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Definite and indefinite Integrals

Definite Integral
The integral which has definite value is called Definite Integral. In other words,
when[ g(x)dx = f(x) + C , then [f(b) — f(a)] is called the Definite Integral of g(x)

between the limits (or end values) a and b and denoted by the symbolffg(x)dx ,a is called

the lower limit and b is called the upper limit and is denoted by [f(x)]%,
Thus fb gx)dx=[f()]> = [f(b) — f(a)]

Theorem 1: If f is continuous on [a, b] , (or) if f has only a finite number of discontinuous,

then f is integrable on [a, b]

ie., fff(x)dx exists.
Theorem 2: If f is integrable on [a, b] then fb fdx = limY» f(x)Ax
i=1 i

n—oo

sziaandag —a+

n

Example : 3
Evaluate ~(x2 — 2x) dx by using Riemann sum by taking right end points as the
0

sample points.
Solution:

. b—
Take n subintervals, we have Ax = =

3
x0o=0,x1 = —,X2 =
n

Since we are using right end points.

f (x2 — 2x)dx = lim z f(x)Ax = lim z f( )(_)

n—oo n—oo

i=1 i=1
i3 "3z )] i3 "9 6
= l1im — — 2 (—)] = iIm _lZ —_ — 7
nng[( ) ( an:l[ ]
i=
= lim ° Z" iz — lim ' Z" i
n—oo Tl3 i=1 n—oo nz i=1
= lim 27 [n(n+1)(2n+1)] — lim 18 n(n+1)
- n—oo n3 6 n—oo nz 2
=lim 7 n3[1+ 2+ - lim 9n2[1+_]
n—oo 6n3 n n n—oomn

=D w@-9=9-9=0
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Example:
Evaluate the Riemann sum for f(x) = x3 — 6x, taking the sample points to be right

end pointsanda=0,b=3and n=6

Solution:
b—a 3-0 1
M=——="%""2
The right end points are 0.5, 1, 1.5, 2, 2.5 and 3
The Riemann sum is
6 6 1 1 6
Re = T fdx = X f(x) (3) == % f(x)
i=

i=1 i=1 i=1

1
= S [f(05) + f() + fA5) + f(2) + £(2.5) + f3)]
=1[-2875—-5-5625-4+0625+9] = —3.9375

Example:
Use the definition of area to find an expression for the area under the curve of
f(x) = e~* between x = 0, x = 2, Do not evaluate the limit.
Solution:
Giventhat f(x) = e*a = 0,b =2
b—a 2-0

Ax = =
n n

Sl

2
xi=a+iAx=0+i(7l)

Area under the curve f(x) = e~ between x = 0 and x = 2 is given by

A= limRr = lim ® 1f(xi)Ax
=

n—oo n—o0
. 2i 2
=lim 3" O
_n.—)oo n n—ZL'T/l 2
=lim 3 f (e O
The Mid Point
The Riemann sum which is the approximation to a given integral using the midpoint is
given by
b n
J f@dx = 3 f@Ax
a i=1
= Mx[f Q)+ + [
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Where Ax = "“and @ = '[x  +x]

n 2 i—1 i
= midpoint of [xi-1, xi]
The Fundamental theorem of Calculus

Part 1: If f is continuous on [a, b] then the function g is defined by

g(x):fxf(t)dt; a<x <b

is continuous on [a, b] and differentiable on (a, b), and g'(x) = f(x)

The Fundamental theorem of Calculus
Part 2: If f is continuous on [a, b] then fab f(x)dx = F(b) — F(a)
Where F is any anti derivative of f, that is, a function such that F' = f
Example :
Find the derivative of the following
g(x)= [+ 1dt
Solution:
Giveng(x) = [y (t2+ 1) dt
B g =%x2H4+11) (+ f(t)'= £ +11 iscontinuous by FTC1)

(i) h(x) = [{logt dt

Solution:

Given h(x) = fle logt dt
Put u=¢e*x = du=exdx = di= ex
dx
dh _ dh du

dx du dx

- %U‘lu lOgt dt]ex — logu (ex) — IOg(ex) ex = xex

(i) f) = [ Ve + Ve dt
Solution:
Given f(x) = [Vt + Vi dt

du
Put u = tanx = du = sec?xdx = _ = sec?x
dx

af _ ¢ du
dx du dx

[f:\/t + t dt] sec?x = Vu + Vusectx =

—
du

Vtan x + Vtan x sec?x
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Example :

Evaluate 136 xl dx by fundamental theorem of calculus

Solution:

The function f(x) = Lis continuous in3 < x < 6.
X

By fundamental theorem of calculus part Il, Anti derivative F(x) = logx
6
1
S ;dx = [logx]4 = log6 — log3
3

= log (69 = log2
3

Example:

Find tgle derivative of the following
(i) . (x3 —2x)dx
-1

Solution:

Given f(x) = x3 — 2x is continuous in —1 < x < 2

4 2 4
By FTC 2, Anti derivative F(x) =" -2 = x — x2
4

T
JZ, (o3 Brm) dx SIP) —IF (@) & R(2) — BE=D)
24

_ -1t _
=5-e? S e B

3 8 4 4 4
(i) 2 dx

fl/\B 1+ x?2
Solution:
. 8
Given f(x) = —— is continuous in the given interval.

By FTC 2, Anti derivative F(x) = 8tan—1 x

V3 8 _ . 1

=8tan-! (v3) — 8tan-! (%)

=8 -80" =1nr
3 6 3
(i) 9x-1 4.
1
Solution:
Given f(x)= "L =+vx— L1 = y1/2 _ 12 is continuous in the given
Vx Vx
interval.
3/2 1/2
By FTC 2, Antiderivative F(x) =~ =" _ 2 32 _ 5 172
3/2 1/2 3
binils — Android App MA8151 ENGINEERING MATHEMATICS |

binils - Anna University App on Play Store



binils.com - Anna University, Polytechnic & Schools
Free PDF Study Materials
Binils.com — Free Anna University, Polytechnic, School Study Materials

(2171 dx = F(b) = F(a) = F(9) = F(D)
1 VR
=L ¥ - 2(9"] - [1- 2]
3 3
= (18-6)— (- H =12+4"% _ »
3 3 3
Example:
What is wrong with the calculation [ sec? x dx = 0
Solution:

Given f(x) = sec?x =

- 0<x<sm
cos* x

The fundamental theorem of calculus applies to continuous function.

Here, f(x) = sec?x = is not continuous at x = Z.

cos? x 2
. 1 1
Since f (") = = =
2 cos? = 0

2

At x = "_the function f(x) = sec? x is discontinuous.
2

So [}, sec?x dx does not exist,

Example:

What is wrongwith thecalculation o3 dx _ %

f—172 T3
Solution:

The fundamental theorem of calculus applies to continuous function.

1
Here, f(x) = — isnot continuous at [—1,3].
That is f(x) is discontinuous atx = 0.So .3 & does not exist.

f—lﬁ
Example:
What is wrong with the calculation f:/B secOtan6do = -3
Solution:

i T
Given fn/3 sec 8 tan 0 d6
3
fn/3sect9 tan6 d0 = [secO|r,; = —3

The fundamental theorem of calculus applies to continuous function.

Here, f( 6 ) = sec @ tan 8 is not continuous on the interval [*, ] , since tan _= oo
3 2
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Indefinite Integral

[ g(x)dx = f(x) + C where C is the arbitrary constant of integration. By taking
different values C we get any number of solution. Therefore f(x) + C is called the indefinite
integral of g(x).

For convenience, we normally omit C when we evaluate an indefinite integral.

As the fundamental theorem of calculus establish a connection between anti derivative and
integrals. Thus [ g(x)dx = f(x) means f'(x) = g(x).

