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Gram Schmidt Orthogonalisation Process

Theorem:
Every finite dimensional inner product space has an orthonormal basis.(Gram

Schmidt Orthogonalization Process)
PROBLEMS

Apply Gram-Schmidt process to construct an orthonormal basis for V3(R) with the
standard inner product for the basis (v1,v2Vvs), Where v; = (1,0,1) ; v2 = (1,3,1)and v
=(3,2,1).

Sol: The first vector in the orthogonal basis is

Wi =V = (1,0,1)

(vow1)

The formula for the second vector in the orthogonal basis is W, = v -

1
llw1ll?

The quantities that we need for this step-are
(v2w2)=((1,3,1),(1,0,1))

=1+0+1=2

[lwq|[2=(W1,W;)=1? +0? +12 =2

The quantities that we need for this step are
(v2w2)=((1,3,1),(1,0,1))

=1+0+1=2
|lwq|[2=(W1,W,)=12 +0% +1%2 =2 .

Therefore the second vector is

binils - Anna University"App on Play Store™



binils.com - Anna University, Polytechnic & Schools
Free PDF Study Materials

w, = (13,1) -4(10.1)

= (1,3,1) - (1,0,1) = (0,3,0).

The formula for the third (and final) vector in the orthogonal basis is

V3,Wq)
W3 =V3 - o w _ (vzwi)

1

2

lIw1ll? w12

The quantities that we need for this steps are

llw[2=(W2,w2)=0? +32 +0? =9.
(va,w1)=((3,2,1),(1,0,1))=3+0+1 =4
(V3,W2)=((3,2,1),(0,310)) =0 + 6 +0 = 6
Therefore the third vector is

Ws=(321) - 4101)- & (030)
=(3.2.1)-2(10.1) - 1(0.30)

= (1,0,-1).

llwsl|?=(ws,w3)=1 +0% +(-1)* =2..

The orthogonal basis is

{(1,0,1),(0,3,0),(1,0,-1)}
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The orthonormal basis is

B ={by, by, b3},
Where b]_ - (Wl), b2 - (WZ). b3 - (W3).
lw1ll llwll llwsll

Iwill2=2 = |lwill =v2

lw2ll? =9 = |lw]l=3

Iwsll2=2 = |lwsll=V2

- w1) — 0,
b1 = (vz x/z)

b= 2 =(0,1,0)

llw2ll

_w) =1 o7t
bs =4 (x/z' "2

Therefore the orthonormal basis is

B ={b1, by, b3}
B :{(i, o,i) ,(0,1,0) (i, o,‘_l)}.

V22 V2

I~
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Definition

Let V be a finite dimensional inner product space and let T be a linear operator
on V. Then there exist a unique function T=:V — V such that (T(x), y),
(x,T*(y)) for all x,y € V. The linear operator T+ is called adjoint of operator T.

Theorem 3.14: Let T be a linear functional on a finite dimensional inner
product space V. Then there exists a unique vector y € V such that g(x) =
(x,y) for every x € V.
Proof: Let B = {vy, vy, ..., v,;} be an orthonormal basis of V.
Lety = gf@? ) +Tbv2 L+ +Z1)vn
Define h: V = F by h(x) = (x,y) forevery y € V.
It is clear that h is linear.
Thenfori =12, .. .. ,n,
h(v) = (v, 3) = (U, @i+ Wi + 4+ Gvy,) n

= (vy, GO )y (v ) v);= 0 for i %4

= g)(vy, vi) = g)llvill? [+ lvill2 = 1] =~ h(vi) = g(v)
This is true for each v;,i = 1,2, ..., n

~h=g

We have to prove the uniqueness.
Now suppose that y' is another vector in V for which

g(x) =(x,y')foreachx € V

Then
(x,y) =(x,y)
2 xy)—xy)=0>xy—-y)=0=2y—-y =0=>y=y
~ 'y IS unique

Let T be a linear operator on a finite dimensional inner prods then there

exists a unique linear operator T' on V such that
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(T(x),y) = (x,T*(y)) forevery x,y € V.
Proof: Let y be an arbitrary but fixed element of I/.
g:V-=Fby g(x) =(T(x),y)foreveryy eV.
First we prove that g is linear.

