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4.1 Semigroups and Monoids

Define Algebraic System:
« Anon-—empty set G together with one or more n — ary operations say *
(binary) is called an Algebraic System or Algebraic Structure or Algebra.
* We denoted it by [G, *].
* Note: 4+, —, -, X, *, U, N etc are some of binary operations.
Properties of Binary Operations
Let the binary operation be * : G X G - G.
Then we have the following properties:
Closure Property:

axb=xeG,foralla,b ¢qG.
Commutativity Property:
ax b = b x a,foralla b ¢aG.

Associativity:

(ax b)y* c =a * (b *c),foralla,b,ceq.
Identity Element:

axe=e xaqa = q,foralla £G.

‘e’ is called the identity element.
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Inverse Element:
Ifa* b=b=* a= e (identity), then b is called the inverse of a and it is
denoted by b = a-1.
Left Cancellation law:
a*b =a*xc>b=c
Right Cancellation law:
bxa=c*a=>b=c

If the binary operation defined on G is + and X, then we have the following table.

Foralla,b,ce (G, +) (G,%)
G |
Commutativity 'a+b=b+a aXb=bXa
Associativity (@+b)+c=a+(b+c) (aXb)Xc=aX (bXc)
Identity element a+0=0+a=a aXl=1Xa=a

(0 — identity) (1 —identity)
Inverse element (a+(-a)=0 ax 2 =1Xa=1

- itive inver inlicati
(-a— additive inverse) (1 - multiplicative
a

inverse)
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NOTATIONS:

Z - the set of all integers.

Q - the set of all rational numbers.
* R - the set of all real numbers.
» C - the set of all complex numbers.
* Rt -the set of all positive real numbers.
* (Q+ -the set of all positive rational numbers.
Semigroups and Monoids:
Define semigroup
If a non — empty set S together with theshinary operation * satisfying the following
properties
Closure Property:

axb = b x a, foralabesS.

Associativity:
(ax b)y* c = a (b *c),forallab,ceS.
Then (S,*) is called a semigroup.
Monoid:
A semigroup (S,*) with an identity element with respect to * is called Monoid. It is

denoted by (M,*).
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In other words, a non — empty set ‘M’ with respect to = is said to be a monoid, if *
satisfies the following properties

Fora, b € M

Closure Property:

axb = b *x a,foralla, be M.

Associativity:

(ax b)x c = ax* (b *c),foralla, b,ce M.
Identity Element:

axe = e xa = q, foralla € M.

‘e’ is called the identity element.
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4.2 Groups
Define Group
A non-empty set G together with the binary operation x,i.e., (G,*) is called
a group if = satisfies the following conditions.
(i) Closure Property: a+x b = xe G, forall a,b ¢ G.
(if) Associativity: (a* b)* ¢ = a * (b » c¢)foralla,b,c €G.
(i) Identity: There exists an element e € G called the identity element such that
axe =e xa = q, foralla €G.

(iv) Inverse: There exists an element a—1¢ G called the inverse of ‘a’ such that

axal=al%a=a forall ac G.
Define AbelianGroup
Inagroup (G, ), ifa*b =D *a, forall a, b € G, then the group (G, *) is
called an Abelian group.
Example:(Z, +) is an Abelian group.
Define an Order of a Group
The number of elements in a group G is called the order of the group and
Is denoted by O(G).
It is denoted by O(G) or |G]|.
Define Finite and Infinite Group
(i)  IfO(G) is finite, then G is said to be a finite group.
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(i)  IfO(G) is infinite, then G is said to be a infinite group.
Theorems on Abelian Groups
Theorem: 1
If every element of a group G has its own inverse, then G is abelian.
(OR)

For any group G, if az = e with a # e, then G is abelian.
Proof:

Let (G, *) be agroup.

Fora,beG,wehaveaxbeG

Givena = a-Yand b = b~}

(axb) =(axb)™!
=blxal=phx*xa(-a=al& =>b1)

= ax*xb=b>b *xa

=~ G is abelian.

Hence the proof.
Theorem: 2
Prove that a group (G, ) is abelian iff (a * b)? = a2 x b2 foralla,b e G

Proof:
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Assume that G is abelian.

axb=>b=x*xa,a,beG - (1)

Leta2 « b2 = (a*xa)* (b*Db)

=a*[a* (b *b)] ~ (xis Associative)

a * [(a * b) * b] ~ (x is Associative)

= a*[(b*a) *b] = (By (1)

= (a *b) * (a = b) v (x is Associative)

= (ax*b)?

