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GRADIENT - DIRECTIONAL DERIVATIVE
Vector differential operator

The vector differential operator V (read as Del) is denoted by V = i fi +ikL
ox oy 0z

where ?,f,ﬁ are unit vectors along the three rectangular axes 0X, 0Y and OZ.

It is also called Hamiltonian operator and it is neither a vector nor a scalar, but it
behaves like a vector.
The gradient of a scalar function

Ifo(x,y,z) is a scalar point function continuously differentiable in a given region of space, then

the gradient of ¢ is defined as Vg = % +ja_‘p+ e
ox ay 0z

It is also denoted as Grad ¢.
Note

() Ve is a vector quantity.
(i) Voo = 0 if ¢ is constant.

(iii) V(p192) = [ @91Ve2 + @iV
(iv) V (&) = L20=aivez g o o

@2 »?,
WV Vlptx) =V £Vy
Example: If ¢ = log(x2 + y2 + z2) then find Ve.
Solution:

Given ¢ = log(x2 + y2 + z2)

Vo = 1224727 4+ 2
ox ay 0z
=T Ot =)+ k2
x2+ y2+ 72 x2+ y2+ 72 x2+ y2+ 72
:—(xl+y]+zk) r*
x2+ y24 72 12

Example: Find V(1),V ( ),V(logr) wherer = ["r’|and = " + yI+ z K
T
Solution:
Given 7= xT +yJ+ zk

Sl=r=Vx2+ y2 4 22

>r2=x2+ y2+ z2
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or ar oar
2r = 2x, 2r _ =2y, 2r _ =2z
Ox ay a9z
ar x or y or z
:}—:—’ — == - ==
ox r ay r 0z r
. ar oar »or
V) =7T1_+]_+ k_
Ox ay a9z
X Pz
=X+ 77+ kZ
r r r

=lor+ yj+zl) =17
T T
. 1 Loy L L
ivO=71_"+j_"+ A
r & ay 0z
- > —1 6r - -1 aT
=T () + R e e s
COmtr™ OO+ ey

r< ox

=D+ + k7
2

T T T s
=— i+ yj+zl=—-"r
r3 r3
(iii) V(logr) = X 120"
dx
—>1 6r
=Yir_ =
r 0X
>l x
=Y.
rr
-> X
= Zl =
=i(x?+ yJj+ Z%) = ir*
72 2

->->

Example: Prove that V(r») = nrm-2 7
Solution:

Given #= xi +yJj+ zk

Lor™  L9rm . P orn
vorn) =12 +77 4+ kT
ox ay a9z

- or > > or >
= il _+ Tl 18
ox ay a9z

= nrn-1 [?(? +7(§) + %(Z;)]

nrn_l

(xT+ y]+ zk) = nrn27

-
Example: Find |Vg| if ¢ = 2xz* — x2y at (2,—2,—1)
Solution:

Given ¢ = 2xz* — x2y

binils w A eEQENARRG MATHEMATICS 11

binils - Anna University App on Play Store



binils.com - Anna University, Polytechnic & Schools

Free PDF Study Materials
Binils.com — Free Anna University, Polytechnic, School Study Materials

—)a —)a -»a
Vo=12+7%+ k%
Ox oy 0z

9 9
Now %¢ = 274 — 2xy, = —x2, Y = 8xz3

ox ay 0z
2V =102z%— 2xy) + j(—x2) + z(8xz3)
o (V@)@-2-1 = 100 — 4] — 16k

|Ve| = V100 + 16 + 256 = V372
Directional Derivative (D.D) of a scalar point function
The derivative of a point function (scalar or vector) in a particular direction is called its
directional derivative along the direction.
The directional derivative of a scalar function ¢ in a given direction a is the rate of
change of ¢ in that direction. It is given by the component of V¢ in the direction of a.