Laxi,x2 €Vand a € F.

Dgx1 +x2) = T(x1+x2),y)
= (T(x1) + T(x3), y)[~ T is linear |
= (T(x1),y) + (T(x2),y)
= g(x1) + g(x2)
(glaxy) = (T(axy),y)
= (aT(xq1),y)[~ T is linear ]
= T (x1),)
= ag(xy)
Therefore g is a linear transformation on V.

By Theorem 3.14, There exist§ a'unique vector y' € V such that
Define T+:V = V by T (y) =y forge V.
Therefore (T'(x), y) = (x, T*(y)) for each x € V.
We have to prove that T~ is linear
Lety;,y2 € Vand a € F.
(xT*(y1 +y2)) =(T(x),y1+y2)
() =(T(x), y1) + (T (x), y2)

= (x, T*(y1)) + (x, T*(¥2))
Since x is arbitrary,

(T*(y1t+ y2) = T(y1) + T*(y2)

(i) {x, T*(ay1)) == (T (x), ay1)

= (T (x), y1)

= a(x, T*(y1))

= (x, aT*(y1))
Since x is arbitrary,
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T*(ay;) = aT*(y1)
Therefore T~ is linear.
Finally, we need to show that T is unique. Suppose that U:V — V.
Is linear and that it satisfies (T'(x),y) = (x, U(y)) forall x,y € V. Then
(x, T*(y)) = (x,U(y)) forall x,y € V, so

T =U.

Theorem 3.16: Let V be a finite-dimensional inner product space, and let 8
be an orthonormal basis for V. If T is a linear operator on V, then [T+]g =
[T1;
Proof: Let A = [T*]g and B = [T]; and, B = {v1, vy, ..., v} be an orthonormal
basis of V. Then

By = (T"(v)), v)

LT (fm

=T, W),
= Aji
= A:.‘j

Thus B = A*

Theorem 3.17: Let T and U be linear operators on a finite dimensional
inner product space V and aeF. Then

() (T+U)-=T++ U

(i) (aT)* = aT*

(iii) (TU)* = U*T*

(iv) (T) =T
WV I-=1
Proof

(i) Letx,y eV

(T+Ux,yy= (T(x) +U(x),y)
=(T(x),y) + (U(x), y)
= {x, T*(y)) + {x, U*(y))
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(x, T*(y) + U*(y))
(x, (T* + U")y)
(x, (T* + U")y)
(x, (T* + U")y)

(T + U)x,y)
= (x, (T + U)y)

By the uniqueness of adjoint implies
(T+U)=T+U"

(i) Leta e Fand x,y €V
((@T)(x), y) = (aT(x),y)
= (T (x)y)
= alx, T*())
((@T)x,y) = (x,aT*(y))
By the uniqueness of the adjoint implies
(aT)* = aT+
(i) Letx,y eV

(T)ERy) = (TUX)),y)
= (UMW)
(THE=" & T @)
= (x, U T))
AT, yy - = x U TH)
(x, (TU)7y) = (x, (UT)()
By the uniqueness the adjoint implies
(TU)*=U*T*
(iv) Letx,y eV

(T*(x),y) = GR)
=T
= (x, T(y))
2 (T(x),y) = (x, T®))
x (T = (xTH))

By uniqueness of adjoint implies

(T =T
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(V) Letx,y eV
(Ix, y) = (x, y)
=(xIy)( 1(y) =y)
= (x,1x ) = (x,1y)
By uniqueness of adjoint implies

]
*
Il
]
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3.1. INNER PRODUCT

Definition: Let V be a vector space over a ficld F, An inner producton V is a
function from V X V — F that assigns, to ever ordered pair of vectors x and y in
V, a scalar in F, denoted by (x, y) such that for all x, y,z € V and scalar a € F
the following axioms hold:

Ii:{x,x) >0ifx #0
L:{x+zy)={(,y)+ (z,7)
I3:{ax,y) = a(x,y)

Ly: (xy = (v, x), where the bar denotes the complex conjucation.
Note:
For real numbers i.e., F = R, the complex conjugate of a number is itself. Then
I3 reduces to