~ (a*b)? = a2« b2

Conversely assume that (a * b)? = a2 = b2

To prove G is abelian.
= (a*b)* (axb) =(axa) * (b*b)
= ax[bx(axb)]=ax[ax(b=*b)] - (xisAssociative)
= bx(axb) =ax(b=*b) (Left Cancellation law)
= (bxa)*b=(a*xb)*b (Right Cancellation law)

= (bxa) =(ax*b)
~ G is abelian.
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Hence the proof.
Theorem: 3
If (G, ) is an abelian group, then for all a, b € G then (a * b)" = a» = b»
Proof:
Let (G, *) be an abelian group and a, b €G. Then forall n ¢ Z,

(a * b)" = ar x bn
Case (i) Letn= 0
Thena® =¢, bO =¢, (a*b)? =e

@ (@*b)? = ad=*bo

Hence the result.is‘true whenn=0
Case (i) letn=1
Let n be a positive integer
(axb)t =al = b

The result is true forn = 1
Assume that it is true for n = k, so that

(a * b)k = ak = bk - (1)
Toproveitistrueforn=k + 1
Now (a * b)¥*1 = (a * b)* * (a * b)

=akxbkxax*xb
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=ak*x(bk*a)*b
= ak x (a * b¥) * b

= (a* x @) * (b * bV)

= gltl x pktl

Hence the result is true for n = k + 1.
Hence by induction, the result is true for positive integer values of n.

Hence the proof.

Problems on Groups:

1. Show that set.R with the usual addition as a.binary operation is an abelian

group.

Solution: Leta,b,c € R

(i) Closure property: Clearlya +b € R

(i) Associative property: a+ (b+c)=(a+b) +c
(iii) ldentity element: Since 0 € R, we have
>a+0=04+a=a

(iv) Additive Inverse: For a € R, we have — a € R, such that
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a+(—a)=0=(—-a)+a
=~ The inverse of a is —a .
(v) Commutative property: a+ b =b+aforalla,b € R
~ (R, +) is an abelian group.
Since R contains infinite number of elements, (R, +) is an infinite abelian group
2. Show that(R — {1},%)is an abelian group, where * is defned by
axb=a+b+ab,foralabeR
Solution:
Here R — {1} 'means the set'or real numbers except 1.
(i) Closure property:
Clearlya*b=a+b+ab e (R— {1}) [a # —1,b # —1]
(i) Associative property:
(axb)xc=(a+b+ab)xc
=a+b+ab+c+(a+b+ab)c

=a+b+ab+c+ac+ bc+ abc ... (A)
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ax(bxc)=ax(b+c+ bc)
=a+b+c+bc+a(b+c+ bc)
=a+b+c+bc+ab+ac+ abc .....(B)
From (A) and (B), we get
(axb)*c=ax(bxc), foralla be (R-{1})
(iii) Identity element:
Let ‘e’ be the identity element.
Then, ax*xe=a
>a+e+ae =1
=>e(l+a)=0
>e=0
Here 0’ is the identity elementand 0 € (R — {1})
(iv) Inverse:
Let the inverse of a be a—!

Then, a*xa1=0 (identity)
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=a+alt+aal=0

>a'(l+a)=-a

sal=-"_ —
—e R- {1))

. a
~ Inverse element is ——_
1+a

(v) Commutative:
>axb=a+b+ab
=b+a+ba
=bb xa
~axb=>bxa, forallabe(R—- {1})
~ (R — {1}) is an abelian group.
3. Show that (Q+,) is an abelian group where *is defined by

ab
axb=__ ,foralla b e Q+
2

Solution:
Let Q*be the set of all positive rational numbers.
() Closure property:
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Clearly a * b =%¢ Qt
2

(i) Associative property:

(a*b)*czab*c: aTbc_abC 1
> > = @
bc abe

ax(bxc)=a »__ = 2 _— abc
(b *c) ~= 2 = ...

From (1) and (2) we get,

(axb)xc=ax(bx*c) forallab e Qt
(iii) Identity element:
Let ‘e’ be the identity element.

Then, ax*xe=a

Here 2’ is the identity element and 2 € Q*
Iv) Inverse:
Let the inverse of a be a—1

Then, a*xa 1 =2 (identity)
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aa~
= =2
2
>aqal=_
a

~ Inverse element is4 € Q+

a

v) Commutative:

b
Now a b =2

~axb=>b=xa; “foralla b € Qt

Hence (Q+,*) is an abelian group.