Formulae

1 [kdx=kx+C

2. [exdx=ex+ C

n+1
3. fxndx=""4C(n #1)

n+1
4. [F=logx +C
x
5. [a* dx = a*loga +C
6. [ sinxdx = —cosx + C
7. [ cosx dx =8inx + €
8. [ sec2 x dx = tanx + C
9. [ cosec? x dx = —cotx'+ C
10. [ sec x tan x dx = secx + C
11. [ cosec x cot x dx = —cosecx + C
12. [ tanx dx = logsecx + C
13. [ cotx dx = logsinx + C
14. [ secx dx = log(secx + tanx) + C

15. [ cosec x dx = log( cosec x — cotx ) + C
16. | 4= = tan~lx+C
1+x

17-fd_x= sin"lx+C
V1—x2

18. [ sinhx dx = coshx + C
19. [ coshx dx = sinhx + C
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Example:
Evaluate j"#dx

Solution:

O 2t dx

leenJ
= f(_+ 2_+ 14) dx = f(1_+ 2x3 + x=4) dx
X

X X

x—3

= logx + 2 4
(=2) (—3)

1
= logx — -5+ C
Example:
Lp

X

Evaluate [~
Solution:
3_ o
Givenfx ¥
= f(x2 2/_) dx = [(x2 — 2x~1/2) dx
=" — + €6 = x3 — 4 x+C
J

3 W 3
Example:
Evaluate [(x2/5 — x-3/5)" dx
Solution:
Given [(x2/5 — x=3/5)* dx
= JIG9 + (¥9) = 20(/5) (x5 da]

= [[x*/5 + x6/5 — 2(x~1/5) dx]

4
41 =6 =1
5 x5 1 x5 1

(G+D (31 (—5+D)

=Sx9/5 5y VS — Lx5 4 ¢

Example:
Evaluate [ x2 (1 — x)% dx
Solution:
Given [ x2 (1 — x)? dx
=[x2(1+ x2— 2x) dx
= [(x? + x* — 2x3) dx
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="+ _—-2_+4+C
3 5 4
Example:
1
Evaluate [ dx
1+sinx
Solution:
) 1
leen f 1+sin x
1 1 ,
dx = f 1—sinx dx
1+sin x 1+sinx 1-—sinx
_  1-=sinx _ ¢ 1-sinx
o J 1—sin? x dx _J cos?x dx
" .
= [[sec?x —secx tanx] dx [+ =secx; - _ tan x]
COos Xx COosXx
=tanx —secx + C
Example:
in2
Evaluate [ *™ *
1+cos x
Solution:
. in? 1— cos? ,
Given [ " dx = [T % dx [ sin2x =1 — cos? x]
1+cos x 1%cos«x
— f (1*=cos x) (1+cos X) » [ az _ b2 4 (a _ b) (a + b)]
(1+cos x)
= [(1™= cosx) dx
=x—sinx+C
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Substitution Rule
Substitution Rule:

Let us see the suitable substitution to convert the given integral into a standard form.

The integrand of the form

(i) [ F(FG0) £ (x)dx (i) [ (F )" f (x)dx
(i) L& dx )L 4y
Ci69) F(f(x)
W[ dx Vi)[ eff (x)dx
f

Substitute u = f(x) ~ du = f'(x) and then proceed.
Algebraic functions:
Example:

(i) Evaluate[ v2x + 1 dx.

Solution:

Put u=2x+1 = du = 2dx = dxzd_u
2

1 472

a du
f\/u7 = E[%]+C

[VZx FTdx

2 3 (2x41)/2
- B / = +C
2X3 (u) 2 3

ii)Evaluate | _1
(i) J i)t dx.

Solution:

Putu=ax+b = du = adx = dx=_

G
ut a

= [ u-tdu

1
f (ax+b)* dx = J

= a+c = 21 J+c
3a u3 3a (ax+b)3

(iii) Evaluate [ x5vVx2 + 1dx.
Solution:

Put u=x24+1 = x2=u—-—1; du=2xdx=>xdx=d_u
2

[x5vx2 + 1dx = [x*Vx2 + 1xdx
= Vo (u—-1)2"
2
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= vVaru? — 2u+1) du
2

=1 fsz — 232 +w1/2) du
2
1 72 2052 —u3/2) + C
T2 (7/2 5,2 3/2

7/2 5/2 u3/2
= 2 - )+ ¢
7 5 3

w2+ )? 202+ )
= T3 )t ¢

x2

(iv) Evaluate [ dx

x+5
Solution:
Given [

x2

mdx

Putu=vVx+5 = du=___ 44

u2=x+5 =2x=ut-5 = x2= (u2-5)2 = ut*—-10u2+25

/

\/ji_sdx = [(u* = 10u2+ 25) 2 du = 2 [(u* — 10u? + 25)du

5 3
=2 [L—10 2% 25u] + C
5 3

=2+572-2x+52450(x+5)"2+C
5 3
1
v)Evaluate [~
) J T 0
Solution:

. 1
Given |
J T

Putu=1++x = du=_"_dx = Zduzidx
2vx Vx

-1
= [L2du =2[u?du =2 cH+c¢
u? -1

=-+¢

u

2
B 1+\/J?+ ¢

1
(vi) Evaluate [ %—3 dx
X
Solution:
(1+vx) "/
Given [Py

X
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Put u=1++x =>du=1_dx =>2du=idx

2vx Vx
1
f_(1+—\/x)_/3dx — ful/?,zdu = 2fu1/3du:2 u4_/3+C
& (4/3)

=l s+
2
=2a+vn'ts+c
2

Logarithmic functions:
Example :

fi) Evaluate [ gy

ogx
x

Solution:

: !
Given [ 2%

dx

X

Put u =logx = du= L dx
X

2 2
flogx dx = fudu — u_+ C — (logx) +C
x 2 2

2
(i) Evaluate: [ £°7" dy

X

Solution:

2
Given ™ 9 gy

X

Put u = logx = du= _dx
X

2 3 3
f(logx) dx = [uPdu="+C = Uog” 4 ¢
X 3 3

(iii)Evaluate [ *"#*°9%) gy

X

Solution:
Given [ —Sin(zilog") dx

Putu=2+logx = du="_dx
X
[3mCHO90 gy = [sinudu= —cosu+ C
X

= —cos(2 +logx) + C
(iv) Evaluate [ % _

xJ/logx
Solution:

Given [_“

xVlogx

Putu = logx =du= L dx
X
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& = ("=oyw+ ¢ =2Vlogx+ C
xlogx Vu

(v)Evaluate [ secxlog(secx + tanx) dx
Solution:

Given [ secxlog(secx + tanx) dx
1

(secx+tanx)
= du = sec(tanx+secx)
o (secx+tanx)
uZ
=fudu= _+C
2

= 1_[log(secx + tanx)]? + C
2

Exponential functions
Example:
(i)Evaluate [ ecosxsinx dx
Solution:
Given [ ecosxsinx dx

Putu = e®sx = du = e s¥(—sinx)dx
Jewssincdx = [(—du) =% fdu =~u+L = —eo*+C
(ii)Evaluate [ e*’x2dx

Solution:

. 3
Given [ ex x2dx

3 3 du 3
Put u= e = du= e*3x%2dx > 3 = ¢ x2dx
1 5
<e3xdx=_du =1f 1 4+ C
X 2 _ _  — —
J J3 3 du —3u+C —Se
i) Evaluate [-_dx
Vx
Solution:
. e‘/x
Given [__dx
Vx
v oy 2d e&d
Put = x = d = —dax = u=—dx
utu e u 2\/; \/)_C
oVE .
J—dx=[2du =2fdu =2u+C =2ex+C
Vx
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-1
etan™ “x

(iv) Evaluate [ —-—— dx

Solution:

tan™1x

Given [S—— dx

14x2

1
Put u = tan—1x du = > dx
14+x

an_lx
dexz [ewdu = e +C

1+x2
— etan_lx +C
v) Evaluate | —1
( ) J ex+e—x dx
Solution:
. 1 - e¥dx
Given | — =
fex+§ dx J e2x4+1