The directional derivative of a scalar point function in the direction of a” is given by

DD= "2 @

r _>|

The maximum directional:derivativeris|V¢| or |grad ¢|.
Example: Find the directional derivative of ¢ = 4xz% + x%yz at (1, —2, 1) in the direction
of 2 — | — 27k™
Solution:
Given ¢ = 4xz?% + x%yz
1474 1%

Vo =1_
ox ay 0z

=1(2xyz+ 4z2) + J (x2z) + i (x2y + 8x2)
& (V@)a-2-1 = 81 —]— 10k

Givend = 27 — j— 2k

Al =V4+1+4=3
D.D= Yeéd

|d]
= (8i—]—10k) @7
='(16+1+20)="
3 3
Example: Find the directional derivative of @(x,y,z) = xy% + yz3 at the point P(2,—-1,1)

in the direction of PQ where Q is the point (3,1, 3)
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Solution:
Given ¢ = xy? + yz3

Vop=1_"_+)__
Ox oy 0z

=7y + J (2xy + z3) + k (3yz?)
~(Ve)e-1, n=1-3]— 3k
Givena’ = PO = 00 — 0P

= Bl+j+3k)-QRi—-J+ k)

T+ 27+ 2k

A= Vi+4+4=3
D.D= 122

|l
_ (-3y-3k) - (i+ 25+ 2k)

3
='1-6-6=-"
3 3

Example: In whatdirection from (=1, 1,2)uis the directionalderivative ofip = xy?2 z3 a
maximum? Find also the magnitude of this maximum.
Solution:

Given ¢ = xy? 73

—)a —)a _»a
V=147 4+ k2
0x ay 0z

=T7(y2z3) + J (2xy z3) + k (3xy2z2)
2 (Vo)1 1, 2 = 81— 16] — 12k
The maximum directional derivative occurs in the direction of V ¢ = 87— 16] — 12k.

= The magnitude of this maximum directional derivative

|Vo| = V64 + 256 + 144 = /464
Example: Find the directional derivative of the scalar function ¢ = xyz in the direction of

the outer normal to the surface z = xy at the point(3, 1, 3).

Solution:
Given ¢ = xyz
- - "*6
Vo = la_(p+ja_(p+ k2
ox ay 0z
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=T(y2) + J (x2) + k (xy)
2 (Ve)a 1 3 = 3T+ 9+ 3k
Givensurfaceisz=xy=>z—xy =20
102470 4 522

Vy=1_+]
Ox ay a9z

=7(=y) + j (=) + k(D)
Leta = Vyai13 = —L— 3]+ k
=3l=Vv1+9+1=+11
D.D= ‘24

la|

_ Bi+9y+3k) - (—i- 37+ k)
VIT
27

= 1 (-3-27+3)= -2
VT Vit
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DIVERGENCE AND CURL

Divergence of a vector function
If F(x, y,z) is a continuously differentiable vector point function in a given region of
space, then the divergence of F is defined by
VE=divF=(_ +5  +R).(Fi+F j+F &
ox dy 0z 1 2 3

divP =284+ %2 4 OB \hereF = Fot+ Fp+F Rk
Ox ay 0z 1 2 3

Note: v.F Is ascalar point function.
Curl of a vector function

If ?(x, v, z) is a differentiable vector point function defines at each point (x, y, z) in some

region of space, then the curl of F is defined by

-

8 p R
CulF=v x F=1]2 98 29
dx 9y Oz
Fi1 'F2 F3
= T 1) 1 RS R CBE Y
ay 0z ax 0z QX oy

Where F = Fiv+ F2p+ F3k

Note: Vv x F Is a vector point function.
Example: If F = xy2e + 2x2yz} — 3yz27é find V.F and V x F at the point (1,-1, 1).
Solution:

Given F = xXy2v+ 2x2yzp— 3y2273

() V.F=2 (xy2) + 2 (2x2y2) + 2 (=3yz2)
dx oy 9z
= y2+2x%z — 6yz
V.Fu-11=1+2+6 =9

b Ji k
(ii) Vxgp=l2 9 9
ox ay a9z

xy? 2x%yz 3yz?