U];[_l U];[l U];[_l

v
0 1 0 -1 _ 113 Show that G is a group

(1
4.LetG = {/

under the operation of matrix multiplication.

Solution:
|_et|=[1 O A- -1 O],B=[1 09,71 0,
0 1 0 1 0 —1 0 -1

~ G ={I, A, B, C}. Since it is finite set we shall form Cayley table and verify the

axioms of a Group.
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| is the identity element.

A-1=1-A=AB-I=1-B=B,C-I1=1-C=C

Similarly BA=C,CB=A

Cayley table:

MAS8351 DISCRETE MATHEMATICS

binils - Anna University App on Play Store



binils.com - Anna University, Polytechnic & Schools
Free PDF Study Materials

A A | C B
B B C I A
C C B A I

(i) Closure property:

The first line of the table contains only all the elements of G. So G is closed under

matrix multiplication.
(i) Associative property:

Since matrix multiplication is associative it is true for G also. So Associative is

satisfied.

(iii) Identity element:

| is the identity element.

(iv) Inverse:

Inverse of Ais A, BisBand Cis C.

So (G, +) is a group under matrix multiplication.
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5. Check whether H; = {0, 5,10} and H, = {0, 4,8,12} are subgroups of

Z 15 with respect to +15.

Solution:

The addition tables (mod 15) for the sets H1 and H: is given below:

For Hy
+1i5/0 |5 |10
0 0 |5 |10
5 5 |10 (O
10 /|10 (0 |5

For H,
+15 |0 4 8 12
0 0 4 8 12
4 4 8 12 |1
8 8 12 |1 5
12 112 |1 5 9
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Here all the entries in the addition table for H, are the elements of H1.

~ Hq is asubgroup of Zs.

Also all the entries in the addition table for H are not the elements of H».
=~ H> is not closed under addition.

= Hj is not a subgroup of Zs.
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4.3 Subgroups

Define Subgroups

Let (G, *) be a group. Then (H, *) is said to be subgroup of (G, *) if H € G and
(H, =) itself is a group under the operation *

I.e., (H, =) is said to be a subgroup of (G, *) if

* e ¢ H, where e is the identity in G.

« ForanyaeH,aleH

e Fora,bsH,axbecH
Define Trivial and Proper Subgroups

* ({e}, ) and (G, =) are trivial subgroups of (G, *).

« All other subgroups of (G, *) are called proper subgroups.
Examples of Subgroups:

* (Z,+)isaSubgroup of (Q, +)

* (Q, +)isaSubgroup of (R, +)

» (R, +) is a Subgroup of(C,+)
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Example of Subgroups
Find all the subgroups (z12,+12)

Solution:

z12=10,1,2,3,4,5,6,7,8,9, 10, 11}

Let S1 =40, 6}
- S2={0, 4,8}
- 53={0, 3, 6, 9}
- S4={0,2, 4,6,8}
* S1,52,53, 54are proper subgroups of (z12,+12)
« ({0}, +12) and (z12, +12) are its trivial subgroup
Theorems on Subgroups:
Theorem: 1

State and prove the necessary and sufficient condition for a subset of a

group to be subgroup.
Statement:

Let (G, *) be a group. H is a nonempty subset of G, then H is a subgroup of G
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if and only if whenever a, b€ H = a = b! € H for all
a,beH

(Definition: (G, *) be a group, H nonempty subset of G. H is a subgroup of G if

H itself is a group under the same binary operation )
Proof:
Necessary Part

Let (G, =) be a group. H is a nonempty subset of G.
Assume that H is a subgroup of G.

By definition, (H;.*) is a.group.

Soa, b € H= b€ H by inverse property
= a * b' € H by closure property
Sufficient Part

Let (G, ) be a group. H is a nonempty subset of G.
Assuimea,be H=>axbleH —- (1)
Claim: H is a subgroup of

G i.e., (H, *) is a group.

H is nonempty so leta € H
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(iii) ldentity
Now a, a € H by (1)

axal€eH
l.e,e€EH
Identity exists

(iv)Inverse

Leta € H. Now by previous step e € H
Now e, a € H by (1)
>exaleH
>e€H

Hence Inverse exists.

