyz = pq
3. | Find the PDE of all planes having equal intercepts on the x and y axis.
Solution:
The intercept form of the plane equation is X_+ y_+ Z_= 1
a b c
Given that equal intercepts on the x& y axis= a=D
QAT [ )
a a ¢
Diff Partially w.r.t x
E +0+E ‘-0 1_= __1p ----(2)
a C X a ¢
Diff Partlall w.rty
i/ 1 -1
0+_(1 _-0=>_= _q----13
a c ay a ¢c
-1 -1
From (2) & (3) _— p=__q The required the PDE is
17

4. | Obtain the partial differential equation by eliminating arbitrary constants ‘a’ and ¢ b’> from
(x—a)2 +[y—b]2 +2° =r?
Solution:

(x-a)° +(y-b)"+22=1----() -
Diff Partially w.r.t x
2(x-a)(1-0)+0+2z ai= 0

X

=>2(x-a)+2zp=0----- (2)
Diff Partially w.r.t y
0+2(y-b)(1-0)+2z ai: 0

>2(y-b)+22q=0----- (3)
Eliminate a &b from (1) using (2) & (3)
()= x-a=-zp ----- (4)
@)=>y-b=-20 ----- (5)

Sub (4) & (5) in (1)

(-zp)? + (-z209)* + 2? =1

The required PDE is 7 (p2 + 0P +1) =1

Formation of PDE by eliminating arbitrary functions:

ayn

A
AR

1 Eliminate the arbitrary function f from z = f and form the PDE.

Solution:
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ayE

0

L
Diff Partially w.r.t x
(’)z_p fIyI o-yn
PV A A A ;0
ax pXg ox

%Iff Partlallﬁ W tI 1a a2

ay X'Xﬂ

p_-Yy
From(1) & (2) _ = = PX+qy =0
"

q

z=f - (1)

-
o

[’
—_
> | <

)

11

|
< |
>

/I\
wW
~

T 7]
2 Form the partial differential equation by eliminating f fromz = x? + 2 f +logx .
: o
Y

Solution: 1
Givenz=x?+2f " +logx ----- (1)
By
fferentiat tiall t
%I eren |ae(i) par ia y.v‘r fl
=2x+2f I%

Y
e
lllﬂ

ox

p=2x+2f'l+|g
_y E By
o .81 ) 20
=2f ~+log x _+0
dy By Y ,
q= 2f Iogx. 7% LW 7S ©)
¥y |y ‘
Eliminating f' from (2) & (3)
X -qy
)"
2
= px + qy? = 2%

(p—2x = (px—2x2)= -qy

Formation of PDE by eliminating f from f (u,v) = 0------ Q)

Method 1:
P q -
The required PDE of (1) is [u, u, Uu,=0
Ve VY,
Method 2:
The required PDE is Pp+Qq =R
Where
P u, v, ; Q=uZ v, R=lu v
u, v, u, Vv, U, vy
1.

Form the PDE from ¢ (ax +by +cz, X% + y? + zz) =0
Solution:

Given cl)(ax+by+cz,x2+ y2+22) =0
This is of the form f (u,v) =0 where u = ax +by +cz & v = x2 + y? + 72
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P q -
The required PDE of (1) is lu, u, Uu,|=0
v, Vv, Y,
p q -1
a b cfO
2x 2y 2z

= p(2bz - 2cy) - g(2az - 2cx) +1(2az - 2cx) =0
+2= [ (bz-cy)p+(cx-az)q +(az -cx) = 0 |

Form the PDE from ¢ (x2 +y2 + 22, xyz) =0
Solution:

Given ¢ (x2 +y2+ zz,xyz) =0
This is of the form f (u,v) =0 where u = x> + y? + 2> & v = Xxyz

P q -
The required PDE of (1) is lu, u, Uu,|=0
Ve Vv, Y,
p g -1
2x 2y 2z|1=0
yz Xz xy

= p(2xy? - 2xz2) - q(2x%y - 2yz?) +1(2x*z - 2y?7) = 0

222 | X(Y? - 2)pwy (7 9% 2% = =0

7 7
Form the PDE from & y_sz +yi+ T =
o

RS

0

Solutioni .
.
Given ¢ _y,x2+y2+z2 =
X
y

This is of the form f (u,v) =0 where u= 2 & v=x% + y? + 72
X

0

P q
The required PDE of (1) is|u, u, u,[=0
Ve Vo,

X

7 22 m -2yz B-2y>  2x0@
S R IR o e i o
L 2p 2y yz+
~ % Ix
oA EE
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Jeyg- ()

2

X

xzp+yzq—(y2+x2) =0

Solutions of standard types of First order PDE’s:

Different solutions of PDE:
Complete Integral (or) Complete Solution:
If the number of arbitrary constants is equal to number of independent variables, then the solution is called Complete

integral.

Singular Integral (or) Singular Solution:

Consider a PDE of first orderas f (x,y,z,p,9) =0----- 1)
It’s complete integral may be, f (x,y,z,a,b)=0---- - (2)
Diff (2) partially with respect to a &b respectively,

Y G 3)

ga

G (4)

db

Eliminating a&b from (3) & (4) will get the Singular integral.

General Integral (or) Complete solution:

A Solution which contains number of arbitrary functions is equal to the order of the given PDE.
(or) A solution which contains the maximum possible number of arbitrary functions.

Type I:

Equations of the form f (p,q) =0 - - --- 1)

To find Complete Integral:

Let the complete solution of (1)is z=ax+by+c ----(2)

Letp=a &q=bin()

f (a,b) = 0 and represent b = d(a)
~(1)= z=ax+d@)y+c - =-=(3)
To Find Singular Integral:

Diff (3) partially with respect to ¢

0 =1 which is impossible

There is no singular integral for this type.

To find General integral:

Put ¢ = g(a) in (3)

@)= z=ax+d(@y+9(@@) ----4)

Diff (4) partially with respect to a
0=x(1)+P'(@y+g'(@ ----(5)

Eliminating a from (4) & (5) we get general integral.

1. | Find the complete integral of p + q = pq
Solution:
Givenp+g=pqg ----(1)
This of the form f(p,q) =0
To find Complete Integral:
Let the complete solution of (1)is z=ax+by+c ----(2)
Letp=a &qg=bin(1)
()= a+b=ab :>a+b—ab:0:>b:i
a-1
Subb in(2)

7 a
Z=ax+ l y+C
a -
This is the required complete integral.
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2. | Find the complete integral of p+q =1
Solution:

Givenp+q=1----(1)

This of the form f (p,q) =0

To find Complete Integral:
Let the complete solution of (1)is z=ax+by+c ----(2)

Letp=a &qg=bin(1)
(1)=a+b=1=b=1-a

Subb in(2)

|z =ax+(l-a)y+c |

This is the required complete integral.

3. | solve \[p +4/q =1

Solution:

Given,/p +/q =1 -—--—(1)
This of the form f (p,q) =0

To find Complete Integral:
Let the complete solution of (1)is z=ax+by+c ----(2)

Letp=a &qg=bin(1)

o= Ja+db=1=vb=1-Va :b:(l—n/g]z

Sub b in(2)
z:ax+(1—w"5)2y+c ----(3)

This is the required compléte integral.
To Find Singular Integrai:

Diff (3) partially with respectto ¢

0 =1 which is impessible

There is no singular integral for this type.
To find General integral:

Put c=f(a) in (3)

@)= z=ax+(1-Va] y+f@) ----(@)
Diff. (4) partially with respect to a

1
O0=x()+2|1-ya|—=—y+f'(a) ----(5
W+2(1-Va) A (5)
Eliminate a from (4) & (5) we get the general integral.
Type II:
Equations of the form z = px+qy + f(p,q) - - - --- 1)

To find Complete Integral:

Put p=a &qg=Dbin(2)
~(l)=>z=ax+by+ f(a,b) - ----- (2)
To Find Singular Integral:

Diff (2) partially with respect to a

0=x(1)+0+f'(a,b) ----(3)
Diff (2) partially with respect to b
0=0+y(l)+f'ab) ----(4)

Eliminating a & b from (2) using (3) &(4), we get the singular integral.
To find General integral:
Put b =(a) in (2)

@)= z=ax+P@y+g@) ------ (%)
Diff (4) partially with respect to a
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0=x1)+$'(@y+g'@ ----(6)
Eliminating a from (5) & (6) we get General integral.