—; [6(—633'22) _ 6(2;23'2)]_? [6(—:y22) _ 6(>;y2)] +k [6(2>;zy2) _ 6();}/2)]
y Z X Z X y

= B(—322 — 2x2y) — }+(0) + k(4xyz — 2xy)
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VX P11y = B(=3+2) + k(=4 +2)
= —b— 2Rk
Example: If F=(x’—y?4+2x2)i+(x z—xy + y 2)f +(Z*+ x?)k, then find V-F , V(V -
F),VXF, V- (VXxF),andV x (V x F) at the point (1,1,1).

Solution:
Given F = (x2— y24+2 x 2)b +(x z— x y +y2)p +(2%+ x )R
(i)V-%F:i(x2 —yZ+2xz) + a_(xz— Xy+yz)+ a_(z2 + x2)
ox ay 0z

=2x+22)+(—x+2)+ 2z

=x+5z
~V-Fu11)=6
B j» kR
(i) VxF= K] 9 K
0x oy 0z

X2 —y2+2xz xz—xy+yz z24x2

[6(22+x2) - a(xz—y2+2xz)1 3 E [O(XZ—Xy+yz) i)(x2 —y2+2xz)1
1 1
ox ay

= [6(22+X2) | 0(xz—xy#yzZ)qan ]’
ay 0z | ox 0z

= —(x + Y)=2x - 2)}+ (y + 2)k
sV X -)F(l,l,l) = —23—» + 273

G)VV-F ) =22 (x+52) +3 2 (x+52) + R 2 (x + 52)
ox oy 0z

= %+ 5k
~V(V- %)(1,1,1) =&+ 5k
(V- (VXxF) =2(-x+y)+ 20 +°’(+2)
ox 0z

dy
=—-14+0+1
V- (VxPw1y=0
i j R
W) Vx@xhH=] 2 ;’_y .
—-(x+y) 0 y+z

SV x (VX %)(1,1,1) = s+ k
Example: Find div F and curl F, where F = grad(x3+y*+2z°—3xyz)
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Solution:
Given F = grad(x3+y*+2z°—3xyz)

= 12 (33 +y? +23 = 3xyD) +§ (3 +y3 +23 = 3xy2) + R L (3 +y3 + 23 -
ox ay 0z

3xyz)
F= #(3x2 — 3yz) + (3y2 — 3xz) + E(SZZ — 3xy)
NowdivF=V-F = i(SXZ — 3yz) + a_(3y2 —3xz) + 6_(322 — 3xy)
ox ay 0z

=6x+6y+6
=6(x+y+2)
b 3 k
Curl?:Vx?:| :—X % a—az |

3x2 —3yz 3y?2—3xz 3z2-— 3xy
=#—3x + 3x] — -3y + 3y] + R[-3z+ 3z]
=0
Example: Find div(grad:¢).and curl(grad-) at (1,141)for = x2y3z*
Solution:
Given ¢ = x2y3z*

grad o =V =" + 3" + k%"
ox ay 0z

=#(2xy3z*) + #(x23y2z4) + E(x2y34z3)
Div(grad @) =V - (grad ¢)
=9 (2xy3z*) + 2 (x23y?%z%) + S (x2y34z3)
ax dy 9z
= 2y3z4 +6x%yz*+12x%y37*
~Div(grad ¢)a1,y =2+ 6+ 12 = 20

b j» kR
i) 9 i)
Curl(grad o) = 5 o 5 |

2xy3z4  x23y%2z*  x2y3473
= B(12x2y223 — 12x2y223) — }(8xy3z3 — 8xy3z3)+R(6xy2z+ — 6xy2z4)
=0

~Curl grado; ; 1= 0
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1) If ¢ is a scalar point function, F is a vector point function, then
V.(F)=¢@(V-F) + F-Veo
Proof:
V@R =i kD) (o)
= zﬁ-i«p P)

=Xt (oL P

dx dx

=p(X¢ —+F—)+F (Zb )

ox
2V (oB)=(V-F) + F-Vg
2) If @ is a scalar point fuction, F is a vector point function, thenV x (@ F) = @(V X F) +

(V@)X F
Proof:

- a >
VX (eF)=Xex__(¢F)
Ox
ZZbX[(pa_F+ fa?]