Putex = u = exdx = du

__  du

- Juz+1

= tanlu+C =tanlex+C
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Techniques of integration

Integration by parts
If the integrand is either a product or quotient of polynomial and a transcendental
function such as trigonometric, exponential or logarithmic function then have to develop
different methods to evaluate them.
J fG)g'()dx = f(x) g(x) — [ gGf (x)dx

The above formula is called the integration by parts.
Let if we take u = f(x) and v = g(x)
Then the above formula becomes udv = uv — [ vdu
To choose u, we should follow the following order

| — Inverse function

L — Logarithmic function

A — Algebraic function

T — Trigonometric function

E — Exponential function
Note:
The generalized integration by parts formula‘is known as Bernoulli’s formula

Bernoulli’s formula states that

Judv =w —uvi + u'va — u'vs + -

Where v1, v2, v3, ...are functions obtained by integrating v successively with respect to x and
u,u’, ... are functions obtained by differentiating u successively with respect to x.
Example:

Evaluate [ xe—*dx

Solution:
Letu=x dv = e *dx
du = dx V= —eX
[udv = uv — [vdu
[ xe=*dx = x(—e=*) — [ —e~* dx
= —xe*+ [e*dx
=—xe*+ (—e™)+C=—(xe*+e*+()
=—e*(x+1)+C
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Example :

Evaluate [ x*logxdx

Solution:
Letu = logx dv = x*dx
5
du = “dev= [xtdx="
x 5
[udv = uv — [vdu
5 5
[ x4logxdx = (logx) (x?) —f %de
x° 1
= ?logx— gf xtdx
x5 1 x5 x5 x5
= glogx—§?+ C= Elogx—£+ C
Example :
Evaluate [(log x)? dx
Solution:
Letu = (logx)? dv = dx
du= 2logxl) dx v =Jfdx =
X

[udv = ww = [vdu
[(logx)2%dx = (logx)%x — [ (x 2 logx () dx)
= x(logx)? — 2 [ logxdx ... (1)

Take [ logxdx
Letu = logx dv =dx

du = ldx v=[dx=x
fudv =uv — [vdu
[logxdx = (logx)(x)—fxidx = xlogx— [dx = xlogx —x
(1) = [(logx)2dx = x(logx)? — 2 [xlogx — x] + C

Example :

Evaluate [ xsec22xdx

Solution:
Letu =x dv = sec?2xdx
du = dxv = [ sec?2xdx = %
2
binils — Android App MA8151 ENGINEERING MATHEMATICS |

binils - Anna University App on Play Store



binils.com - Anna University, Polytechnic & Schools
Free PDF Study Materials
Binils.com — Free Anna University, Polytechnic, School Study Materials

[udv =uv — [vdu
IXSQCZZXdX — ( )(tan 2x ftan 2x dx
2

1 1
= _xtan2x — _[ tan 2xdx
2 2

——xtan2x ;%CZX)]+C

2
= "xtan2x — ilog(sec 2x)+C
2 4

Example :

Evaluate [ xsin2xdx

Solution:
Letu =x dv = sin?xdx
1 1 in2
du = dx v=_[(1-cos2x)dx = _(x =)
2 2 2
fudv =uwv — [vdu
. 2 2
[ xsin2xdx = * (x = 2" _f (x — 2%
x2 xsin2x 1 sin2x
=—-"—"—"——| (x——9dx
2 4 zf ( 2 )
- ﬁ_ XSIN2%., l(9i+ cost) +C
2 4 2% 2
- xi__ xsin2x xz___ cos2x/ +C
2 4 4 8
_ xi__ xsin2x _ cos2x +C
4 4 8
Example :
Evaluate |
1+cosx
Solution:
X X
[+ 1+ cosx = 2cos? 7]
1+cosx 2
1
= _f xsec?"dx -+ (1)
2 2
Let u=x dv = sec? _dx
2
x tan(3) x
du = dx v=[sec dx = = 2tan
2 — 2

2

[udv = uv — [vdu
MH=[_" dx=1_[x(2tan{)—f2tanx_dx]
2 2 2

1+4cosx

x log[sec(x)
= xtan_ - —
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= xtan_— 2 log [sec (D] +C
2 2
Example :
Evaluate [ ——dx
1+sinx

Solution:

P

dx = f x (1—sinx)

1+sinx (1+sinx)(1—-sinx)

— f x (1-=sinx) dx = f x (1-sinx) I

1—sin2x cos?x
= [(xsec’x — xsecxtanx) dx
= [ xsec?xdx — [ xsecxtanxdx ...(1)
Take [ xsec2xdx
Letu = x dv = sec’xdx

du = dx v = [ sec?xdx = tanx

[udv = uv — [ vdu

[ xsec2xdx = (x)(tanx) — [ tanxdx

= xtanx — log(secx) ...(2)
Take [ xsecxtanxdx
Letu =x dv = secxtanxdx
du = dx v = [ secxtanxdx = secx
fudv=uv— [vdu = [xsecxtanxdx = (x)(secx) — [ secxdx

= xsecx — log(secx + tanx) ...(3)

(@8] = [ ~__ dx = xtanx — log(secx) — xsecx + log(secx + tanx) + C [+

1+sinx

by(2)and(3) ]

Solution:
Let u=x2+2x, u=2x+2, u' =2, u' =0
dv = cosxdx, v = sinx, V1 = —COSX, U2 = —Sinx
Judv = uwv —uvi + u'v2 — -
J(x2 + 2x) cosxdx = (x2 + 2x)sinx — (2x + 2)(—cosx) + (2)(—sinx) +C
= (x2 4+ 2x — 2)sinx + (2x + 2)(cosx) + C
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Example :
Evaluate [(x2e?*) dx

Solution:
Let u = x2, u = 2x, u' =2,
2x
dv=e2xdx,v=e_, v o_ex oy _ e
2 177y 27 g
Judv = uw —uvi + u'v2 — -
2x 2x 2x
[(x2e2)dx = (x)°_— 20)°_+ () °_+C
2 4 8
2x 2x 2x
=) - +° +C
2 2 4
Example :

Evaluate [ e*cosxdx

Solution:

Letu = ex dv = cosxdx

du = exdx v = [ cosxdx = sinx

[ udv = uv — [ vdu

.. (D)

| = [ eXcosxdx.= efsinx = [ sinxexdx

Take [ e*sinxdx
Let u=ex dv = sin xdx

du = exdx
fudv =uwv — [vdu
[ exsinxdx = (e¥)(—cosx) — [(—cosx)(e*) dx
—e*cosx + [ e*cosxdx = —excosx + I

v = [ sinxdx = —cosx

(1) =1 =ersinx — [—e*cosx+ 1]+ C
I = exsinx + excosx — I + C
21 = exsinx + e*cosx + C

I = l[exsinx + excosx] + C
2

~ [ excosxdx = °_[sinx + cosx] + C
2
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Example :

Evaluate [ e?*sinxdx

Solution:
I = [ exxsinxdx ...(1)

Let u = sinx dv = e?xdx

du = cosx dx v=__

Take I1 = [ e2x cosx dx

Let u = cosx dv = e?xdx

. e
du = —sinxdx v =

2

’ (—sinx )dx

2x 62
2

I =cosx® — |
1 2

2x 1 .
=" cosx +_ [ e?*sinxdx
2 2

2X 1
=% cosx +.1
2 2

e?x |, 1 e2% 1
2)=>I'="__sinx — _|__cosx +¥"]]
2 2 2 2
2x 2x
e . e 1
I =__sinx —_cosx — I
4 4
1 e?x | e2x
I+ 1 = Sinx — __ cosx
4 2 4

N

e2x ]
5] = __(2sinx — cosx)
4 4

2x
o 1 =°_(2sinx —cosx)+ C
5
Example :

Evaluate [ tan-1xdx. Alsofind fol tan-lxdx
Solution:
Let u = tan—1x dv = dx

du = !