1| Solve z = px + qy + p’q’

Solution:

Given z=px+qy+p°q - ---- (1)
Equations of the form z = px+qy + f(p,q)
To find Complete Integral:

Put p=a &qg=Dbin(2)

~(1) >|z=ax+by+a’d’ |------ 2)

This is the required complete integral
To Find Singular Integral:
Diff (2) partially with respect to a

0=x(1)+0+2ab?® = x+2ab?>=0 = x =-2ab*>----(3)
Diff (2) partially with respect to b
0=0+y(l)+0+2a’h = y+2a’h=0 = y=-2a’h----(4)
Eliminating a & b from (2) using (3) &(4)
@)= S=-2ab----(5)
b
@)= Y =-2ab----(6)
a
From (5) & (6)
i = X =k (say)
b a
Xk e Yik
b a
Sb="& as) A1)
k k

Suba&bin(2)

y y2 X2
2D)>z2=X+—_y+____
@ k ky k? k2

2,2

Xy Xy Xy

=" +___ +

k k  k*

To find k
Sub (7) in (3) (or) (4)

1623 = -27x%y?

This is the required singular integral.
To find General integral:

Put b = d(a) in (2)
(2= z=ax+ f(aQy+a’[f@)] ------ 9)
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Diff (9) partially with respect to a
0=x(1)+ f'(@Qy+2f(@)f'(a) ----(10)
Eliminating a from (9) & (10) we get General integral.

Find the singular integral of z = px + qy + p? + pq + §°
Solution:

Givenz = px+qy + p* + pg+¢° - ---- (1)
Equations of the form z = px+qy + f(p,q)

To find Complete Integral:
Put p=a &qg=Dbin(2)

~()=| z=ax+by+a’+ab+b?® |------ ()

This is the required complete integral

To Find Singular Integral:

Diff (2) partially with respect to a
0=x(1)+0+2a+b+0 = 2a+b=-x ----(3)
Diff (2) partially with respect to b
0=0+y(l)+0+a+2b = a+2b=-y ----(4)
Eliminating a & b from (2) using (3) &(4)
4)x2=>2a+4b=-2y - —--- (5)

(3)-(5)= -3b=-x+2y = |b=

Sub the value of b in (3)

2a+b=-X = 2a=-X-b = 2a=—x— X-2y@

P

= 68 =pa%u 2y = gy - X
3 3
Sub the value of a &'in (2)

By-2x  @Bx-2y@ y—2x2 By-2x00 x-2y0 x—2y2

94 = -3X - X+ 2y

Z=p gX+g By+*n q ta [l bt a+n
3 3 3 3 3 3
Xy —2x2  xy-2y? Y2 -Axy+4y?  xy-2y? -2x2 +4xy X% - 4xy +4y?
= + + + +
3 3 9 9 9
Z_3xy—3x2+3xy—6y2+y2—4xy+4y2+xy—2y2—2x2+4xy+x2—4xy+4y2
9

9z = —4x% + y? + Xy

Solve z = px+qy ++/p°> + Q% +1

Solution:
Given

Z=pX+Qy+pP+ P+l ————- (1)

To find Complete Integral:
Puup=a&g=bin(2)

(1) > |z=ax+by++a% +b* +1| ----(2)

This is required complete integral.
To Find Singular Integral:
Diff (2) partially with respect to a

0=x(1)+0+;(2a) e P S )
2@ +b? +1 Jaz+b% +1

Diff (2) partially with respect to b
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0=0+yM)+__*  (2p) = y=— P |
2aZ +b? +1 Ja +b? +1
Eliminating a & b from (2) using (3) &(4)
P b
By +(@4)Y =2x+y* =g 7 +a B
a’+b*+1 0 a’+b’ +1 0
2 2
x> +y’ = a LD
a?+b?+1 a’+b?+1
2 2 a’ +b?

2

2 2
1- =1- ———
x +y) 2 +biel

2 2 at+b®+1-a%-p?
1-x -y =

T2 +b2+1

1- X2 _ y2
Taking square root on both sides

= [V1+a? +b? SO — ----(5)
[1_X2_y2

Sub (5) in (2) and(3)

_F, Z
(3) = x= ; :>x:—a\]1—_x7—_yT:> y 4 ; :
[1_X2_y2

-b
(4):>y:f=>y=—b;[—xz—y2:>b=%

1-x° -y
J1- X2 -y?
Sub (5),a & bin (2)
- -
(2):)22% T LX AME)H-% 1 ! lﬂmy-l- 1 =
\/ Y \/ . Y
-x? -y2 1
= 7= + +
\/1—x2—y2 \/1—x2—y2 \/1—x2—y2
_y2 _\2
I S
1_X2_y2

sz7=d-x2-y?

Squaring on both sides

22 =1-x2-y?2 =>2+y?+272=1

Find the singular integral of z = px + qy + p? - ¢
Solution:

Givenz = px+qy+ p>-q°> ----- (1)

Equations of the form z = px+qy + f(p,q)

To find Complete Integral:
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Put p=a &q=bin(1)
~(l)>z=ax+by+a?-p*|------ (2)

This is the required complete integral
To Find Singular Integral:
Diff (2) partially with respect to a

0=x(1)+0+2a+0=>a=_" ——-—(3)
2
Diff (2) partially with respect to b
0=0+y(1)+0-2b=b=7) ————(4)
2

Sub a & bin(2)

B-xg @YyE B-xB By

2 = + + )
“@Q)= 2= laTX IZII'YII@T |7.rI

2 2 2 2

~(2=>1z= i+y_+x_—y_
2 2 4 4
_9y2 2 2 _\2
@)= z2= 2 +2y4+x Y o [a2=-x"+y?
This is the required singular integral.
Type II:
Equations of the form f (z, p,q) =0 - - - - - 1)

In this type x & y do not appear explicitly.
To find Complete Integral:

Let the complete solutionof (1)isz= f(x+ay) - - ---- (2)
Let x+ay =u

@=>z=fU --+--= )

By total derivative,

dz dz du dz N Jdu
=" =p=_1/(@) Ju=x+ay = =1
dx du ox dx X

dz dz adu dz - du
= - >g=a_— Ju=Xx+ay = _=a

dy du ay du ay

Substitute the value of p & g in (1)
0)=f8,% 2 %2 g
o
This may be solve by method of separation of variables
Other solutions can obtain as usual.

1. | Solve p(1+q)=0qz.

Solution:

Givenp(l+q)=qz----(1)

This is of the form f (z, p,q) =0

To find Complete Integral:

Let the complete solution of (1)is z=f(x+ay) - - ---- 2
Let x+ay=u = z=f(u)

Thenp—oI &Qq-= adZ
du du

Substitute the value of p & qin (1)
dz dz dz ;

(1) = 1+a dtrm__a
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dz
az-1
Integrating on both sides

d
J.az—zl =J'du

u=log(az-1)+c I

=du

0y o

(0 log f (X)

|x+ay:Iog(az—1)+c |

This is the required complete integral.
Other solutions can be obtained as usual.