(x,¥) = (¥, x)

Properties of inner product:
If V is an inner.product space, then fory, y, z &V and-scalar-a,&F the
following statements are true.
() (x,0) = (0,x) =0
(i) (x,x) =0 ifandonly ifx =0
(iii) (x, ay) ="dx, y)
(iv) (x,y +2) = (x,y) + (x, 2)
(V) (x,y) = (x,z) forall x e V, theny = z.
Proof:

(i) (0,x) =(0+0,x)
=(0,x)+(0,x) =0
25,00 ={0x)=0=0

(i) (x,x) =0ifandonly if x =0

Let x = 0. Then (x,x) = (0,0) = 0

We know that (x,x) > 0 if x # 0
Obviously (x,x) = 0 ifand only if x = 0.
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(iii)
(cay) =@
= a5,
= a(y,x)
=a(xy)
~ (@) = a(x,y) = OB

(V)(y+z) =¥+ +(x2)
= (%, y +2) = (x,y) + (x,2)

(iv) (x,y +2) = O
=Wy +4y=(xy) + (x,2) - (xy+2)=(xy) + (x,2)
(V) Assume (x,y) = (x,z) ...(1), forall x e V

Consider (x,y —2) = (x,y) — (x, 2)

= (x,y) — (x, y)[ From (iv)]
=0..(2)

Take x = y — z, we get,

(y—zy-2)=0
=y —2z=[0

>y=2z
If x # y, then from (2), we get
Eitherx =0o0ry—z =10
Ly=2z

Definition: Inner product space
A vector space endowed with a specific inner product is called product space.

Standard inner product of Fn»

Letx,y € F». Thenx = (aq,ay, .., and y = (bq, b, ..., b,,). The inner
y enx = Jrzazy%ngrm+ya (E1 2 +++» bn)

nn

MAS8451-PROBABILITY AND RANDOM PROCESSES

binils - Anna University App on Play Store



binils.com - Anna University, Polytechnic & Schools
Free PDF Study Materials

is called standard inner product on Fn.

Standard inner product of R~

Let x,y € R*. Then x = (ay,ay, ...,a,) and y = (by, by, ..., b,). The inner
(x,y) = a1by + ayb, + --- + a,b, s called standard inner product on R™.

3.1.1. PROBLEMS UNDER INNER PRODUCT SPACE

1. Letx = (ay, az,_...,an),y = (b4, by, ..., by,) € Fn. Define inner product

(x,y) =aBF+a b+-+a b Verify Frisaninner space.
11 2 2 nn

Sol: Letx,y,ze Vanda € F.

Let x = (aq, ay, ...,an);y_ = (by, by, ..., b,) and z = (cq, ¢y, ..., Cy)
Given (x, y) = alb'1 + a252+ ta

nn

I1: (x,x) >0ifx #0

(x,x) = aiat azgh -+ ayg
= |laq]? +az|? + - + |a,|? > 0 [+ a; # 0 for some i]
~(x,x) > 0ifx %0
(x,x) = a1t @ at - + azf
= lail? + lazl? + - + lanl? > 0
S (xx)>0ifx =0

Lx2{x+zy)=(xy)+(z,7)

x+z=(ayay..,a,) + (c,cy,c) = (a1 +cqy,a; + ¢y .,a, + )

(x+27y)=(a; +c)b + (ay + cy)b+ -+ (a, + c,)b=a b +ab +
1 2 n 11 22

o4 G by +c1by + by + o+ ¢+ x, %)
= ap +ap ++ap +ch +ch+-+c F
11 22 nn 11 2 2 nn

= (xy)+(zy)
(x+zy) =y +{zy)

I3:{ax,y) = a{x, y)
We have x = (aq, ay, ..., a,).

~ax = (aay, aa; + -+, aay)(axy) = aa b+ aa 264 -+ aa ,bn

=a(ab +ab+--+a b =alxy) - {ax,y) = alx,y)
11 2 2 nn
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L4:(x,y) = (v, x}(x, y) = a1 by+a ;b -~ +a ,bjxy)
e “ab -+ h
_d%ﬁ*ib_dfz nn 11+a22+ +nn
= biat+ bygr - + b= (v,%) ~ §) = (¥, %)
2. Consider the vector space R™. Prove that R is an inner product space

with inner product (x,y) = a1by + azb, + --- + a,b,

where x = (aq, ay, ..., a,) and y = (bq, by, ..., by,).