dxv = [dx =x

1+x2

[udv = uv — [vdu

[ tan-txdx = xtan-1x — [ x (_*

) dx

14x2

= xtan~'x — [ (=) dx ... (1)

1+x2
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x
14x2

Take | ( ) dx
Putt = 14 x2, dt = 2xdx

J(*Dde =[""dt="["de = llogt = "log(1+x?)
1+x2 t2 2t 2 2

(1) > [ tan—lxdx = xtan—lx — ilog(l +x2) +C ...(2)
2
To find fol tan—1x

PR SRR O O CRA I
(2= [,m x='xtan x- 2108 T+x ]0
. 1 1
=tan 1-0- [ElogZ—Elogl]
T 1
:Z—Elogz [+ log1l = 0]
Reduction Formula

(1) Find the reduction formula for [ sin®x dx ;n > 2 is an integer
Solution:
Consider In = [ sinnx dx = [ sin*1x sinx dx

We know by the method of integration by part

Judv=uv— [vdu

Let u = sin*1x dv = sinx dx;
du = (n — 1)sinn2x cosx dx v = [ sinx dx = —cosx
In= —cosx sin"1x — [(—cosx)(n— 1)sin"=2 x cosx dx

= —cosx sin*1x + (n — 1) [ cos? xsin"2x dx
= —cosx sinlx + (n — 1) [(1 — sinZx) sinv2x dx
= —cosx sinnlx + (n — 1) [ sinn2x dx — (n — 1) [ sinnx dx

= —cosx sinnlx + (n— 1) [ sinn2x dx — (n— D

In+ (n—1DIn = —cosx sinnlx + (n— 1) [ sin"2x dx
nln = —cosx sin1x + (n — 1) [ sin*2x dx
I = — cosx sin™ 1x , (n—1) Jr sin”_zx dx
n T

n

The ultimate integral is o or I1
neven:lo= [dx =x+ C [Putn=0in(1)]
nodd: I1 = [ sinx dx = —cosx + C [Putn=1in(1)]

(1) Find the reduction formula for [ cosnx dx;n > 2 is an integer
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Solution:

Consider In = [ cosmx dx = [ cos"1x cosx dx

We know by the method of integration by part
fudv=uv— [vdu

Let u = cos*1x dv = cosx dx

du = (n — 1)cos™2x (—sinx)dx v = [cosx dx = sinx
In = sinx cos"1x — [(sinx)[—(n — 1)cos"2 x sinx] dx

= sinx cos"~1x + (n — 1) [ sin? xcos"2x dx

= sinx cos"x + (n — 1) [(1 — cos?x) cos"2x dx

= sinx cos"lx + (n — 1) [ cosn2x dx — (n — 1) [ cos™x dx

= sinx coslx + (n— 1) [ cos"2x dx — (n— DI
In+ (n— DIn = sinx cos™x + (n—1) [ cos™2x dx

nln = sinx cos™x + (n— 1) [ cosn2x dx

sinx cos™ x n—1 _
I, = 4+ ¢ n) { cos"%x dx

n

The ultimate integral'is o or I1

neven: Io = [ daw='x + C'[Putn = 0lin (1)]

nodd: I1 = [ cosx dx = sinx + C [Putn=1in (1)]
(111) Find the reduction formula forfO'T/2 sin™x dx
Solution:

. 2.
Consider |, = fon sinnx dx

cosx sin™ 1x

We know that [ sinmx dx = — + "L [ sinn2x dx

n n
/2 n cosx sin™® 1x /2 n—-1 mn/2 n—2
[y sin xdx=[-——— ]0 +—f, sin xdx

=0 +n__1fn/2 sin"2 x dx
n 0

n-1 n-3 (/2 . ,_
e R e e P
n n-=2Y0

n-1 n-3 n-5 (/2 . ,_
- S (/2 Gin=6 x dx
—2 n—470

If n is even then,
I = /2 dx = (x)”/z = T_ 0 = m
f() 0 2

N1}
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If n is odd then,
/2

I = fﬂ/z sinx dx = (—cosx) =—cos "+cos0 =0+1= 1
0 0 2

Thus,

/2 n—-1n-3 n—-5n-7 1
m=27n"n=-4n=-6 2 2’
fsn "xdx=o{ 1n-3 p-5 n-7 2

0 n n—-2 n-4 n-6 '3 1, if nisodd
(1V) Find the reduction formula forfo cosnx dx

if nis even

Solution:

. /2
Consider In = ["" cosnx dx

sinx cos™1x

We know that [ cosnx dx = + "7V [ cosn2x dx

n n
/2 n sinx cos™ 1x /2 n—-1 m/2 n—2
J, cos xdx= [f]o +—f, cos xdx
=0+"" L2 cost 2 x d
n 0
=1L n3 T2 st x dx
n. n—2"0 /2
_ -1 n-3_n-s cos"® x dx
b o=l
L pol) 3 Sy n L4l |
n 2 n—4 n—
If n is even then,
I = [dx = @Y ="-0 =~
0 2 2
If nis odd then,
I = [ cosxdx = (sinx)™? =sin"—sin0 =1-0= 1
0 0 P
Thus,
n/2 n-1n-3 n=5n-7 1 = ‘ .
n mT=2m=4 =6 2 2 if nis even
J @ xdx—{n—1n3n5n7 2
0 n n—2 n—4 n—6 '§.1, if nisodd

(V) Find the reduction formula for [ sec® xdx, n > 2 is an integer.

Solution:
Consider In = [ secr xdx = [ secn2 xsec?xdx ...(1)

We know by the method of integration by part
fudv=uv— [vdu

binils — Android App

MA8151 ENGINEERING MATHEMATICS |

binils - Anna University App on Play Store



binils.com - Anna University, Polytechnic & Schools
Free PDF Study Materials
Binils.com — Free Anna University, Polytechnic, School Study Materials

Let u = sec"2x dv = sec?x dx
du = (n — 2)cos™3x (secxtanx)dx v = [ sec’x dx = tanx

In = secn2x tanx — [(tanx)[(n — 2)sec™3 x secx tanx] dx
= sec"2x tanx — (n — 2) [ tan? x sec"2x dx
= sec2x tanx — (n — 2) [(sec?x — 1) secn2x dx
= sec2x tanx — (n — 2) [ secnx dx + (n — 2) [ secn2x dx
= sec2x tanx — (n — 2)In + (n — 2)In—2

In+ (n— 2)In = sec2x tanx + (n — 2)In-2

(n—1)In = sec"2x tanx + (n — 2)In—2

1 n-—2
| = sec"—2x tanx + I

n—1 n—1

n—2
The ultimate integral is Io or I1
neven : Io = [dx =x+C [Putn=0in(1)]
nodd : I = [secxdx =log(secx +tanx)+C [Putn=1in(1)]
(V1)  Find the reduction formula for [ cosecm xdx, n = 2 is an integer.
Solution:
Consider In = [ cosecnxdx = [‘cosecn—2 x cosecxdx ... (1)
We know by the method of integration by part
fudv=w— [vdu
Let u = cosec™2x dv = cosec?x dx
du = (n — 2)sec3x (—cosecx cotx)dx v = [ cosec’x dx = —cotx
In = cosecn—2x (—cotx) — [(—cotx)[(n — 2)cosecn=3 x (—cosecx cotx)] dx
= —cosecn2x cotx — (n — 2) [ cot? x cosec—2x dx
= —cosec2x cotx — (n — 2) [(cosec?x — 1) cosecn—2x dx
= —cosecn2x cotx — (n — 2) [ cosecx dx + (n — 2) [ cosec2x dx
= —cosec2x cotx — (n — 2)[n + (n — 2)In—2