Solve 2 =1+ p* + ¢’

Solution:

Givenz? =1+ p? + > - - - (1)

This is of the form f (z, p, q) =0

To find Complete Integral:

Let the complete solution of (1)is z= f(x +ay) - ----- (2)
Let x+ay=u = z=f(u)

Thenp=E &q=aE

du du
Substitute the value of p & qin (1)
dzo @ dza

W)= =pg—pg=ga—p+1
B dum du @

2 2
7 dz g adz g

>p—p +ag—m@=2-1
B dum B du [

mdz o’
s(l+a’)g —p=2-1
) du
2 —

i
Tgking square root on both sides
Z =

du  1+a?

dz du

f— =
J2-1 1+ a?
Integrating on both sides

R
a2 -1 k-1

(x+ay)+c U =Xx+ay

cosh-1z = =cosh-1x

cosh-1z =

a’-1

This is the required complete integral.
Other solutions can be obtained as usual.
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3. | solve p (1— q2) = q(1-2)
Solution:

Given p (1— q2) =q(1-2) ----(1)

This is of the form f (z, p,q) =0

To find Complete Integral:

Let the complete solution of (1)is z= f(x +ay) - - - --- (2
Let x+ay=u = z=f(u)

Thenp=E &qza%

du du

Substitute the value of p & g in (1)

dz iz p? dz
1)=>—npl-pa—pgE=a—(1-

Z)dipp@ duBpy du

o Bdzg
l-a+az=apg —
du

Taking square root on both sides

ag—ZZ J-a+az
u

a dz - du

J1-a+az

Integrating on both sides
2 a4 1

a s=U+C

1
, dx= (2%
a I\/%& a( ]
2/l1-a+az = x+ay+¢ LU =X+ ay

This is the required complete integral.
Other solutions can be obtained as usual.

Type IV:

Equations of the form f,(x, p) = f,(y,q) - ----- (1)
To find Complete Integral:

Let f,(x, p) = f,(y, Q) = a(say)

~f(x,p)=a ; f(y.q=a

From the above we get p = f,(x,a) ; q = f,(y,b)

Substitute the valueof p & q in z= | pdx + quy

Integrating we get complete integral
Other solutions can obtain as usual.

1| Solve p? + g% = X2 + y?

Solution:
Given p? + 2 = X2 + y?
pPP-X =y -gf - - -~ 1)

This is of the form f,(x, p) = f,(y,q)
To find Complete Integral:

Let p? - x* = y2 - ¢ = a® (say)
pz_xz =a% - y2—q2 = a2
aptzatex® s =yi-al

p=Ja2+ x| ;|q=\y? -
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Substitute the value of p & q in

z—J'«/x + a2 dx+J'«/ - a2dy
z= 1/x +a +ismhll|il|+l/,/y -a +izcosh_l+c

2 2 mapn 2 2 man
LB y a’ LByE
J'«j)))+a dx— X +a +—S|nh | |2 _['y -a dy:E\/y -a +7(:osh E

Integrating we get complete integral
Other solutions can obtain as usual.

Find the complete integral of p?y(1+ x?) = qx?

Solution:

Given p?y(1+ x?) = qx?

pPPA+x*) _q_____
L 1)

X y
This is of the form f,(x, p) = f,(y,Q)
To flnd Complete Integral:

P 2(1+x%) ¢
—X2 —y-a(say)
A, a_ g
NG y
2 _ X _
e Y

Jax | L=
=\/1+X2 ’

Substitute the value.of p & q in

:ILaX dx+J'aydy
o
let 1+ x> =t = 2xdx = dt :>xdx:dt_
2
1dt 2
af.z a_
1
z_@2ﬁ+_ '.'J'ﬁdx:zﬁ

Z:«/1+X +%+C

Find the complete integral of p+q =sin x+siny

Solution:
Given p+Qg =sinx+siny
p-sinx=siny-q----- (1)

This is of the form f,(x, p) = f,(y,Q)
To find Complete Integral:

Let p-sinx =siny -q=a(say)
~p-sinx=a;siny-g=a

~|p=sinx+a| ;[q=siny-a
Substitute the value of p & q in
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(sinx+a)dx + | (siny-a)dy
z=Cosx+ax+cosy-ay+c

|z =cosx+cosy-a(x-y)+c|
This is the required complete integral

Type V:
Equations reducible to standard form (Identification:

1| Solve 22(p? + @?) = x* + y?

Solution:

Given 72(p? +0?) = x> +y?

This is of the form equations reducible to standard form
22p2 + 2207 = X2 + 2

(2p) +(20)* = X° + ¥

|zazl2 mz028 0z 0z
————— @ p=_ig=—
Iaxl |6y| oX ay
Let z0z=0Z ; dx=0X ; dy=0Y
2
L

Integrating ?:Z S XX y Y

mizg mizam

. ; : _x2+Y2
moxXm moym
@ =x2+v?] op=%.q=%%
X ay

This is of the form F,(X,P) = F,(Y,Q)
To find Complete Integral:

LetP2- X2 =Y%-Q% = a? (say)
-'.PZ—X2=a2 . Y2_Q2=a2
-'-P2232+X2 ;Q2:Y2—a2

PoJ@iX? Q@

Substitute the value of p & q in
z—_[ X% +a? dX+J' Y2 - a2dy

X a’ LaxXa Y a? LaYa
Z=_ /X +a +_—sinh p—pg+—,/Y -a +—cosh pg—pg+c
2 2 ma@p 2 2 man

2 2
2 X a axa a
—=—_Jx +a +—smh1|—|+11/y -a +—cosh1+c
2 2 2 IaI 2 2 man
7 x\/~;<L+—?1L+azsinh-1 '+y\[yLaL+a cosh 10V B¢
Al [palil
lalq pap

N

2 2 1A XxH 2 y 2 2 a2 L ayn
J. [Xx +a dx— /x +a + smh | |,j ly -a dy= y —a +__cosh p_p

71—
2 z a
This is the required complete mtegral
Other solutions can obtain as usual.

Solve p? +x%y2q? = x?z2

Solution:

Given p? + x?y?q? = x%7°

This is of the form equations reducible to standard form
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+X onbothsides p_2+ y2R = 22

X2
2
100 +(yq = 2
BX@
grog il _p po0n o
Axox@ [ oyq ox’ ay
0z @ 2 d d
z Z Z
+@z=22 ————— @0 p=__iq=
0 ox ay
y
Let 0z=0Z ; x0x=0X ;al=aY
y
2
Integrating (z=Z ; X? X ;logy=Y
BoZE EIZE
D=>p__; '8 [ =22
moxXm @moyn
0Z 0z
gz @ ==
aX ay

This is of the form F(Z,P,Q) =0
To find Complete Integral:
Let the complete solution of (2) is Z =F (X +aY)

Let X +aY =U 7=, Z'= F(U)

ThenP-dZ &Q=a %

du qu’
Substitute the value of P & Q in (2)

2) = 2028 p 2z ¥ _p

PdUg P du g
adu g (1+a?)

Taking square root on both sides

4z __Z
du  J1+a?
dz__dy
Z 1+ @?
Integrating on both sides
logZ = ! U
V1+a?
1
|Og 7 = (X + aY)
V1+a?
This is complete integral of (2)
1 ¥

log z =F2—+alog y+c

This is the required complete integral .
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Other solutions can be obtained as usual.