Sol: Letx,y,ze Vand a € F.

Let x = (aq,ay, ..., a,);y = (by, by, ..., by) and z = (cq, ¢y, ..., Cp)
Given (x,y) = a1b; + ayb, + - + a,b,

I1: (,x) >0ifx # 0

(x,x) = a1a1 + aza; + -+ + a,a,

=a?2+a?+--+a%>0[a =+ 0forsomei]
1 2 n i

S (x)>0ifx #0
Iy (x+zy)=(x, )+ y)x+z=(aay..,a,) + (c,C2 ..., Cpn)
= (ay+cp,a, +cy ., @+ c)(x +z,y)
= (a; + c1)b1 + (az + c2)by + -+ + (a, + c,)b,
= a1by + ayby + -+ a,b, + c1b1 + c3by + -+ + b,
=%y +(zy)x +2y) = (xy) + (2 ) {ax, y) = alx,y)

We have x = (aq, ay, ..., a,).
(ax,y) = aa1b; + aayb; + -+ + aa,bq

—( —
ax = ‘aaq, ady, ..., aa,) = a(aiby + azby + ~ + q,b,) a{x, y)

~A{ax, y) = alx, y)
Lo (xy = (y,x)
(x,y) = a1b1 + azb; + -+ a,b,

()9)1 1 zzabzbl"b

= a1b1 + Clzbz + -4 anbn

= b1a1 + b2a2 + -+ bnan
=
Sy = (x)

nn
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Hence R is an inner product space.

3. Prove that R2 is an inmer product space with an inner product defined
by (x, y) = a;b1 — azby — a1b; + 2a,b, where x = (a4, a3); y = (by, by).
Sol; Letx,y,z€e RZand a € F

Lat x = (ay,az);y = (b1, bp) and z = (¢, ¢2)

Given (x,y) = a1b1 — azb; — a1b; + 2a;b;

Ii;{(x,x) >0ifx # 0

(x,x) = a1a1 — aay — aqa; + 2aza; = ai - 2aqa; + Za;

=a?— 2a;a; + a? + a?
1 2 2

=(a;—ay)?+a3>0[va;#0o0ra;+0]

~{xx)y>0ifx#0

I;{x +z,y) = (x,¥) +(z¥)x + z = (a1, a2) + (c1,¢2)
= (a1 +cp,ay+c){x+Z,y)
= (a1 ¥Fcby —ag + c)by — (a1 + c1)by + 2(az + c2) by
= a b1 + €1b1 —lazb, =¢yb1 — a1b; — cib, + 2a;b, + 2¢,b,
= a1b; — azby — a1by + 2a3b, + c1by — c3by — c1by + 2¢3b,
=Xy +{(zy) - (x+2y) =y +(z)

I3: {ax, y) = a{x,y)
We have x = (a4, ay)
~ax = (aaq, aay)

(ax,y) = aaiby — aayb; — aa1b, + 2aa;,b,
= a(ayb; — apby — a1b, + 2a,b,)
= a(x,y)
~Aax, y) = afx, y)
Iy: (xy = (¥, x)
{x,y) =aiby— ayb1 —a1b; + 2a;b;
oy — 2 1 12 22

= a1by — ayb1 — a1by + 2a,b,
= byay — bya, — ayb1 + 2bya,
o = (%)
~ oy = (v, x)
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4. Let V be the set of all real functions defined on the clo interval [0, 1]. The

inner product on V is defined by (f, g) = f_llf(t)g(t) Prove that V(R) is
an inner product space.
Sol:

Letf,gheVanda €F.

Hence RZ is an inner product space with the given inner product.