In+ (n— 2)In= —cosec2x cotx + (n — 2)In—2

(n—1)In = —cosec®2x cotx + (n — 2)In—2
1 -2

I = —  cosecr2x cotx + "I

n n—1 n—1 n—2

The ultimate integral is lo or I1
neven : Io = [dx =x+C [Putn=0in(1)]
nodd : I = [cosecxdx =log(cosecx — cotx)+ C [Putn=1in(1)]
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(VII) Find the reduction formula for [ cotm xdx, n # 1
Solution:
Consider In = [ cotr xdx = [ cotn2x cot?x dx ... (1)
= [ cotr2x (cosec?x — 1) dx
= — [ cotr2x (cosec?x)dx — [ cotn—2x dx
= — [ cotr-2x d(cotx) — In—2
= _n—ilcotn_lx -1,
The ultimate integral is o or I1
neven : lo = [dx =x+C [Putn=0in(1)]
nodd : I = [cotxdx =log(sinx)+C [Putn=1in(1)]
(VHI)Find the reduction formula for [ tan® xdx, n # 1
Solution:
Consider In = [ tan®xdx ...(1)
= [ tan"2x tan?x dx
= [ tan"2x (sec?x — 1) dx
= [tann—2x Sec?xdx — [ tan™2x dx
= [ tan"2x d(tanx) — In%
= n—iltan”_lx — I
The ultimate integral is lo or I1
neven : lo = [dx =x+C[Putn=0in (1)]
nodd : I = [tanxdx =log(secx)+ C [Putn=1in(1)]
Example:
i) Evaluate [ sin’x dx
Solution:
Given [ sin7x dx
cosx sin™ Lx

We knowthat I = — +7:f sinn2x dx --- (1)

n n n

Put n =7 in equation (1)

0 7—1
cosx sin’ " x 7—-1 .
- + [ sin72x dx

7 7
6
+°f sinsx dx - - (2)
7

[ sin7x dx =

. cosx sin°x
[ sin’7x dx = —
7

Put n =5 in equation (1)
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. in*x 4 .
[sinsxdx = —"""""" 4" [ sindx dx -+ - (3)
5 5
Put n =3 in equation (1)
; n?x | 2 .
[sinSx dx = =" +° [ sinx dx
3 3
_ _ cosx sin®x + 2_(—COSX)
3 3
; ) in* 4 —sin? 2
- ( 3) gu]es f Sln5x dx — _COSX sin’'x + _[ Sin“x cosx _ _COS_’X']
5 5 3 3
cosx sin*x L T 2 8
= - — __SIin?x cosx — _ cosx
5 15 15
and (2) gives
. 7 cosx sin®x | 6 (—sin*x cosx . 2 8
[sin’x dx = — + [ — _sin® x cosx — __ cosx]
7 7 5 15 15
1 6 6 . 4 8 . 16
= —_ cosx sinx — _sin*x cosx — _ — sin?x cosx — _cosx
7 35 35 35
(i) Evaluate [ cos*x dx
Solution:
Given [ cos*x dx
j - -1
Weknow that] = *"* ¥ 4 @ )f cos"2x dx --- (1)
n n n

Put n =4 in equation (1)

sin x cos x

[eostx dx = 3 chsaxcvax
4

__sinxcosx | 3 1+ cos 2x
=Tt

sin x cos’x 3 sin 2x
=22 2 T (x + )
4 8 2

(iii)Evaluate™* sin” x dx
Solution:
. n/2 .,
Given [ " sin” x dx
We knowthat . 7/2sin® xd _ n-1
. -
Put n =7 in equation (1)
s xdx = (CH () (2 ()
0 7 7-2 74
6y 4y 2
=00 @
7 5 3

n-3 n—5

2 1, whennisodd ---(1)

. n—7
n—6 3

n—4

N

n n—

T/

(iv)Evaluate % cos10 x dx

0
Solution:
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: 2
Given fon/ cos'0 x dx

We know that fn/Z cos™ x dx =
0

1 =n ,
n-1 n-3 n-5 n-7 **+ -, whenniseven ---(1)

n—4 E E

N
o))

n

S
S

Put n = 10 in equation (1)

/2 n _ 10-1, ~10-3, (105, (107, 10-9,
Jo cos™ x dx = ¢ 10 )‘10—2 ) (10—4) (10—6)( 10 )(2)

9, 75 /5y 34 1 63
=000 =Zn
100 8 6 4 2 2 512
(v) Evaluate fon sin2x dx
Solution:
. m .
Given [, sin?x dx
Tsin2x dx = & (1—cos 2x) dx
0 0 2
_1 (1 - cos 2x) dx
270
_ 1 _ sin 2x "
T2 (x 2 )0

=@ -1 - 0 - T
2 2 0

Zln-020+0)="
2 2

(vi) Evaluate fon/ 2 sin?" 1 x dx

Solution:

2n+1

. 2 .
Given foﬂ/ sin®™t1 x dx

2 .1, whennisodd ---(1)

We knowthat 7/2sin*xd _ n-1 n-3 n-5 n-7
0 n n—2 n-4 n-6 3
Putn=2n+1inequation (1)
j2sinnxd = @ntD-1 @ntD-3  @n+D)-5 ... 1
0 il 2ntD)—2 (2nt1)—4
_ 2 22 w4 ...0 0402
2n+1 2n—-1 2n-3 7 5 3
(vii) Evaluate [ tan? x dx
Solution:
Given [ tan? x dx
[ tan? x dx = [(sec?x — 1) dx
= [sec2x dx — [ dx
=tanx—x+C
(viii) Evaluate [ tan3 x dx
Solution:
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Given [ tan3 x dx
[ tan3 x dx = [ tan? x tanx dx
= [(seczx — 1) tanx dx
= [ sec2x tanx dx — [ tanx dx
= [ tanx d(tanx) — [ tanx dx
_ tan’x

= — logsecx + C
2

(ix) Evaluate f://f cot? x dx
Solution:

. 2
Given f://e cot? x dx

/2 /2
fn/é cot? x dx = fn/6 (cosec? x — 1) dx

(/2 5 /2
—fn/6 cosec? x dx — fn/6 dx

= [—cotx]™/2 — [x]™/2
/6 /6

=0- () -C-OH=+Vv3—'=n
2 6 3
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TRIGONOMETRIC INTEGRALS

() Products of powers of sines and cosines
Evaluating [ sinmxcosmxdx
Case (i) If nisodd (n = 2k + 1), then
[ sinmxcos?k+ixdx = [ sin™ x(cos?x)*cosxdx
= [ sinmx(1 — sin?x)*cosxdx
Here, substitute u = sinx
Case (ii) If mis odd (m = 2k + 1), then
[ sinZk+1xcosnxdx = [(sin? x)kcosnxsinxdx
= [(1 — cos?x)*cosrxsinxdx
Here, substitute u = cosx
Note: If both m and n are odd apply case (i) or case (i)

Case(iii) If both m and n are even, use half- angle identities

. 1 1
sin?x = _(1 — cos2x), cos?x = _(1 + cos2x)
2 2
2 o m—1 2 1
J"/ sinmxcostxdx = m-3
0 m+nm+n—2 3+nl+n
(if mis odd,.n may be even or odd)
m+=1 m-3 1in—In=8 2 1

m+nm+n—2"""24n n n-2""3
(if miseven, nis odd)

m—1 m-3 1 n-1n-3 1n

m+nm+n—2"""24n n n-2" 22

(if mis even, nis even)

(1) Products of powers of secx and tanx
Evaluating [ tanmxsecnxdx
Case (i) If misodd (m = 2k + 1), then
[ tan?k+1xsecnxdx = [(tan? x)ksecr—lxsecxtanxdx
= [(sec?x — 1)*secr—1xsecxtanxdx
Here, substitute u = secx
Case (ii) If niseven (n = 2k), then
[ tanmxsec?xdx = [ tan™ x(sec?x)* 'sec2xdx
= [ tan™x(1 + tan?x)*"'sec?xdx
Here, substitute u = tanx