Find the complete integral of 72 (x2 p? + q2) =1
Solution:

Given 7 (x2 p? + qz) =1

This is of the form equations reducible to standard form
Xp?+qf =

LT

z

| ~

(xp)? +0* =

N

z
0z B2 622 1 0z 0z
AX—@ t—7p = 5 p=—.0=—
ML L PEac T 5y
a? )

Boz:@ @oz@ 1

B B +E 0 = - (1)
a &g goyg 7

Ax [

Let 0z=0Z ;

OX_ X : dy=av

Integrating [z=Z; Togx=X ; y=Y

moZm @mozm 1

1)=>p 7+ =
1) @T@ 7

0Z 0Z
_1]----@ ~Pz°LiQ-=
P2+Q2-Z—z ax

This is of the form F(Z,P,Q) =0

To find Complete.Integral:

Let the complete solution of (2) is Z = F(X +aY)
Let X+aY¥Y=U = Z=F(U)

This is of the form F(Z,P,Q) =0

ThenP:CIZ &Q:aOIZ

au au
Substitute the value of P& Q in (2)
dZ @2 dz @ 1

Q=g @ t+tmpa @ =
pdU g dU A

dZ 2 - 1
du - Z%(1+a’)

Taking square root on both sides
dz _ 1

il
U

ZdZ =

+a
Integrating on both sides
Z2 1
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This is the complete integral of (2)

JA 1

" logxeay)®
— ———"\ogx+a C
a9+

This is the required complete integral .
Other solutions can be obtained as usual.

4. | solve x?p? + y?q? = 22

5. | Solve x*p? + y?zq = 272

Lagrange’s Linear Differential Equations:

Equations of the form Pp+Qq =R (or) P ai+ Q ai= R
X ay
Where P,Q,R are functions of X, Y,z or constants.
Procedure :
1. Write the auxiliary equation ﬂ = dy = d_z
P Q R

2. Solve the auxiliary equation by using
a) Method of grouping
b) Method of multipliers
a) Method of grouping: In the auxiliary equation, if the variables can be separated in any pair of equations, then we

get a solution of the form u(X,y,z) =c1 & v(X,y,z) = C2

= The general solution is ¢ (u,v) = 0 |

b) Method of Multipliers:
i) Choose any three multipliers 1, m, n which may be constants or functions of X, y, zwe have

P Q R IP+mQ+nR
If it is possible to choose 1, m, n such that IP +mQ+ nR ='0,then ldx.+#mdy + ndz =0
Integrating this we get u(x, y, z) = c1
if) Choose another any three multipliers I’,m’,n" which may be constants or functions of X, y,z we have

P Q R [IP+mQ+nR
If it is possible to choose I',m’,n’ such that I ‘P + m'Q +n'R = 0 then I'dx + m'dy + n'dz =0
Integrating this we get v(X, Y, z) = C2

-~ The general solution is ¢ (u,v) = 0

1. | Solvex(y-2)p+y(@z-x)g=z(X-Y)

Solution:

Givenx(y-2)p+ y(z-x)g=z(x-Y)

This is of the form Pp+Qqg =R

Where P=x(y-2);Q=Yy(z-X); R=2z(x-Y)
The auxiliary equation be

dx dy dz

X(y-2) y@Ez-x) z(x-y)
i) Choose the multipliers as (1,1,1)
(1)= dx _ dy _ dz
x(y-2) y@z-x) z(x-y)

----()
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B dx +dy +dz _dx+dy+dz
XYy =XZ+YyZ-Xy+XZ-YyZ 0

~dx+dy+dz=0
Integrating Idx + I dy + I dz=0

X+y+z2=0C

B - A1 1 1@
if) Choose the multipliers as gL o
pXy Zp
(1)= dx _ dy _ dz
X(y-2) y@z-x zx-y)
dx dy dz
_ + ~ +
_ Xy 'z _dx+dy+dz
Yy-Z+Z-X+X-Y 0
.-.di+dl+d_2:0
X 'y z

Integrating J‘%+J'QY+J‘Q =0
X y z
logx +log y +log z = log c2

log xyz = log c> =

~The general solution is |¢b (x +Y+12, xyz) =0

Solve X(z2% - y?) p + Y(X%- 22)q = 2(y? = X?)
Solution:

Given x(z2 - y?)ip + Y(x? - 2°)q = z(y* - x3)

This is of the form"Pp + Qg =R

Where P = x(z2 - y?); Q = y(x* - 7°); R=1z(y* - x?)
The auxiliary equation be

dx_dy_dz
P Q R
dx d dz
-~ - ----()
X@-y?) oy -7%)  z(y - %)
i) Choose the multipliers as (x,y,z)
xdx ydy zdz
)= = =
0 (22 -y) Y -77) (Y -%)
_ xdx + ydy + zdz _ xdx + ydy + zdz
22—\ + XV — 2+ VP2 - XL 0

s xXdx + ydy +zdz =0
Integrating I xdx + J. ydy + J. zdz =0

2 2 2 2

L Ay

2 2 2 2

X£+y£+2£ =C:

- . A1 1 10

if) Choose the multipliers as i
BXYy g
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dx d dz
(1) = X =—L= YA
1(22 _ yZ) X(XZ _ 22) £(y2_ XZ)
X Yy VA
dx  dy  dz dx dy  dz
- X ' Z — X ' Z
22—y2+x2—22+y2—x2 0
.'.di+dl+d_z=0
X Yy z

Integrating J'%+J'QY+J‘Q =0
X y z
logx +log y +log z = log ¢,

log xyz =logc. =

~The general solution is ¢ (x2 +y% + 22, xyz) =0

Solve (X2 - y2 - z2) p + 2xyq = 2zx
Solution:

Given (X2 - y? - 72) p + 2xyq = 22X

This is of the form Pp+Qq =R

Where P = (x> - y? - 72); Q = 2xy; R =22
The auxiliary equation be

o _dy _dz
P Q R
dx d dz
-E-F1-4-14
X2 —y?-72 2xy" 2zx
i) by method of grouping, from last two ratios
dy z
Q=_"=_""
2xy 22X
oy _d
y 2

Integrating J' dy = J'm
y 4

logy =logz +logc:
logy-logz =logc:
y

z

log * =log c

1

X:C
Z

i) Choose the multipliers as (x,y,z)
(1) = xdx _—ydy __zdz
x(X -y -22) y(2) z(2x)
_ xdx + ydy + zdz _ xdx+ ydy + zdz
3 o xy? - xz? + 2xy2 + 2x22 xB 4 xy? + x22
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_ xdx + ydy + zdz
B X(X2 + yz + 22)

From 3" and last ratio

dz _ xdx+ ydy + zdz

(22x) x(2 + y?2 + 12)

dz _ 2xdx +2ydy + 2zdz

7 Y+ D)

. dz ¢ 2xdx +2ydy + 2zdz
Integrating IT = J' Ty D)

jf—(ﬁ dx = log[ f (x)]
f (x)

log z =|Og(x2 +y2+22)
logz = Iog(x2 +y? +22)+Iogc2
Iogz—log(x2 +y? +zz) =logc

yA
log—— slogc
X2+ Y2 + 72
z =C
X2 + y2 + Z2 2
. yA
The general solution is y_ = 0
7 X +y +7
[ fl

4. | Solve (3z-4y)p+(4x-22)q =2y -3X
Hint:
The multipliers are (x,y,2) & (2:3,4)

The general solution'is ¢ (x2 + Y2+ 722X + 3y 42) =0

5. | Solve (y-xz)p+(yz-x)q=x+Yy)x-Y)
Hint:
The multipliers are (x,y,z) & (y,x,1)

The general solution is ¢ (x2 + Y2+ 22Xy + z) =0

6. | Solve x(y? +2)p+ y(x? +2)q = z(x? - y?)