1
Given (f, g) = fo f®g®)dt
Iu{f,f) > 0if f # 0
1
f, )= f_l f@®f@)de

1
=J 1 [f(©)]?dt >0

S (f ) > 0f f %0
IZXf + hy gy =S, g)t b, g)
1

(f + gy =4 [F(O)+h®Olgt)dt

-1
1 1
= f_1 f®g@®)dt + f_1 h(®)g(H)dt

=(f,9) +(h.g)

“Af +hg)=(f,9)+(hg)
Is:{af, g) = a(f, 9)
1

(af, g) = f_l (af)(®g()dt
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1
=af fOg@at

= a(f, g9)
<(6_rf,_ 9) = alf,9)
I:1F.9) = (9. 1)

1
(f,9) = f_1 f®gt)dt
1

Ta=1 SO0
1
=] fwgwa

1
=/ gf@®adt

=g
~ 5.9 =49/

Therefore V(R) is an inner product space.

OO |

5. Let H be the vector space‘of all continuous complex value functions on

[0,1]. Sh(l)w t1hat V Is @ complex inner. product space with is product

(f,.9)=
=Jo FDg®)dt.

Sol:
Letf,ghe€Vanda€F.

Given (f, g) = - [ F(Dg(D)dt

A
L:{f,fY>0iff =0
(f,fy>0forf 0
(ffi=1 1 °
5= o fOf(©dt

_ 11 2
= — [, If@®] dt >0
~(f,H)>0iff#0
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121 (f+hg) =({fg)+{hg{f +hg)=

= f S (F + (O
_ 1 1 =
C5=Jo — [F(© + R®]g ()t
1 1 = 1 1 =

- — [y F©9@)dt + 5= [, h(OYg(e)dt = (f, g) + (b, g)
(];"' h, g) = (f g) +<(h, 9)13 (af 9) = «(f, gXaf, g)
1 _

"=y @N gyt = aﬁfo f(®g(t)dt = a(f, g)

<af 9) = alf,9)4 %9 = @iN (. 9)
1%
== [0 FOI®ALf,9) = [, f(Dg ()t

Therefore V(C) Is an inner product space.

3.1.2. NORM OF AVECTOR
Definition
Let VV be an inner praduct space and let. x € V then norm or length of x is | x ||

and is defined by || x II= V(x, x)

9. Find the norm of the following vectors in V3(R) with, inner product:

(a)(1,1,1),(b)(1, 2,3),(c)(3,—4,0), (d)(4x + 5y) where x =

(1,-1,0)andy =(1,2,3)

Sol:

Let x=(a1, az, as) ; y=(b1, bz, b3) € V3 (R)
Thestandardinnerproductspaceis

(x ) (x,y) = a1b1 + azb, + azbs
X, x) = a2 3

(a)Let x = (1,1,1)
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Ix2 = (xx)
=124+ 12 4+ 12
=3

>lxll =3

(b) Let x = (1,2,3)

lx 2 = (x, x)
= 12 4+ 22 4 32
=14

Slxll =+V14

(c) Let x = (3,—4,0)

Ix 112 =32+ (—4)2+0?
=9+ 16
= 25

=lxIl =5

(d) Letu = 4x + 5y

= 4(1,-1,0) + 5(1,2,3)
= (4, —4,0) + (5,10,15)

= (9,6,15)
lTul? =@w
=92 + 62 + 152
= 342
Slull =342

10. Find the norm of the following vectors in Euclidean space R3with

standard inner product 12 1
P Pu= 11" b= G2-0)

3
Sol:
(@) Letu = (2,1,-1)
Il u 2= 22 + 12 4 (—1)2
=6
Il ll=V6
(b) Let v = (==, — )
2 3 4
I v lI2= 62 + 82 + (—3)2
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=109
v II= 109
11. Find the norm of the following vectors in F3 with standard inner
product: x = (1 4+ i,2,i),y = (3i,2 +3i,4). Find @ Il x I, () Il y Il, (c) |
x +y I, (d){x, y)
Sol: Letx,y,z € F3

Let x = (ay, ay a3); y = (by, by, b3)
(x,y) =ab tab+a b
11 22 33

(x,x) = lail? + |ay|?® + |az|?
@ lxlz = (xx)
Then = [1+i]2+ |22 + |i]?
Sol: =124 12422412
=7
lxll =+7