(1) Products of sines and cosines of multiples of x

binils — Android App MA8151 ENGINEERING MATHEMATICS |

binils - Anna University App on Play Store



binils.com - Anna University, Polytechnic & Schools

Free PDF Study Materials
Binils.com — Free Anna University, Polytechnic, School Study Materials

Evaluating [ sinmx sinnxdx, [ sinmx cosnxdx and [ cosmx cosnx dx

Use the following identities

1
sinmxsinnx = —[cos(m —n) x — cos(m + n) x]

2
1 . :
sinmxcosnx = 3 [sin(m — n) x + sin(m + n) x]
1
coSMXCcosnx = > [cos(m —n) x + cos(m + n) x]
Example:
(i)Evaluate [ sin® xcos3xdx
Solution:
Given [ sin® xcos3xdx Here m = 6, n = 3 (odd)

= [ sin® xcos?xcosxdx

= [ sinbx(1 — sin2x)cosxdx .... (1)

Put u = sinx; du = cosxdx
M= fu(1—ud)du = [(ub—ud)du
L
7% 9

in7 in9
sin’x | sin’x
= = +C
7 9

(ii) Evaluate [ sin? (rx)cos5(mx)dx
Solution:
Given [ sin? (mx)cos>(mx)dx (Herem=2,n=5 (odd))
= [ sin? (mx)cos*(mx) cos(mx) dx
= [ sin? (mx)[1 — sin?(mx)]? cos(nx) dx ... (1)
Put u = sinmx; du = mcosmxdx

1) > [uw(1- uz)zi = _1fu2(1 —2u? + ut)du

Vs s
= 1_f(u2 — 2u* + u)du
Vs
3 5 7
=1E-2 44
T 3 5 7

= 1_sin3(nx) — 2_sin5(7tx) + 1_sin7(7tx) +C
3 5w 7

Example:
Evaluate [ sin5 xcoszxdx
Solution:

Given [ sin5 xcos2xdx (Here m=5 (odd), n=2)
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= [ sin* xcos?xsinxdx
= [(1 — cos?x)?cos?xsinxdx .... (1)
Put u = cosx; du = —sinxdx
(D> A -u)?u2(—du) = — [(1-2u? +ub)uidu
= — [(u? — 2u* + us)du
3

5 7
S Y
3 5 7

= —51 cos3(x) + 20055(x) — ;cos7(x) +C
Example:
Evaluate [ cos?xsin2xdx
Solution:
Given [ cos? xsin2xdx
= [ 2sinxcosxcos?xdx
= [ 2sinxcos3xdx  (Here, m=1,n=3)

= 2 [ sinxcos3xdx ... (1)

Put U = cosx; du ="—sinxdx
(1) = 2 [ud(—du) = =2 uddu
4
= Spd¥ ic = —1_cos4x +c
4 2
Example:

Evaluate [ sin2 xcos*xdx

Solution:
Given [ sin? xcos*xdx (Here, m=2, n = 4)
_ 1—cos2xy ,1+cos2xy 2 dx
=/ ) )
=1 (1 = cos2x)(1 + 2cos2x + cos?2x)dx
8
=! J(1 + cos2x — cos?2x — cos32x)dx
8
=! [x + ' sin2x — [(cos?2x + cos32x)dx] ... (1)
8 2
[ cos?2xdx = [ ™ ax = “(x + Lsinax)
2 4
[ cos32xdx = [ cos?2xcos2xdx = [(1 — sin?2x) cos2xdx
Put u = sin2x; du = 2cos2xdx
o [cos32xdx = [(1- W™ = —f] = ! [sin2x — ! sin32x]
2 3 2 3
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1= ! [x + Ysin2x — x — Lsindx — Lsin2x + 1_sin32x] +C
8 2 2 8 2 6

=! [_1 x — ' sindx +_ sin32x] + C
8 2 8 6
1 1 . 1 .

=__[x — _sindx + _sin32x]| + C
16 4 3

Example:

(i)Evaluate [ tanxsec3xdx

Solution:
Given [ tanxsec3xdx (Here m=1 (odd))
= [ sec?x(secx tanx)dx
Put u = secx; du = secx
tanxdx

sec3x

+C

3
= [utdu =" +C=
3 3

(i))Evaluate fon/ 3 tansxsectxdx
Solution:
Given fon/g tanSxsec*xdx. (Here m =5 (odd))
/3
= fo tan*x sec3x (secx'tanx)dx

= fon/g(Seczx — 1)%sec3x(secx tanx) dx ...(1)
Putu=secx whenx=0=>u=1

s
du=secxtanxdx x=_ =y =2
3

. 2 2 R
D)= [[@-1)?wdu = [[(u*-2u?+ 1Dud du

=f12(u3—2u5+u7) du
N VL e

4 6 8 1
=@-+3-(-1+H =
3 4 3 8 8

Example:

(i)Evaluate [ tan?xsecxd x

Solution:
Given [ tan?xsect*xd x
= [ tan?xsec?x sec?x d x
= [ tan?x(1 + tan?x)sec?x dx ... (1)
Put u = tanx ; du = sec?x dx
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D= fw(@+ud)du = [(u? +ut)du
u3 u5
= +Y+cC
3 5
=1 tan3(x) + EtanS(x) +C
3 5
(ii)Evaluate [ tanxsec?xd x
Solution:
Given [ tanxsec?xd x
Put u = tanx ; du = sec’x dx
= [udu
uZ
=l]+c=1m @) +c
Example:
(i) Evaluate[ sec3x dx
Solution:
Given | = [ sec3x dx = [ sec?x secx dx
Put u = secx dv = sec?x dx

du = secx tanx dx v = [sec?x dx =.tanx
Judv =w — [vdu

| = (secx)tanx — [ tanx ( secx tanx )dx
= (secx)tanx — [ tan2x secx dx
= (secx)tanx — [(sec?x — 1) secx dx
= (secx)tanx — [ sec3x dx + [ secx dx
= secx tanx — I + log( secx + tanx )
2] = secx tanx + log( secx + tanx)

I =lsecxtanx +! log( secx + tanx) + C
2 2

(ii)Evaluate [ tanZx secx dx

Solution:
Given [ tan?x secx dx = [(sec?x — 1)secx dx

= [sec3x dx — [ secx dx

= Lsecx tanx + ilog( secx + tanx) — log( secx + tanx) + C
2 2

Using example (3.53(i))
= " secx tanx —ilog( secx + tanx) + C
2 2
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Example:

. 2 .
(i) Evaluate fon /2 sin7x cosSx dx

Solution:
. n/2 .
Given [ ' sin’x cosox & (Herem=7,n=5)
. -1 .
|/ sinmxcosmxdax = " m3 2 1 (misodd, neven or odd)
0 m+nm+n—2 """ 34+n1l+n
7173 2 1
T 745745-2 7345145
6 4 2 1 1
=)0 0O =—
12 10 8 6 120

(i))Evaluate f:/z sin’x dx
Solution:

Given fon/z sin’x d (Here m =7 (odd) , n = 0)
Jﬂ/z sinmxcosnxdx = "L m=3 2 1 (mis odd, n even or odd)
0 m+nm+n—2 """ 34+nl+n

— - 6, 4\ 2 16
=27 2 L=0000) =_
7+07+0-2  3+01+0 7 5 3 35

Example:
i)Evaluate [ sin 4x cos 5x dx
Solution:
Given [ sin 4x cos 5x dx
We know that, sinAxcosBx = %[sin(A —B) x +sin(4 + B) x]

= if[sin(—x) + sin9x]dx
2

= ff(—sinx + sin9x)dx
2

=! [cosx — ! cos9x] + C
2 9

ii)Evaluate [ cos 3x cos 4x dx
Solution:
Given [ cos 3x cos 4x dx

We know that cosAxcosBx = 1_[cos(A —B)x + cos(A + B) x]
2
=1 [(cosx + cos7x)dx
2

=! [sinx +Esin7x] +C
7

sinx + 1_sin7x +C
14

2
1
2
iii) Evaluate [ sin 5x sinx dx
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Solution:
Given [ sin 5x sinx dx

We know that sinAxsinBx = l_[cos(A — B) x — cos(A + B) x]
2
=1 [(cos4x — cos6x)dx
2

= [E sin4dx — isin6x] +C

2 4 6
= isin4x — 1_sin6x +C
2 12
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Integration of Rational functions by Partial fraction

Integration of Rational functions by Partial fraction

Let f(x) = P® pe any rational function where P and Q are polynomials.
Q)

If deg P < deg Q, then f is proper
If deg P > deg Q, then f is improper then to make them proper divide P(x) by Q(x) by long

division until a remainder R(x) is obtained such that deg P < deg Q

Hence £&) = S(x) + R) (or) = Quotient + Remainder

Q () Q (x) Divisor

Where S and R are also polynomials.
Case (i):
The denominator is a product of distinct linear factors

Example:
1 A B
(x+a)(x+b)  (x+a) = (x+b)

Case (ii):
The denominator is a product of distinct linear factors, some of which are repeated.