Hint:
A1 -11A@

The multipliersare g —,—,—pg & (X, -V, -1)
Aax y Ip

0

o Xz
The general solutionis ¢~ x? - y* - 2z
i

SIS

Homogeneous Linear PDE of second and higher order with constant co-efficient:
%Qgsider tggzsecondg{gler homogeneous linear PDE

+ + =
o Yoy oy TEY ®

d )
Let the differential operator D=~ &D =
X ay

V= (D? +a1DD’+a2D’2) 2=f(Xy) ——--- )

The general solution of equation (2) is
|z = complementary function+ Particular Integral=C.F+P.l |

binils - Anna University App on Play Store




binils.com - Anna University, Polytechnic & Schools
Free PDF Study Materials

To find complementary Function:
1. Write the Auxiliary equation by putting D =m,D'=1,z=1, & RHS =0

(2)=> m? +ram+a =0
2. Solve the auxiliary equation, we get the roots of m. Say the roots are my, m;

3. Comparing the roots of m and write the complementary function.
Case 1: The Roots are real and distinct : say my # mz

|C-F =fi(y+mx) + f,(y + m,X) |
Case 2: The Roots are real and equal : say M1 =mz =m

ICF =f,(y+mx) +xf,(y +mx) |
Note: If the roots are m = X *if
then C.F = f,[y+ (o +iB)]+ f,[y + (o -iB)]

To find Particular Integral :
Type : |

If [RHS =e®+® | then

P.l= ;,ea“by
f(D,D)
|Rule:D=a &D'=bh |
1 . .
P.l = e+ Provided Denominator # 0
f(a,b)
If Denominator = 0, then 1) multiply the numerator by x 2) differentiating denominator partially w.r.to D
Po=_ e
f'(D,D)
1 . . /
P.l= Wea‘x+by, Provided Denominator #0 "Replace D=a & D' =b
a,
Continuing this process until we get Dr # 0.
Type : 11

If | RHS =sin(ax + by) (or) RHS =cos(ax +by) | then

sin(ax + by)

P.I=
f(D? DD',D?)
Rule: D? = -(a?); DD’ = (-ab); D'? = -(b?)

1 . .
P.lI= sin(ax + by) ,Provided Dr # 0
f (-a%,-ab, -b?)
Note 1: After substitutions the denominator will be in terms of D & D' . Multiply and divide by D so that the

denominator will have D? & DD’ terms.
Note 2: After substitutions the denominator will be in terms of D & constant terms,

Foreg. P.l = sin(x - 2y)

Take conjugate of denominator with constant term and multiplied with both numerator and denominator.
1 D+5 .

x sin(x - 2y) =

D-5 D+5 ( Y) D?-25

Then apply the rule as usual.

P.l= sin(x - 2y)

Type : 111
If |RHS=x"y"| (polynomial type) then
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P.l = ! x™y", we bring this into a standard binomial format, by taking out highest power term of D.
f (D, D)

(i.e) P.I =[1xf (D, D")]-txmy"

This will be expanded by using the formulae

(1-x)"T=1+x+x2+x3+ ...

A+ Xt =1-x+x2 -x3+...

(1-X)72 =1+ 2x +3x% + 4x3 +...

(1+x)72 =1-2x +3x% - 4x% + ...

Note:

1 ,_ 0
D-J.dx,D- 3y

Type : IV (Exponential shifted rule)
If | RHS =e®+» cos(ax + by)| (or)|RHS =&+ sin(ax + by)|(or)|RHS =e®+®Yx™y"| then

Pl=—"eWginax+b
f0.D) ( y)

P.l = e¥+by ! ——sin(ax + by)
f(D+a,D +b)

Here after apply the rule as we discussed in Type 1&III

Type : V
If |RHS =ycosx| (or) |RHS = ysinx|then
Case 1:
P.l= -y COS X
1
Pl="""\1(c-mxcosxdx "‘Rule:y=c-mx
5-mp] €™
Case 2:
1
P.l=———ycosx
D+mD
1
Pl=""/](c+mx)cosxdx . Rule:y=c-mx
D+ mD'»[( ) y
Note: After integration we have to replace c-mx =y
L | solve (D? - DD'-20D"2) 7 = €%+ +sin(4x - )
Solution:
Given (D? - DD'-20D" ) z = e+ +sin(4x - y)
To find C.F
The auxiliary equation is
m?-m-20=0 “‘replaceD=m,D'=1,z=0
(m-5)(m+4)=0
= CF = f,(y-4x)+ f,(y +5x) | " The roots are real and distinct = C.F = f,(y + mx) + xf, (y + mx)
To find P.1
1 .
P.l = e +sin(4x - y)@
D? - DD’ - 20D" d
Pl =P.l1+P.l;
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Pl = ! ey Rule: replace D =5& D' =1 Type:1
' D?-DD'-20D"
= #esx*y = Ees”y . Introducing xin Nr.Diff Dr.partially w.r.to D
25-5-20 0
= L,ewy Rule: replaceD =5& D' =1
2D-D
- X 5X+Yy
10-1
P.I ="
9
Pl = 1 sin(4x - y) herea =4&b =-1 (Type:2)

* D’-DD'-20D"
Rule: replace D? = -(a%) = -16; D"? = -(b*) = -1& DD’ = —(ab) = 4

Pl = ! sin(4x -y) = Esin(4x -y)
2 -16-4-20(-1) 0
= Lsin(4x -y) " Introducing xin Nr.Diff Dr.partially w.r.to D
2D-D'
X D .
= —sin(4x -
250 o Y
xD .
= sin(4x -
2D*- DD’ ( y)
= Lsinmx -)
2(-16)-4
__xD(sin(4x- ) )
S -32-4
Pl = AxCos(4x+3) = __1x cos(4x + 3) i(sin nx) = NCcos Nx
2 -36 9 dx
P.1 X cos(dx+3)
) ——
9
P.o =2 e - é X Cos(4x +3) = é ge”"” - cos(4x +39

The general solution is
z=C.F+P.l

AV4
AN

= 5x+y

z=f(y-4x)+ f,(y+5x)+ 9 g€  — cos(4x+3)y

9%z 9%z w2y
Solve ——, -2 =e  +4sin(x+
Yo axd T axax x+y)
Solution: same as previous problem
Hint:
9%z 9°z w2y
Given —_ . 2 =e  +4sin(x +
ox*  9x°0x x+y) 5 5
(D? -2D?D') 2 =¥ +dsin(x+ y) 'D=°" &D'="
dx ay

C.F =1,(y)+xf,(y)+ f,(y + 2x)
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P.I= 31 e+2Y — 4cos(x + 2y)

Solve (D? +DD'-6D" ) z = X%y + ¥

Solution:

Given (D? + DD'-6D" ) z = x%y + ¥

To find C.F

The auxiliary equation is

m +m-6=0 ““replaceD=m,D'=1,z=0

(m-2)(m+3)=0

~|CF = f(y-3x)+ f,(y+2x)| " The roots are real and distinct = C.F = f,(y +m,x) + f,(y + m,X)
To find P.1

P.l= Ax'y + e o
D* + DD'-6D" ¥

P.I=P.l3+P.l;
P.I = ! X2y (Type:3)

1 D2+ DDI_GDIZ

1 2
= X y
,0 @ DD'-6D"

D pl+pg D

-1

18 BD 6D”nl

el g R e Xy
D’ g DD
_1' Bb’ eDTE @, -1 2 3
, Bl-g Tar.g Xy B Q) =Lt X Xt
D'g gD
1@ D' eD?m . , 0
pl-—+ —m X D= —
0% o o gt dy
_ 18, D(Cy) 6D%(xy)e
T —pX Y- 7]
2V T T
18- X2 0
T @X Y- -8
N 1
= = Oxy J‘xzdx ; =jix
D0 D
18 X2 B
‘—szXV
D 37
1l X B
AX y+ —gdx
O
_ (XY X Bydx
-8t
Xy x5
Pl= -
12 G?
PT = ey Rule: replaceD=a=3&D'=b =1 Type:1