(b) Tyl =y
= |3i]2+ |2 +.3i]% +.]4|?
= 32422 + 32 + 42
=10 b+ 9 +%16
= 38

Iyl =38

Ox+y =0+1i20)+@3i,2+3i4)

=(1+4i,4+3,4+1)

Ix+yl2 =|1+4i]2+|4+3i]2+ |4+
=12+4+42 + 42+ 32+ 42 4 12
=59

lx+yl =+/59

d) (x,y) =(1+1i21i),(3i2+ 3i4))
=1+)@)+2(2+3i)+i4
=1+ )(=3)+2(2—-30) +4i
=—-3i+3+4—-6i+4i
=7 —5i
12. Let V be an vector space of polynomials with the inner product given by

(f,9) = f01f(t)g(t)dt. Let f() =t +2and g(t) =t — 2t — 3 find (i)

MAS8451-PROBABILITY AND RANDOM PROCESSES

binils - Anna University App on Play Store



binils.com - Anna University, Polytechnic & Schools
Free PDF Study Materials

(f,g) ()1 £
Sol:

1
Let(f,g) = fo f®g)de
1
(i) = [ (t+2)(t2 -2t —3)dt
0

1
= [ (t3 —2t2 — 3t + 2t2 — 4t — 6)dt
0

1
= [ (3 —-7t—6)dt
0

I B= <f{f)
= fo [f(©)]>dt

1
= [ (t+2)2dt
0

1
= [ (2 + 4t +4)dt
0
t3 4.2 1
= 4+ —
% 5 + 4t]

—_

Ifi =
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13. For any non-zero vector, x € V. prove that y = . is a vector such that
|

Iy ll= 1.
Sol: Consider
X X
o I x|l
1
: = Il x 112
b =Er
lyllz =1
Nyl =1

Theorem 3.1: In an inner product space V,
MllxlI=0and || xll=0ifandonlyifx =0

(i) I ax lI= |al||x]|
Proof:
(i)
I x = V(x, x)
Il x [[?= {(x,x) = 0
Il x 2= 0
Il x =0

Also (x,x) >0ifandonly ifx=0
Therefore || x I2Z=0ifandonly if x =0

(ii)
|l ax 2 = (ax, ax)
= a(x, ax)
= aa(x, x)
= lal? Il x 112
lax Il =la|llxI

Theorem 3.2: [Schwarz's inequality]
For any two vectors x and y in an inner product space V,

[, ) <l x Il y Il
Proof:
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Ifx =0, then || x ||= 0.

“MxMlyllI=0.. (1)

Also (x,y) = (0,y) = 0

s {x, y) =0 ... (2).
From (1) and (2)

[, )] =1 Iyl

So the result is true.

Letx #0.Then| x 1> 0
Therefore”_;" is a positive number

Consider the vector

_,
Il x |12
(¥, x) (v, x)
wow) =0 =5y i e
v, x) (v, x) vx) (¥, x)

= O = Ol — G H i e

— 2 Inner Product _ M 3,20(y)
Iy 112 7 e (x,y) + I (x, x)
(€50 N
=|| y 2= 208y en B y)lxl?
llcll? llcll? llali*
e, )2 o2 [(x, y)I?
- = a + e T = 2
” y " ” X ”2 " X "2 " X "2 [ yA/A |Z| ]
X, 2
(w,w) =l y =12
Il x 112
Ay o= B
hx 2

I x 120y 12— [{x,y)|? = 0
I x 121y 112= (x5, v)2 1< v) 1% <Nl x 1121 y I?
) <N x Ny |
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Theorem 3.3: [Triangle inequality]
For any two vectors x and y in an inner product space V,
lx+ylsilxll+llyl.
Proof:
Using the norm of vectors we have
lx+y 2 =(x+yx+y)

= @)+ xy+ 00+ 0.y
=l x 124+ (x,y) + (xy+1l y 112
=]l x 124 2Re(x, )+l y I [ z + z~ = 2Re(2)]
<Il x 1124+ 2[¢x, )|+ y II? [ Re(2) < |z[]
<l x 12+ 20 x Il y I +1 y 2 [ By Shwarz's inequivality ]
S<x Il +1y 12

lx+yll2 < lxll+lyl)
lx+yll <lxll+lyl

Theorem 3.4 [Parallelogram law]

For any two vectors x and y in an inner. product space V,

lx+ y 2+ x—yll2=2( x IZ +1l y I2). What does this equation state
about parallelograms in R2 ?