(i) Closure

Let a, b € H by previous step b X € H
Now a, b € H by(1)
sax(b)teH

>axb€H

MAS8351 DISCRETE MATHEMATICS

binils - Anna University App on Play Store



binils.com - Anna University, Polytechnic & Schools
Free PDF Study Materials

Closure is verified.

(if) Associative

a,bceH HESG,a b,c€EG
ING(axb)*xc=ax(bx*c)

~InH(axb)*xc=ax(bx*c)

Associative is verified.
(H, *) be a group.

Hence H is a subgroup of G.

Hence the praof.

Theorem: 2

Prove that intersection of two subgroups of a group (G, *) is a subgroup of

(G, *). Also, prove that union of subgroups need not be a group.
Proof:

Let (G, *) be a group. H and K are non — empty subgroups of (G, *). Both
H and K satisfying the following necessary conditions

Leta, bEH=>axbleH

Leta,bEK=>axb1eK ...(1)
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Consider the subset H N K of G

(i) Since H is a subgroup of G, e EH
Since K is asubgroup of G, e € K
~eeHNK
so, H N K is a non — empty subset of G.
(i) Leta,be HN K

By Sufficient condition for aSubgroup

We need toprove a x bt € HN K

a,beEHanda, b eK
By(l)axb*eHNK

~ H N K is a subgroup of (G, *)
Hence the proof.
Now we are going to Prove that Union of two Subgroups of a group need

not be a Subgroup.
Let us prove the above fact by giving counter examples
Consider G = set of integers under addition (Z, +)

={..,-3,-2-1,0123,...}
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« H=2Z={ .., -6, -4, —2,0,2,4,6,...}

- K=3z={ .., -9 -6, —-3,0,3,6,9,...}
H and K are subgroups of (Z, +)
Huk={..,-9,-6,-4,-3,-2,0,2,3,4,6,9,...}
H U K is not closed under addition.
As23€eHUKbut2+3=5¢HUK

So H U K is not a subgroup of (Z, +).

Hence the proof.
Cyclic Group:
Define Cyclic Groups

A group (G, *) is said to be cyclic if there exists an element a € G such that every

element of G can be written as some power of “a”.
I.e., arfor some integer n.
G is said to be generated by “a” (or) “a” is a generator ofG.

We write G= <a>
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Examples:

The set of complex numbers {1, — 1, i, — i} under multiplication operation is a

cyclic group.
There are two generators —iand iasit =1,i?= —1,i#=—i, i*=1and also

(—i)* = —i, (—i)? = -1, (=i)® = i, (—i)* = 1 which covers all the elements of the

group.

Hence it is a Cyclic Group.

However -1 is not a generator.

Theorem: 1

Every Subgroup of a Cyclic group is Cyclic.

Proof:

Let H be a cyclic group generated by an element a € G.

-~ Every element in G can be expressed as a power of the element “a”.
Let H be a subgroup of G.

If H = {e}, then H is a subgroup of G and it is cyclic.
=~ The result is trivial.

Suppose H # {e} then there exists an element x € H with x # e.
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~ x = ak for some integer k.

Let m be the least positive integer such that ame H.
Let b € H then b = a» for some integer n.

Letn=mqg+rwhere 0<r<m

= b=ar

= b =aMmqtr

= b=am xq"

= b=(am)i*ar

=ar= b/(am)q

s> a =bx(am)1

Now b € H , (am)%e H and H is closed in .
- we have b x (am)9¢ H

This shows that there exists an integer “r” such that o <r < m with a"eH.
Since m is the least positive integer for which ame H, are H witho <r <m is

not possible.

~r=0S0b=qam
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= b = (am)4

Every element b € H is expressed as a power of am.
I.e., H is generated by the element ame H

H is a cyclic group generated by a™.

Hence, every subgroup of a cyclic group is

cyclic.

Hence the proof.
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4.4 Cosets

Define Left Coset and Right Coset of H in G.

Let (H, =) be a subgroup of (G, *).

For any a € G, the left coset of H, denoted by a * H, is the set
axH={axh:heH}forallaeG

For any a € G, the right coset of H, denoted by H * a, is the set
Hxa={h*xa:heH}forallaeG

Theorem: 1

Let (H, =) be a subgroup of (G, ). Then any two left Cosets (right Cosets)

of H of a group (G, *) are either identical or disjoint and the

union of distinct left Cosets of H is G (or) The set of all distinct left Cosets

of the subgroup H of the group (G, %) forms a partition of G.
Proof:

Leta,beG

Consider the Cosets a * H and b * H

We shall provethata* H=b* H (or)ax HNb*H=0
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Supposea*HNb*xH#Q
LetceaxHNb*xH=0
=>ceaxHandceb+H
Letc=axhtandc=b=«h2forall h1,h2 e H
sa*xhl1=bx*h?