Example:

1 — A B C
(¢+a)(x+b)2 (x+a) © (x+¥b)" (x+b)?

Case (iii):
The denominator contains irreducible quadratic factors, none of which is repeated.

Example:

1 __ Ax+B Cx+D
(x24+a) (x2+b) (x2+a) = (x2+b)

Example:

211

Evaluate | —
(¥2-1)(2x+1)

Solution:

CR (x%+1)

(Z-DRx+1D) (1)1 (2x+1)
A B C
T -1 (x+1)  (2x+1D)

(x2+1)=Ax+1D)2x+1D)+Bx—-1D)2x+1D)+C(x—-D(x+1)

Putx = 1, we get Putx = —1, we get Put x = 0, we get
2 =A02)03) 2 =B(-2)(-1 1=A-B-C
1

A= _ B =1 1=1__1_C
3 3
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1 -5
C=-2+=-=—
373
GHD 11 151
(2-1)(2x+1) 3 x—1  x+1 3 2x+1
(x*+1) 1p1

O ax=l a0 ax
(x2-1)(2x+1) 3 x—1 x+1 3 2x+1

= 1_10g(x — 1) + log(x + 1) . 5 log(2x+1) L C
3 2

= ]L_log(x —1) +log(x+1) — 5_log(2x +1)+C
3 6

Example:
2 —
Evaluate | 2
2x34+3x2-2x
Solution:
x*+2x=1  _  x242x-1 A B C
23+43x2—2x  x 2x—-D(x+2)  x = 2x—1  x+2
X2 4+2x—1=AQx—1)(x+2)+Bx(x+2)+Cx (2x—1)
Put x = 0, we get Putx = l, we get Put x = —2, we get
2
1= A2 lt1i=1=8 OO 4 - 4o 1,=2C(@2)(=5)
4 2 2
A= 1% ~1=10C
2 4 4
1
B = - =_—1
5 ¢ 10

1.1 1 1 1 1
o el = O+ 1(() - ()
2x343x2-2x 2 x 5 2x—1 10 x+2

2400 1,1 1 1 1 1
J P = [OQde+ f(__)dx—_[()dx
2x343x2-2x 2 «x 5  2x-1 10 x+2
=logx + 1BV _ Nog(x +2) + C
2 5 2 10

= logx + ilog(zx;l) +C
2 10

x+2
Example:

Evaluate | * dx
(x—1)3(x-2)
Solution:

x2 _ B c D

A
(x-1)3(x-2) x—2  x—1 (x=12 (x—1)3

x2=Ax -1 +B(x—-1)*(x—-2)+C(x—1Dx—-2)+ D (x—2)
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Putx = 2, Equating the coeffs of x3 Put x = 1, we get Put x=0, we get
On both sides 1=D(-1) 0= —-A-2B+
2C - 2D
Weget4 =4 0=A+8B D= -1 2C0= A+ 2B+ 2D
= —4 =4-8-2
C=-3
2 _ 4 _ 43 __1
(-13(x—-2)  x-2 x-1 (=12 (x=1)3
1=~
~ e
=4[ ax—4 [ ax-3 i ' dx-— i ' ix
x—2 x—1 (x—1)2 (x—1)3
=4log(x —2) —4log(x — 1)+ 3 (L) + +C
x—1  2(x—1)2
=4log("H+ > +_ " +c
x—1 x-1  2(x—1)2
Example:
Evaluate | 1 dx
x2(x—1)
Solution:
Let/ = g
J a2 (x—1) @
1 A B C 1
R
x(x—1) x x2 (x—1) 1)
1=Ax(x — 1)+ B(x — 1) + Cx?
Putx =0, Put x = 1, we get Equating the Coefficients of x2on both
side Weget 1 =-B 1=C 0=A+C=>A=—C
B= -1 A=-1
Qnw = _' _ 11, 1
x2(x—1) x xz  (x=1)
1 1 1 1
I={ dx= —[_dx—[_dx+ [ dx
x2(x—1) x x2 (x—1)
= —logx + Ly log(x —1)+ C = log (Ji) ++cC
X X X
Example:
Evaluate | —10—dx
(x—1)(x%+9)
Solution:
Let/= _ "0
(x—1)(x24+9)
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10 A Bx +C .
(x—1)(x2+9)_x—1+x2+9 - (1)
10=Ax2+9)+Bx+0)(x—-1)

Putx =1, Weget Equating the Coefficients of x2 Equating the Coefficients
of X, We get
10=104 0=A+B=>B=-A ) =—-B+C =—-B=—C
A=1 B=-1 C=-1
W=>_"° _ 1 -1
(x—1)(x%24+9) x—1 + x2+9 x—1 (x2+9)
1 X 1
=[|__dx—7p dx — [
fx—l Jx2+9 J 249 dx
=log(x — 1) — ! log(xz +9) — ' tan-1 O+cC
2 3 3
Example:
4_9.2
Evaluate | x 2 x
x3—x2—x+1
Solution:
Let ] = xt=2x2+4x41

x3—x2-x+1
a4l

x3—x2—x+1 | x*—0x3-2x2+44x+ 1

xt—x3—x2+ x

x3—x24+3x+1

x3—x2—x+1

4x
xt—2x2+4x+1 4x+1
e AL ey
= x4+ 1+ 4x+1

(x—1)2(x+1)
[x3—x2—x+1=(x—1)>2%(x+1)]

4x _ A B c
(x-1)2(x+1)  x=1 (=12 = (x+1)

>4x=Ax+1)(x+1)+Bx+1)+ C(x+ 1)?
Putx =1, We get Putx = —1 , We get Equating the Coefficient of x2
on, |

both sides , we get

4 =28 —4 =4C 0=A+C=>A=-C
B=2 Cc = -1 A=1
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x*—2x2+4x+1
x3—x2—x+1

I—f(x+1)dx+f_1dx+J

1

(x+1)+ _+(x 1)2_m

(x—1)2 dx _f(x+1)

= _+ x+log(x —1) — _—log(x+1)+ C
2 —1
xz i
=_+ x- +log(C ) +C
2 xX— 1 x+1
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Improper Integrals

The Integral I:f;’ f(x)dx is said to be proper or definite only when the limits a and b

are finite and the integrand f(x) is continuous in the interval [a, b]
Types of Improper Integrals
There are two types of improper integrals
1. With infinite limits of integration
2. The integrand is discontinuous.