Proof:

lx+yl2 =(&x+yx+y)

=(xx) +xy)+@x)+ ()
=l x 124+ (x, y) + X, y+Il vy |I2
=|l x 124 2Re(x, y)+Il y lI? ... (1)

and
Ix—yl2 =(x-y,x-—y)
= x) = (%y) — (¥, 0+ (¥,

=l x 112— [{x, y) + (x, y)]+Il y |2
=]l x 12— 2Re{x, y)+Il y II? ... (2)

D+@)=
lx+ylIZ+lx—yI2=20 x 12+ 21y I12) ...(3)
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Let 0ABC be a parallelogram with sides of length 0A =|| x | and OC =| y Il in
RZ. Therefore the length of the hypotenuses of 0ABC are AC =|| x + y |l and
OB=Ix—yl

(3) = 0B2 4 AC2 = 042 + AB% 4 B(C? + CA2[ |0A| = |BC|, |AB| = |CO|]
Therefore sum of the squares of the two diagonals is equal to the sum of squares

of four sides.
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3.3.1 PROBLEMS UNDER LEAST SQUARES TO FIT A STRAIGFII
LINE
To find the least square fit of y = ct + d for the n datas

(ty, y1), (t2, ¥2), ..., (tn, V), the appropriate model is

tq 1 V1

17 1 c ly.2
A=, |x=(p.ady=| |
ht,, 1) hy»)

To compute xo, the normal equations are
(A*A)xy = A*y.
By least square find a linear function and error for the following data
(1,0),(2,1), and (3, 3)
Sol: Let y = ct + d be the best fit.

Hereti = 1,t, = 2,t3 = 3
3’1—0}’2 1,y:3=3

a=6 =i =19,7=1 v = ]
t3 1 3 1 Y3 3
f{f%‘”g
1 1 1]
. 123 21
_ 14 6
“lg
Ay =0 7
15
=[11]
4

Normal equals are
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(14;14)9650= Ay
c1=1r11
e 3] [d] [4]
l4c + 6d = 11 ... (1)
6c +3d = 4...(2)

Solve (1) and (2)

(1) x 3= 42c +18d =33
(2) x 7 = 42c + 21d = 28
Subtracting

Substituting d = —" in (2),
3

3
6c =
3
C = —
2
3, 5 ]
sy =st—3 least square fit.
The error is computed using the formula
E = |[Axo — ylI?
where
| 3]
1 1 | 2| 0
A=12 1];x0= ;v =11
2 Hhxo=] gpy =1
[ 3]
3
1 1 2 0
Axo—y=[2 1][ 5]—[1]
31 -2 3
3
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_1 |5l

| 5

4 0 %
= 3 —[1]=-:

EvA NI fl

s ] ol
€ = llAxo — Yl

= (Axo — y,Axo — y)
1.2 1.2 12
= (—— + (—= + (—=
=) +=H +D
=0.0278 + 0.1111 + 0.0278
= 0.1667

Find the least square line and error for the following datas (1,2),
(2,3),(3,5) and (4, 7).

Sol: Let y = ¢t + d be the best fit.

Heret, =1,t,=2,t35=3,t, = 4

Y1= 21y2: 31y3 = 5!.}74 =7

B1 31 1 -
AT = b=y =BA1=0a =@
ty 1 3 1 3
ta 1 4 1 V4 7
1 1
12 3 4., 1 2 3 421
=0 [ ] J44=0 [ [ 1% {
4 1

The normal equals are
(A*A)xg= A'B__
10 4 d 17
30c + 10d = 51 ...(1)
10c + 4d = 17 ... (2)

Solve (1) and (2)
(1) = 30c +10d =51
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2)x3 =

30c+12d =51
“d=0
~d=0

Subtracting —d =0

Substitutingd = 01in (2),10c + 0 =17

=~y = 1.7t least square fit.