1

Take 71~ on both sides

= (axh)*hl Y= hp)xhy )

= a * (hy * hy)y=b = (hp*h 1")

=>a*e:b*h?,whereh?,zhz*hl_l
=>a=b=x*h3

= a€bx*h3
>axHCSbx+H...(1)

lirlyb«xH< axH...2)

From (1) and (2) we havea * H=b * H

~ Any two left cosets are either identical or distinct.

MAS8351 DISCRETE MATHEMATICS

binils - Anna University App on Play Store



binils.com - Anna University, Polytechnic & Schools
Free PDF Study Materials

Each element of the left Coset a * H is also an element of G.

=~ Every left coset of a = H is a subset of G.
Hence Useca*xHS G ... (3)

faeG,aeax Hthenae Ugeca* H

GS UaecaxH...(4)

~The set of all distinct left cosets of H is a partition “n’ of the group G.
Hence the proof.

LAGRANGE’S THEOREM:

The order of asubgroupofa finitegroup is a'divisor of the order of the

group.

i.e., if H is a subgroup of a finite group (G, *) then O(H) divides O(G).
Proof:

Let (G, =) be a finite group of order n and H be a subgroup of G with order m.

>0H)=m&0(G)=n
: O(H)
We will prove that 0(G)

Since H contains m distinct elements, every left cost of H contains exactly m

elements.
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(Write the theorem: 1)

Letal xH,a2 «H, ..., ak * H be the distinct left cosets of
H.LetG =ai*H Ua,xH U ... Uar*H

O(G) =0(a1 * H) + O(a2 = H)+. ..+ 0(ak * H)
=O0(H)+O(H)+ ...+ O(H)
=m+m+...+m(ntimes)

=>n=mk

=mwm=k

= mdivides n.

This means that O0(H) /O(G)'

Hence the proof.

Normal Subgroup

A subgroup (H,*) of (G,*) is said to be normal subgroup of G, for x € G and for

heH,ifxxh=h xx (or) forall x € G,xH = Hx
Note:

Consider H as a subgroup of G, then the subgroup H is said to be normal,
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forall x € G,x * h+x1=H(or) forall x e G, x*h*x1€H
Theorem: 1
Every subgroup of an abelian group is normal.
Proof:
Let (G,*) be an abelian group and (H,*) be a subgroup of G.
Let x € G be any element.
Then xH = {x xh /h € H}

= {h*x /h € H} (Gis abelian)

= Hx
Since “x” is arbitrary, xH = HxVx € G
Hence H is a normal subgroup of G.

Hence the proof.

Theorem: 2

Prove that intersection of two normal subgroup of (G,*)is a normal subgroup

of (G,*).
Proof:
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Let (H,*) and (K,*)are two normal subgroup.
= H and K are subgroups of G.
= H N K is a subgroup of G. (Already proved)
To prove (H N K, =) is a normal subgroup of (G,*).
Let h € H N K be any element and x € G be any element.
Thenx e Gandh e Hand h € K
Since Hand K arenormal, x s h*x-1 € H... (1)
andx*h*xxteK ... (2)
From (1) and (2)We get,

x+xhxx1e€e HNK
Hence H N K is a normal subgroup of G.

Hence the proof.
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4.5 Homomorphism
Let (G, -) and (G',*) be any two groups.

A mapping f: G — G’ is said to be a homomorphism, if f(a-b) = f(a) * f(b)

forany a, b € G is called a group homomorphism.

Example: (i)

Let f: (Z,4+) = (Z,+) given by f(x) = 2x V x € Z isahomomorphism.
For,x,yeZ f(x+y)=2(x+y) =2x+2y = f(x) + f(y)
Example: (ii)

Let f: (R, +) = (R*, ©) given by f(x) = ex V x € R'Is a homomorphism.
For,x €ER, f(x+y)=ety=ex-evy = f(x) f(y)

Isomorphism:

Let (G, *) and (G, *) be any two groups. A mapping f: G — G’ is said to be

iIsomorphism if

(i) fisone—one
(i)  fisonto

(i) fis homomorphism
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Types of Homomorphism

(i)  Iffisone—to—one then fis monomorphism.
(i) (i) If fis onto then f is epimorphism.