2 D+ DD'-6D"
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- 1 X+y ];e3x+y
9+3-6(1) 6
Pl ="
2 6
X'y X 1 g,
pr=2Y_ X T
12 60 6
The general solution is
z=C.F+P.
X4y x> 1 3x+y
z=f(y-3x)+ f,(y+2xX) + —— —+ —¢e
(Y =30+ fi(y+20 + -
Solve (D? +2DD'+ D) z = Xy + €
Solution: same as previous problem
Hint:
m=-1-1
CF=1f(y-x)+xf,(y-x)
X'y X X
:_y - +_eX y
12 30 2
Solve (D2 -6DD' +5D"? )z = xy +€* sinh y
Solution:
Given (D2 - 6DD’ + 5D’2) z=xy+e sinhy
(B -e) B . e —e®
2
| e’ we'e
BRVE
2
eX+y ex—y
(D2—6DD’+5D’2)z:xy+——— " eded = gb
2 2
To find C.F
The auxiliary equation is
m? -6m+5=0 ‘“replace D=m,D =1,z=0
(m-1)(m-5)=0

|C.F = f,(y+x)+ f,(y +5x)| "." The roots are real and distinct = C.F = f (y + m,x) + xf,(y + m,X)
To find P.1

P.I = 1 Axy + € e

_ ’ / y+ﬁ_ —5—
Pl=Pl+Pl,-Pl, ——--- (1)
To find P.1; L
Pl = Xy (Type:3)

! D‘—6DD’+15D’
= . Xy
,@ @ -6DD" +5D* O
D pl+p —Dzi
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-1
1 B 6D+5D’2II

rai} A ;o Xy
D D D g
18 @-gD’ 5D”@ .

2 3
71- 1 + g+ Xy T(l+x) =1l-X+X-X +..
D D D?

1 6D’ 5D

=

_’71 - =T+ ...P
p:2 p " pr TBY
1@ 6x 5(0 ot d / 092
- 10y 2050 By D(y)—_<y)—1&DZ(y)=_<y)=o
D2 D D? ay?
18 6x° 0
xy+6.[xdx 2 _2_@xy+ _X@ : Idx
@
1 ) 1Bxy 338 Oxy 50
= Xy +3x Jdx = + X p dx
D_J.( y+ad) Da 2 —3—' j.'—2— B
Xy oy
P.l, = 7
To find P.1;
1 eX+y .
Pl =, , 2, Type:1
= 1 L ey = 1 1eX+y Rule: replaceD=a=1&D'=b =1
2 1-645 20
1o X
=828 ) a0 €7
_Gle X gy
_22—6
:1 X X+y
Baf4
o] =X sy
F.T = C
? 8
Tnfinle
1 ey )
Pl,= 'e5D? 9 Type:1
=1 L gy Rule: replaceD =a=1&D'=b =-1
2 _1+6+5
B—n
p1 =t ey
3
24
1)= Pl =Pl +Pl,-Pl=[Fy x 1

The general solution is
=C.F+P.

3 4
Xy X X X+y 1 X+y

z=f(v+x)+ f +5x) + + - e - e
Ly +x)+ f,(y +5X%) PRI 24

Solve (D2 +2DD’ + D’Z) z = sinh(x + y) + "%y
Solution: same as previous problem
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Hint:
(D2 +2DD’ + D’2) z = sinh(x + y) + e*+2Y

Xty _ (X‘Y) X+y -X-y
(D2 +2DD’ + D" )Z S P
2

2 2

2 ! 12 eX+y e_x_y X+2
(D +2DD'+D )z=_— +eX

2 2

m=-1,-1
C.F =1 (y-x)+xf,(y-x)

e><+y e—x—y ex+2y

P.l =
8 8 9
Solve (D? -4DD' +4D" )z = Y
Solution:
Hint: m=2,2
C.F=f(y+x)+ f,(y+5x)
X2 2x+y
Pl=—=¢
2
Solve (2D? -5DD'+2D" ) z = 5sin(2x + y)
Solution:
Given (2D? -5DD'+2D" ) z = 5sin(2x + y)
To find C.F
The auxiliary equation is
2m?> -5m+2=0 ““replace D=m,D'=1,2=0
-b +./b? -4ac
m = 5 here a=2,b=-5,c=2
a
_ ~(-5)£4/25-4()(2)
2(2)
_5%25-16 _5:[ 4@
4 4
_5%/25-16 _5+[@ 523
4 4 4
m = 5+3 m = 5-3 N ) 1
e N ]
SCFRE=f(y+2¢)+ f 'ﬁi/+ * 1 - The roots are real and distinct = C.F = f (y+mx)+ f (y+mx)
1 2 [ E 1 1 2 2
To find P.1
1 :
P.l = 5sin(2x + Type:2
2D°-5DD" + 2D™ ( ) P
P.l ! 5sin(2x +y) herea=2&b=1

" 2D°-5DD +2D"
Rule: replace D? = -(a%) = -4;D'? = -(b?) = -1& DD’ = —(ab) = -2
1

Pl = 5sin(2x +Y)
2(-4)-5(-2) + 2(-1)

P.I = ! 5sin(2x + y) = ! 5sin(2x + y)
-8+10-2 0
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X . ) i . )
=——5sin(2x + Introducing xin Nr.& Diff Dr.partially w.r.to D
1D -5D 20 >N +Y) { g partially ¥
X D_.
=———x— bsin(2x +
205D D N+ )
xD .
=5———sin(2x +
4D°-5DD’ ( y) Dsin(2 ]
xD[sin(2x +
XD e y) = s RSN )
4(-4) -5(-2) -16 +10

=2 [2cos(2x + y)]

P.l =__b XC0S(2x +y)
3

The general solution is
z=C.F+P.

z:f(y+2x)+fmy+x_ 3
: 2 PY

=

X C0S(2X + V)

=]

N

Solve the equation (D? + D?D’ - 4DD" - 4D") z = cos(2x + y)

Solution:

Given (D° + D?D'-4DD" - 4D") z = cos(2x + Y)

To find C.F

The auxiliary equation is

mi+m?-4m-4=0 replace D=m,D'=1,2=0

m?(m +1) - 4(m +1)'=.0
(m +1) (m2 —4) =0

2 CF=f(y-x)+ ,(y-2x)+ f,(y +2X) |
To find P.1
P.I = cos(2x+y) herea=2,b=1 (Type:2)

D’+ D’D’ - 4DD" - 4D"
Rule: replace D? = -(a%) = -4;D'? = -(b?) = -1& DD’ = —(ab) = -2
1

P.l = cos(2x + Y)
-4D - 4D’ - 4D(-1) - 4(-1)D’

- cos(2x + y) == ~ cos(2x + V)
-4D - 4D' + 4D + 4D’ 0
X

P.I= cos(2x + Introducing xin Nr.& Diff Dr.partially w.r.to D
3D2 + ZDD’ _ 4D/2_ 0 ( y) { g p y }

= X +V) = _* +
T3 2 -4 PN T oY)

-X
P.l = —cos(2x +
P (2x+y)

The general solution is
z=C.F+P.l

z=f(y-x)+f (y-2x)+ f (y+2x)—_X cos(2x + y)
1 2 3 12
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Solve (D® - 7DD - 6D" ) z = cos(x + 2y) + 4

Solution:
Given (D? - 7DD - 6D" ) z = cos(x + 2y) + 4
To find C.F
The auxiliary equation is
m*-7m-6=0 ““replaceD=m,D'=1,2=0
m=-1 1 0 -7 6
| 0 -1 1 6
1 -1 -6 0

m=-1,m?>-m-6=0
m=-1,(m-3)(m+2)=0

~|CF = fi(y-x)+ f,(y-2x)+ f,(y +3x) |
To find P.1 1
P.l = [cos(x + 2y) + 4]
D°-7DD" - 6D"
PIl=P.l1+P.ly
P.I, = i cos(t 2y) « herea,=1,b = 2w Typei2)