Type | (Inf|n|te limits of |nteqrat|on )
f (x)dx = lim . f(x)dx
f t—0 fa

(x)dx = lim

t—>—o0

2. b (x)dx

" f f
I /.
3. [7 fdx = [, fdx+ [ f(x)dx, ‘a’is a real number.
Provided both the limits on right side exist.
Type Il (Discontinuous of the integrand)
1. If f is discontinuous at b, then

ff(x)dx— llmff(x)dx

t-b~ a

2. If f is discontinuous at a, then
f f(xX)dx = lim [ f(x)dx
t—at ¢

3. If fis discontinuous at ¢, in [a, b] then
b c b
ff(x)dx = f f(x)dx+f f(x)dx

= lim [ f(x)dx+ lim [ f(x)dx

+
t—>c™ a t-c t

Provided both the integral’s on right exists.
Note:

The improper integral is said to be convergent if the limit exists and is divergent if the limit
does not exist.

Example:
Determine whether the integral > 1dx is convergent or divergent.
1x
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Solution:

The given integral is J°° ldx

an improper integral , since upper limit of mtegratlon is infinite then,
©ldx = lim . " dx

h %

t—oo 1x
= lim[logx]i

t—oo

= lim[logt — log1]

t—oo

= lim[logt — 0] = =

t—oo
The given integral is divergent and it diverges to oo.
Example:

Determine whether the integral fo

1+
Solution:

The given integral is fo T2 4x an improper integral, since upper limit of integration is

infinite then,

1 dx = limet ! dx
1A J

m t—oo Om

= lim[tan=1x]¢
t—>oo

= lim[tan~1t — tan—10]

t—oo
=lim tan—1t
t—oo
= tan 1o = _
2
The given integral is convergent.

Example:
For what values of p the integral = 1 dx convergent?

1 xp
Solution:

Ifp #1,lim ft 1 dx=lim .t x~Pdx
1%

Jy

t—oo t—oo

—p+1 t
= lim ]

too —p+1l 4

= lim [ -]

t-oo —p+l —p+1
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=lim_ ' [1—
t—oo p—1 tp—1
1
_ {p——l’p > 1, converges
0, p < 1,diverges
Example:
Evaluate « logx dx
1 x
Solution:
Take I = [ % ax
X
Put u = logx dv = dx du= ldx v =logx
X

X

I=["%dx = (logx)? — [ logx (") dx
X

X

I = (logx)?—1= 2] = (logx)? =1 = f(logx)2
2

o) t 1 t
J e dx = lim [ by dx = lim (C (logx)?)
1 X too 4 X tooo 2 1
1 1
= lim [ (logt)? —. (logl)?]
t—w. 2 2
= lim [l (logt)?]=00 [log1l = 0,log oo = o]
t—oo 2
The given integral is divergent.
Example:
Evaluate f O_Ooos\ce—x2 dx
Solution:
Consider [ xe—"dx
Put u= x2 du = 2xdx
fxe—xzdx = fe—ud_u = _1[6:]
2 2 -1
O N ()
2 2

0 0 0
f_ooxe—xzdx = f_ooxe—xzdx + fo xe—xzdx...(2)
. 0 . — 0
Take [e dv= Jim [ xedx=lm FEex] by (1)

-1 1 , -1

= lim — 4+ _ "] = —
t—>—oo[2 ze] 2
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Takefwxe—xzdx = lim “xe~*'dx = lim [~ e—x] by (1)
0

t—)oofo towo 2 0
-1
=lim[__ e’y 421
too 2 2 2
@)= f vertax= _y
~(2)=> ) xex dx= —+ —=
o 2+2 0
Example:
Evaluate [, T dx
Solution:
Con5|derj_3_d (D

-2)"/2
Putu=x—-—2 =du=dx

W) Lo de= [ = furthau = 520 1

(x—2)"/2 u”2 /2+1 /2
-2 -2
Vu  Vx =2
00 1 t -2
f — de=, lim [ dx] =Jim L]
3 (x2) L2 t—wo B (x— 2) /2 tow VX—2 3

i b

—hm(#+2—0+2—2(ﬂn|te)

t—o0

The given integral f 3 —2)35 dx is convergent.

Example:

21
dx
Evaluate fo 7

Solution:

Here, infinite discontinuity occurs at x=0

f dx— llmfx “12dx
t—>0t ¢

2
1,

= lim 2]

t—0t 1/

= lim 2\/x

t—0* t
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= lim [2VZ — 2 V7]

t—>0*t
= 2+/2 (finite)

1
The given integral JZ i dx is convergent.

Example:
Evaluate f3 1 dx
0x—1
Solution:

Here, infinite discontinuity occursat x = 1
3

1 | 31
= [ —— dx
fox_ldx fo dx+f1x_1

x—1
Take 1dx = lim .t 1 dx = lim[log(x —1)]¢
hvm otom 0
= lim log(t — 1) = —o
t—1"
fl 1 dx is divergent.
0x—1
o 31 dx is also divergent.
11
The givenintegral f3 1 'dx isdivergent
0%—1
Example: 5 1
Evaluate dx
fz\/x—_z
Solution:

The infinite discontinuity occurs at x = 2

5 5
o 1 dx = lim [ 1 dx
2Vx —2 t=2t 5 VJx —2

= lim [fomf

t-2t

=lim 2v3-2ve-2)
= 2+/3 (finite)

The given integral [ > !
2

dx is convergent.

xX—
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Example:

1
Evaluate

dx

Solution:

Here infinite discontinuity occurs at x = 1

31 1 1 31
1 = - - .
) JO (x—1)1/3 dx fo (x-1)"/3 dx + fl (x-1)"/3 dx (1)
Take dx = lim 1 dx
Jo a—1)/3 t—>1—f0 (-1)°/3
= lim [3(x — 1)1/3]1t
t->1— 0
= lim [3(t — 1)'/3 + 3]
t—-1~
3 =3 t
Take [ 1 dx = lim 1 dx
1 1) 73 t=1+7 t —1) /3
3
= lim [3(x —1) 1/3]
t—1t t
—I Y 1
s dim (3273 (@ —1) /3]
to1t
=3(2/3)
31
1) - 1
ﬁjomdx 3+3(2 3)
=3 [1+2'/3]

Comparison test for improper integrals
Let ff f(x)dx bean improper integral.
i) If there exists a g(x) such that [f(x)| < g(x) for all x in [a,b] and f; g(x)dx
converges then f; f(x)dx also converges.
i) If there exists function g(x) such that f(x) = |g(x)| forall x in [a, b] and f; g(x)dx

diverges then f;’f(x)dx also diverges.

Limit form of comparison Tests.

Let f(x) > 0and g(x) > 0and lim T — k where k # 0

x —00 g(x)
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Then, the improper integrals [ f(x)dx and [~ g(x)dx converge or diverge together.
If k = 0, only the convergence of [~ g(x)dx implies that of [ f(x)dx
Absolute Convergence
The improper integral ff f()dx is said to be absolutely convergent if f;l f)|dx is

convergent.
Note:

1) The same definition holds for f: f(x)dx also

2) When the improper integral changes sign within the limits of the integration, then the above

test is applied.

Example:
Discuss the convergence of «xtan™x dx
1 Va4x3
Solution:
() xtan™1x tan~lx 1

il
lim @ = _lim mn—x

e o) xboo /10 453
T

2
Hence, by comparision test 2, the integrals f1°° f(x)dx and floog(x)dx converge or diverge

together, Now [,” g(x)dx is divergent.

« [7 f()dx is also divergent.

Example :
Discuss the convergence of o sinx dx
1 x4
Solution:

o sinx o | sinx oo dx
lJ, —dxl< ), |/ Hdx < Ji=
= convergent
« sinx dx is absolutely convergent and hence convergent.
1 x4

Example:

Test the convergence of f,” e ™" dx
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Solution:
The given integral f0°° e dxis an improper integral of first kind and the integral can be
writtenas [° e~ dx = [ e dx+ [P e dx

The first integral in the right hand side fol e dxis proper integral. So it is enough to check the
second one.

We have that,

[e)

[ e dx < J e dx
1 1

=lim P gx dx = lim[—e*]?
b—>00f1 b— oo 1
=lim[e-1 — e D]
b—>oo
1
= [e—l — O] =
e

Hence by comparison test the given integral is convergent.
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