=y ex (CF+ <Pa)
a

ox

“V X (9F)=Vox F+ ¢(VxF)
3) If & and B are vector point functions, then V - (7& xB)=B- (Vx A) -A- (V % B)
Proof:
V.(AxB)=X#- i(hxﬁ)

=y e (Ax B4 B
ax ax

SNE (Ax )+Z ( xB)

A

=—sx )15§+(va><a ;;

x ax’ "

= —(VxB).A+(VxA)B

~V-(BxB)=B-(VxA) -4 (VxB) [+ (VXA)-B=B-(VxA)]
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4) If F is a vector point function, thenV - (V X ﬁ) = 0.

(or)
Prove that div(curl ?) =0.
Solution:
Let F = Fis+ Fap+ F3k
I R
VxF=1]2 38 3
dx 9y Oz
Fi1 F2 F3
RSt e I Gutw B Gty
ay 0z 0x 0z ox oy
9 9 3 0
V- WVXF)=(@®_+p_+RkR )
ox ay 0z
[ CE =22 = OB = 2+ k (2= 2]
ay 0z ox 0z ox oy
_ 92F3 _ 92F; _ 92F3 9%r %r; _ 92F1
"~ 9xdy 0xdz dydx  dydz 9z0x  9z0y
=0
(5) If is a vector point function, then V. x (Wax F) = V (V- F) = V2F
(or)
Prove that curl (curl %) = grad (div jﬁ) — V2F
Solution:
Let F = Fie+ Fap+ F3k
Vx (VxF)=p (0= 22— 5 0= 24k 20
ay 0z ox a9z ox ay
AndV - F =20 4 o2 4 00
ox i3% a9z
) i R
3 9 9 o
LHS VX (V X F) = | dx ay oz
OF3 8F; _ OF3 | 8Fy 8F; 3K
ay a9z ox a9z ox ay
— [aze i 9%k i 02F3 62F1] N [aze 0%F _ 02K aze]

9yox 9y2 9z0x 822 ax? 9xdy 0z0y 9227
2 0%F;3 %F 9%F;3 F2)
+R [-—+ - ]
[ 9x2  9xdz 9y?  9ydz

RHS V (V- F)— V2F
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2
=@ _+5_+RDHCC+TH (T 24 )(Fa+Ff+Fk)
9z ox 9y 9z 9x? ay?2 922

Ox oy
9%F 9°2F. 9°2F. a°F a F 92F s L92F | %K, | 3%F3
= '+ 2+ P14+ 0 T R[4+ T 24T
9x2  9xdy Oxdz ayax dy2  9ydz 9z0x 98z90y  0z°
02 2
—( 2+ " )Y (Fe+ Fp+FR)
o T 3y 022 1 2 3
2 2
(O 4 O 9% — 0 B e T A 2 SN R e
0xdy 0x0z ay? 922 9x?2 0xdy 0z0y 9z2

N 2
R[-25 o _ 0ty 0%z
9x2 0x0z 9y? 0yoz

LHS = RH.S
~V X (VXF)= V (V- F)— V2F
B)V: (V)= (V- V)= V¢

Proof:
Vo = ﬁ_+j')a(p + ka(p
ox 13% a9z
V) =2 )+—(a<") =3
dx Ox
= 0% 00, 3¢
TaxZ T 8y2 92
2
Vev == [0 [
ax2 6y2 072
62
V- ) = + ) o=V
9x? ay 922