D° - 7DD” - 6D/’
Rule: replace D? = —(a%) = -1; D% = ~(b%) = -4 & DD’ = =(ab) = -2

P.l = ! ~COS(X + 2Y) = ! —COS(X + 2Y)
(-1)D - 7D(-2) - 6(-2)D -D +14D +12D
1 D
=—— x—CoS(X + 2
130 +120° D ¢ )
- D cos(X + 2Y)
13D% +12D'D
= D COS(X + 2y) = w
13(-1) +12(-2) -13-24
_ ~Sin(x +2y) |
P.l, = 37
Tofind P.1,
1
P.l, = 00y -0 =1 Type:l
2 D3 _ 7DD12 _ 6D13 yp
1 1

" D' - 7DD” - 6D" 4% = 64e°*+0y Rule: Replace D =0,D' =0

- X 4e0x+0y - X_4e0x+0y
3D*-7D"” -0
- ﬁ4e0x+0y — )i4e0x+0y
2
-Xq
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2x2
P.l,= =
273

p.1 = L sinx +2y) + 2¢
37 3

The general solution is
z=C.F+P.l

1 %
z=f(y-x)+ f,(y-2x)+ f3(y+3x)—3—73in(x+2y)+?

111 solve (D? +3DD'-4D) z = xy + cos(2x + y)

Solution: same as previous problem

Hint:

m=-4,1

C.F =1 (y-4x)+ xf,(y +x)

Pl = cos(2x+ y) cy X
d=_cos(2x+y)+ _~ —__

6 6 8

121 solve (D? +3DD'-4D")z = x +siny

Hint:
m=-4,1
C.F =1 (y-4x)+ xf,(y + x)
1 X3 siny
P.l= X +sin(0x + =.= __+
D? +3DD’-4D" [ Ox+y)] 6 4

13-1 solve (D? - DD!#2D? )iz B2+ 3y ) + &7

Hint:

m=-1,2

CF=1f(y-x)+ f,(y+2x)
5 3%y 1 .

P.I:i+ Xy+_e3 o
6 2 35

14| solve (D? - 2DD' + D) 7 = (2 + 4x)e™2!

Solution:

Given (D2 -2DD’ + D’z) 7 = x2y2e+?y

To find C.F

The auxiliary equation is

m?-2m+1=0 “‘replace D=m,D'=1,2=0
(m-1)(m-1)=0

|c.|: =f,(y +x) + xf,(y + X) |
To find P.1
P.I = 1 (2+4x)e“®  herea=2,b=1 (Type4)
D?-2DD’ + D"
pr= 1 (2 + 4x) e+2Y
(D-D'y
Rule:replaceD=D+a=D+1;D'=D"+b=D"+2
1
(D+1-D'-2)

P.l =g~ (2 + 4x)
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1

= g2y (2 + 4x)
(D-D'-1)?
= X2y 1 (2 + 4x) = e*+2Y ! (2 + 4x)
ING n 2
[-1-D+D"] il-(D-D')g

=" 1 (D-D')g (2+4x)
= pX+2y 1+2[D— D')+3(D _ D')2 +.,,(2+4X) (- x)—2 =14+ 2X+3x2 +4X3 +...
= ¢+2 81+ 2D - 2D' +3(D? - 2DD'+ D) +..B (2 + 4¥)

= @42/ 71+ 2D - 2D’ + 3D% - 6DD' + 3D By (2+ 4%)
= "%/ Bp1+ 2D + 3D By (2 +4x) " there is no y term in RHS, neglect the term D’
=e*+% (2 +4x)+2D(2 +4x) +3D*(2+ 4X)
= €42V [24 4x + 2(4) + 0 |

P.I =% [4x+10 ]

The general solution is
z=C.F+P.

L =Ty TAJT ALY TA) Tcx+2y I_“I‘I\ TLUJ

15.

0’z 0’1 xy
Solve E _a_yz =e sin(2x +3y)
Solution:

0’7 0°7 ey 7
Given & —, e sin(2x " 3y)

(D2 - D’z) 7 = &¥6in(2x +3y)
To find C.F
The auxiliary equation is

m?-1=0 replaceD=m,D'=1,z=0

w1
F.F =f,(y-x)+ f,(y +x) |
To find P.1

P.I = ! e*Ysin(2x+3y) herea=1,b=-1 (Type:4)
D?-D"
RuleireplaceD=D+a=D+1;D'=D'+b=D"-1

1 .
P.l=¢e*Y sin(2x + 3
(D +1)? - (D' -1)? (2x+3)
1 .
= ey sin(2x + 3
D +2D +11— D“+2D"-1 ( V)
=e*Y sin(2x +3y) Herea=2,b=3
D°+2D-D" +2D’
Rule: replace D? = —(a?) = -4;D'? = -(b?) = -9& DD’ = -(ab) = -6

= ey ! sin(2x + 3y) = e*-¥ . sin(2x + 3y)
-4+2D-(-9)+ 2D’ 2D+2D +5

:ex_y 1
2D+2D +5

D .
x__ sSin(2x + 3
5 ( y)
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D
2D? + 2DD’ + 5D

= ey D sin(2x +3y) = e*~¥ D sin(2x + 3y)

= ex_y

sin(2x + 3y)

-8-12+5D 5D -20
If we multiply and divide by D, we can not get the term D?,D"* term, so we take conjugate for constent term and multiplied with both Nr. & Dr.
D 5 gg 22(? sin(2x + 3y)
- EB #oo
—S|n(2x 3y)
_ xy gB sm(4£< + 3y) + 20D sin(2x + 3y)
€
25(-4) - 400
Z Y 5D cos(2x + 3y) x 2+ 20 cos(2x + 3y) x 2
-100 - 400
_ oy ~20sin(2x + 3y) + 40 cos(2x + 3y)
-500

X=y

P.l= 825 [sin(2x + 3y) - 2 cos(2x + 3y)]

The general solution is
z=C.F+P.l

X

2= f(y=x)+ f,(y+x) +° [S|n(2x +3y) - 2cos(2x + 3y)]

16.

Solve (D2 + DD’ - 6D’2) Z=yCoSX

Solution:

Given (D2 + DD'- 602 ) z = y cos X

To find C.F

The auxiliary equation is

m?>+m-6=0 “replace D=m,D'=1,2=0
(m-2)(m+3)=0

= C.F = f,(y-3x)+ f,(y + 2x)| " The roots are real and distinct = C.F = f,(y + m,x) + f,(y +m,X)
To find P.1

Pl = y COS X Type: 5
D2 + DD’ - 6D"
1
" (0+30')(D-20) y COS X
=—1.[(C_2X)C°5de " Rule: y=c-mx herem=2
(D +3D’)
= (D%BD’) [(c - 2x)(sin x) - (-2)(-cos X)] J'uvdx WUV

1 .
= [ysin x - 2cosx]
(D+3D")

=(D—13D’)J-[(C +3X)sin x - 2cos x]dx ""Rule:y=c+mx herem=3
+

= (¢ + 3x)(-cos x) - (3)(-sin x) — 25sin X oy =c+3x
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= -y COS X + 3sin X — 2sin X

P.I =sinx - ycos X
| |

The general solution is
z=C.F+P.

|z =f,(y-3x)+ f,(y +2x) +sin X - y C0S X

17-1 solve (D2 -5DD'+6D") z = ysin x
Solution:
Given (D? -5DD'+6D"? )z = ysin

To find C.F
The auxiliary equation is

m?-5m+6=0 ‘“replaceD=m,D'=1,z=0
(m-2)(m-3)=0

~C.F = f,(y +3%)+ f,(y + 2x)| . The roots are real and distinct = C.F = f,(y + m;x) + f,(y + m,x)