Theorem: 1
Homomorphism preserves identities.
Proof:
Leta € G
Let f be a homomorphism from (G, *) and (G, *)
Clearly f(a) €G’
= f(a) xe' = f(a) (e’ —identity in G)
= f(axe) (e —identity in G)
= f(a) * f(e) (f—homomorphism)
= e = f(e) (Left cancellation law)
Hence f preserves identities.
Hence the proof.

Theorem: 2
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Homomorphism preserves inverse.
Proof:
Leta € G
Since Gisagroup,a! € G
SinceGisagroupa*xal=alxa=e
Consideraxa1=c¢e
= f(axa1) = f(e)
= f(a)* f(al) =¢e v e = f(e),f is homomorphism
= f(a™1) istheinverseof f(a) € G'
Hence [f(a)]™* = f(a )
Hence f preserves inverse.
Hence the proof.
Kernal of Homomorphism

Let f: G - G’ be a group homomorphism. The set of elements of G which are
mapped into e’ (identity in G") is called the kernel of f and it is denoted by ker(f)
ker(f) ={x € G /f(x) = e}
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Theorem: 1
Kernel of a homomorphism of a group into another group is a normalsubgroup.
Proof:
Let (G,x) and (G', @) be two groups.
f: (G,*) = (G, @) is a homomorphism.
Define ker(f) ={x € G /f(x) =€’}
Claim: Ker f is a normal subgroup of G
We know that homomorphism preserves identity.
i.e.,f(e) = e',s0'e € kerf
=Ker fis non empty.
(i) a,b € Ker f = a * b—1 € kerf then ker f is a subgroup.
a € kerf = f(a) = e by definition of ker f
b € kerf = f(b) = e by definition of ker f
Since homomaorphism preserves inverse = [f(a)]~! = f(a™?1)

Now f(a * b-1) = f(a) @ f(b1)
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= f(a) ® [f(D)]

=e @Pe

= axb-! € kerf

Hence kerf is a subgroup of G.

(iii) Let a € kerf = f(a) = e by definition of kerf

Homomorphism preserves inverses = [f(a)]~! = f(a™1)

Soflgt+axg) = [f(gl) D f(a) D f(9)
=@l ®edf9)

=[f It D f(g)

Hence by definition, g-1 xa * g € kerf
Hence kerf is a normal subgroup.
Hence the proof.

Theorem:2
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Fundamental theorem of group homomorphism

Every homomorphic image of a group G is isomorphic to some quotient group

of G.
(OR)

Let f: G —» G be a onto homomorphism of groups with kernel K, then &€ = G’

G
K
Proof:

Let f be the homomorphism f: G - G’

Let G’ be the homomerphic imageof a group G.

Let K be the kernel of this hamomorphism.

Clearly K is a normal subgroup of G.

Claim:< = G’

£
K

Define (p:f—> G byp(K*a)=f(a)forallae G
K

(i) ¢ is well defined.
Wehave K xa =K *b
>axb1l ek

= f(a *b-1) =¢ (¢ is identity)
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> fla)«f(b) =¢
= f(a) < [f(B)] " = ¢

= f(a) * [FB)]1 * f(b) = € * f(b)

= f(a) = f(b)

= (K * a) = p(K * b)

Hence ¢ is well defined.

(i)  To prove ¢ is one — one.
Toprove (K *a) = (K *b) > K+a =K * b
We know that (K * a) = @(K * b)

= f(a) = f(B)
= fa) * fb)/=FB) # Fb)
= f(b* b1)
= f(e)
> fla)+f(b) =¢
> flasbh)=e¢
>axb1ekK
>Ks*axb 1=K
>Ksa=K=xb

Hence ¢ is one — one.
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(iii) ¢ is onto.

Lety € G’

Since fis onto, there exists a € G such that f(a) =y
Hence o(K xa) = f(a) =y

Hence ¢ is onto.

(iv) @ is a homomorphism.

Now @(K xa* K *b) = @(K xa *b)
= fax b)
= fla),« f(b)

= @(K *a) * (K * b)
Hence ¢ is a homomorphism.

Since ¢ is one — one, onto, homomorphism ¢ is an isomorphism between & and G'.
K

Hencet = G’
K

Hence the proof.
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