The error is computed using the formula

E = l1Ax0 — yll2
where
Y1 2
A=? i 1.7 Y2 3
41 Ya 7
7 17 %
lxo—y =1 1r1-11
3 1 0 5
4 1 7
1.7 2 —-0.3
3.4 3 0.4
=l =1 ]
6.8 7 0.2
E = Ax0 — yl?

= (Axo —y,Axg — y)

= (—0.3)2 4+ (0.4)2 + (0.1)2 + (0.2)2
= 0.09+ 0.16 + 0.01 + 0.04

= 0.3

3.3.2. PROBLEMS UNDER LEAST SQUARES TO FIT A QUADRATIC
FUNCTION

To find the least square fit of y = ct2 + dt + e for the
(tll }’1); (tZI }’2); ey (tnr }’n), the approprlate mOdeI IS
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tz2 t 1 Y1

.1 .1 . C 1}{2
A=1' Nsxe=(@,y=| .|

htz t 1) ° '
noon hy..)

To compute xo, the normal equations are
(A*A)xy = A*y.

Using the least squares fit a quadratic.fellowing data (-3, 9), (—2, 6), (0, 2)
and (1,1). Also find the error.
Sol: Let y = ct? + dt + e be the best fit.
tz t 1
| |

t3
Heret; = —3,t, = —-2,t;=0,t, =14 = =
! 2 3 * g t; 1l o

[z o 1] 1 1

Y1 9
[2 V2 6
iy = ly,) =[]
Y4 1
A= (AT ]
9 4 0 1
=[-3 -2 0 1]
1 1 1 1
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9 4 01 9 31
aa=[-3 -2 o 1[* ¢ 1
0 0 1
1 1 117 7
98 -34 14 9 4 0 12
Ay=[-34 14 -4]=[-3 -2 0 1][]
2
14 -4 4 b
125
= [—40]
18

Normal equals are
(A*A)xy = A*y

98 -—-34 14 c 125
[-34 14 —4][d] = [-40]
14 -4 4 e 18
98c — 34d + 14e = 125 ...(1)
=34c + 14de= 4e = 540 ...(2)
14c —4d*de =118 ... (2)

Solve (1), (2) and (3), we get

1 4
C—§,d = —§,€—2
1 4 _
y = —t2 — —t + 2 least square fit.
3 3
The error is computed using the formula
E= llAxo — ylI?
where
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=
L4218
=L, =) syl
1 1 1 ~3 1

[2]1
o -3 1] 3l 9
¢ -2 1 0 6
Momy=lo o 17”2
1 1 1 - 1

[ 3]

Y Y U

1 -1M=1Y

2 2 0

1 1 0

E = lAxo — ylI2

=0

Using the least squares fit a quadratic function following data
(-2,4),(-1,3),(0,1),(1,-1) and (2, —3).
Sol: Let y = ct? + dt + e be the best fit.

Here t; = =2,t,=—1,t3=0,t, = 1,t5 = 2
t¥1= 4'yf= 3'y3 = 11y4 = _1'y5 = -3

t1
[1 ] 4 -2 1 4]
L 1 17 -1 1 C '3
A= ¢ 1l=0 0 1px=[d;y=;1
2 61 F 1 1J e t—q
e t 11 * 2 1 -3
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Normal equals are

(2)>d=-1.8

Solving (1) and (3), we get

A’
4 1 0 1 4
[-2 -1 0 1 2]
1 11 1 1
4 =2
4 1 0 1 417 -1
[<2 -1 0 1 2]0 0
1 111 111t 1
[4 2
34 0 10
=[0 10 0]
10 0 5
[ 4
4 1 01 4' 3
=[-2 -1 0 1 2], 1
1 1 1 1 1l-1l
[—3]
6
= [-18]
4
(A*A)xy = A*y
34 0 10 ¢ 6
[0 10 0][d] =[-18]
10 0 5 e 4
34c + 10e = 6 ... (1)
10d = —18... (2)

10c + 5e = 4 ... (3)

c =—0.14,e = 1.08,
= —0.14t% — 1.8t + 1.08 least square fit.
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