To find P.1
P.I= ! ysin x Type: 5
D? -5DD' + 6D"2
1 .
“(0-30)(p-207)" "
=(—1)I (c = 2x)sin xdx " Rule:y=c-mx herem=2
D-3D'
1 . - ~ L
NGET) [(C 2K)(=€0s %) - (-2)(8in %) ] : Iuvdx =, FOVes
= —ycosx - 2sinx] :;1[ycosx+25in X]
(D-3D') (D-3D')
= —J'[(c -3x)cos x + 2sin x]dx “"Rule:y=c-mx herem=3
= -[(c - 3x)(sin x) - (-3)(-cos x) + 2(-cos x) | . y=c-3x

=-[ysinx-3cosx-2cosx |

P.I =5cos x - ysin x
| |

The general solution is
z=C.F+P.

|z =f,(y+3x)+ f,(y+2x) +5c0S X - ysinx|

Non-Homogeneous Linear PDE of second and higher order with constant co-efficient:

Consider the second order non-homogeneous linear PDE

ﬁ + azz + & + ﬂ + g S/ N me————

Oz a axdy a ay? a3 ax a, dy f (2’ y) 1)

Let the differential operator D=~ &D'=__
X ay

2 ! 2 ! = f(x vy — ——-— —
()= (D?+aDD'+aD?+aD+aD)z=f(xy) @)

The general solution of equation (2) is
|z = complementary function+ Particular Integral=C.F+P.I |

To find complementary Function:
Case : |
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The given PDE will bring into the form of (D -m,D’-C,)(D-m,D'-C,)z=0
CF=¢"f (y+mx)+ef (y+m x)

Case : 11
The given PDE will bring into the form of (D -mD’'-C)?z =0

CF=¢* fl(y +mx) + xe™ fz(y + MX)

Note: Particular Integral can be obtained, similar like in Homogeneous types.

L | solve (D? +2DD'+ D2 ~2D - 2D") 7 = €Y +sin(x + 2y)

Solution:

Given (D? +2DD’'+ D2 - 2D - 2D') z = €™ +sin(x + 2y)

To find C.F

(D+D)-2(D+D))z=0

(D+D)D+D'-2)z=0 -—--- (1)

This is of the form
(D-mD'-C)(D-m,D'-C,)z=0----- (2)

Comparing (1) & (2)

Im, =-1,C,=0,m,=-1,C, = 2|

C.F =e fl(y + mlx) + %" fz(y + mzx)

CF=Hty—x+e % e,=1
2

To find P.1
"= 5 2po ;’2 52 €] i 2y)
Pl=P.l1+P.l2
Tofind P.I1
P.I = . e¥”’  RulerreplaceD =3 & D" =1 Type:l

1 D?+2DD +D"? -2D-2D'

= 1 e3x+y

9+6+1-6-2

P = gy

‘'8
To find P.1>
Pl = ! sin(x+2y) herea=1,b=2 type:2

2 D?+2DD'+ D7 -2D-2D’
Rule: replace D? = -(a?) = -1;D"? = -(b?) = -4 & DD’ = —(ab) = -2
PI = ! sin(x + 2y) = ! sin(x + 2y)
2 1+2(-2)-4-2D-2D “1-4-4-2D-2D'
-1

=___ X Dsin(x+2y)
2D+2D"+9 D

2D +2D“ +9D
-D . -D .
= sin(x +2y) = sin(x + 2y)
-2-8+9D 9D -10
If we multiply and divide by D, we can not get the term D?,D"* term, so we take conjugate for constent term and multiplied with both Nr. & Dr.

_ -D 9D +10
9D -10 9D +10

sin(x +2y)

sin(x +2)
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_ -9D? -10
- sin(x + 2
g1p?-100° "X F2Y)
_ -9D?sin(x + 2y) -10Dsin(x + 2)
-81-100
. [-9D cos(x + 2y) -10cos(x + 2)]
-181

Pl = l_[gsin(x +2y) -10cos(x + 2y)]
2 181

Y [9sin(x + 2y) -10cos(x + 2)]
8 181

The general solution is
z=C.F+P.

z=f(y-x)+e*f (y-x) sy 4 T [9sin(x + 2y) 10 cos(x + 2y)]
! 2 8 181

Solve (D? -D?-3D+3D')z=¢€™ +4
Solution:

Given (D? -D?-3D+3D') z=¢* +4
Tofind C.F
((D+D)D-D)-3(D-D")z=0
(D-DYD+D'-3)z=0 ----- (1)
This is of the form
(D-mD'-C)D-m,D'-C,)z=0----- (2)
Comparing (1) &/(2)

Im;=1,C, =0,m,=-1,C, =3. |
C.F=ef (y+mx)+e®f (y+m Xx)

SF—=Hty+x+e Hy—9 e=1
2
To find P.1
Pl = 1 (e +4)
D? - D'? -3D +3D'
PI=P.l1+P.ly
P.l = 1 e¥¥  herea=3,b=1 type:1l
! p?-D"?-3D+3D
=;e3*+y Rule:Replace D =3,D' =1
9-1-9+3
P.I = "%
b2
Pl = ! 4% herea=0,b=0  type:1
2 D?-D"-3D+3D
1

=5 4e”*°"  Rule:Replace D =0,D' =0

Introduce x in Nr. and Diff. Dr. Partially w.r.to.D in the previous step
B X
" 2D-0-3+0
_4x
3

e0 x+0y
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P.I, = _;i

4x

1 @3X+y _

2 3

The general solution is
z=C.F+P.
ax

z=f (y+x) +e*f (y—x)+£e3x+y—_
1 2 2 3

P.I =

Solve (2D? - DD'- D" +6D +3D') z = x¢/
Solution:

Given (2D? - DD'- D2 + 6D +3D') z = xe’
To find C.F

(20? - DD'- D +6D +3D') 2 =0
(2D+D')(D-D")+3@2D+D")z=0
(2D+D)(D-D'+3)z=0

U5+ P8 g0

B 27

This is of the form
(D-mD'-C))(D-m,D'-C,)z=0~-~--~-~ (2)
Comparing (1) & (2)
m=_",C =0,m =1,C =-3.
1 7 1 2 2
— atX Co X
CF=e fl(y + mlx) +e f2(y + mzx)

X

CF=f 2y- "Bt (v x) 0=
10 E 2
To find P.1
1
P.l = xe’ Type:4
2D* -DD'-D“ +6D +3D’ P
P.l= . xe®™’  herea=0,b=1

2D°-DD'-D" +6D +3D’
RulecreplaceD=D+a=D+0=D;D'=D'+b=D"+1
1

P.l =¥+ X
2D% - D(D" +1) - (D' +1)* + 6D + 3(D’ +1)
=e’ . . . . X Type:3
2D? - DD —Dl—D‘—ZD -1+6D+3D +3
=ey X
2D’ -DD'+5D-D“ +D"+2
1
:ey X
@ @2D* -DD'+5D-D" + D' I
2pl+p 5

[ normally we take out highest power term of D in the homogeneous type, but it is not necessary in the non-
homogeneous type]

-1

_¢' B @20’ -DD'+5D-D"+D'EE ~a , 0
T —npl'p X D™—,D ——
2 2 ox ay
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5
eV 2D* -DD'+5D-D"? + D' @, .. x [neglectthe terms D’,since D'(x) _ 0l

pl o n D
2

. . 2 _
l—_+ g X D (X "0

28 2 @

P.1="_[2x-5]

ey
.
The general solution is
z=C.F+P.

3x e’
z=f(y+x)+e fz(y—x)+7[2x—5]
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