Example: Find()V - % (i)V x &
Solution:
Letr=x8+ yp+ zk
mHv-»r= (ﬁa_+j')i+ 731) - (xv+ yp+ ZE)
dx dy 9z

_ 2w+ 2o+ 2w
oy 0z

ox
=1+1+1=3
b R
(HVxmr=1]2 2 a,
ox OJy Oz
x y z

= #0)+ $(0)+ R (0)= 0
Example: Find V - (1 P)Wherer=xe+ y}+ zk
T
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Solution:
V-CrH=V-
T

=2+
Ox oy

=220

ox r
1, 0r

[(1)+ (——)_]
r2 ox

[i(xb+yj++ zk)]
+k_) (b+ ﬁ+ k)

—Z[ -20] Gl
r2 ox

r2 = (x? + y? + z2)

= 2(a1v+ azp+ a37é) = 2a
Example: Prove thatcur l(f (7)) = 0
Solution:
Letf(r)p=f(r)[xe+ yp+ 273]
= xf e+ yf(p+ zf (R
b Ji R
VX(Fem =1 & & |
xf(r) yf(r) zf(r)

= Yo lzf () L=y @) )
ay 0z

=Y [zf (r) <§) - yf'(r) (9]

=Y [2f(r) = 2fF )]

= ¥ 4(0)

=08+ 0p+ O0k=0

Example: Prove that curl[e Vo] = 0
(or)
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Prove that V x [@ V] = 0
Solution:

oV = go[va_(p+j+a_(p+ 736_(’)]
Ox ay 0z

9 9 2 d
=@ D+ @D +R(@D
Ox ay 0z

B 7 R

e 98 3
VX (@Vp) = | ax 3y 8 |
» & o

Pox Yoy %

=322 (@2 - 2 (0N]
ay 0z 0z oy

2
= e[’ + ¥ o0 _ az_‘l’_a_‘l’.a_"’]
0yoz oy 0z 0z0y dy 0z

= 2#(0)
=08+ 05+ 0k=0
Example: If & is a constant vector.and » = @ X ¥, then prove that w = IE(V X ).
Solution:
Let» =t yp+ zR

O=wit+ w2 p+ w3k

b p k
® X p= |C()1 w?2 Cl)3|
x y oz

= t(w2z — w3y) — p(wiz — w3x) + 72(w1y— w2Xx)

) Ji R
Vxy =| & 9 A
ox oy 0z
w2Z — w3y —wiZ + w3x w1y — w2X
= #(w1 + w1) — p(—w2 — w2) + 73((1)3 + w3)
= 2w+ 2wp+ ngfé
= 2(wit+ w2p+ w3k) =25
o=

E(Vx v)
2
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Irrotational and Solenoidal vector fields

Solenoidal vector

A vector F is said to be solenoidal if div F=0 (i.e)V.F=0
Irrotational vector

A vector is said to be irrotational if Curl F = 0 (i.e) Vx F=0
Example: Prove that the vector F=ze+ x J+ y k is solenoidal.
Solution:

Given F=z#+ xp+ y R
ToproveV:- F=0

v-F="@+ 2+ 2o
ox oy a9z

=0
~ F is solenoidal.
Example: If F= (x+3y)e+ (y=22)p+ (x+ Az)k is solenoidal, then find the value of
A

Solution:
Given F is solenoidal.
(ie)V- F=0
52 +3)+ -2+ L+ A2 =0
dx dy 9z

=1+1+1=0

A= =2
Example: Find asuch that 3x — 2y + z)e+ (4x+ay—2)}+ (x—y+ Zz)k is
solenoidal.

Solution:
Given Bx -2y +2)8+ (4x+ay—2)p+ (x—y + 2z)7a is solenoidal.
(ie)V- F=0
:>i(3x—2y+z)+ a_(4x+ay—z)+ a_(x—y+ 2z) =0
dx oy 9z
=>3+a+2=0

~a= —5
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Example: Show that the vector F= (6xy +2z3)e+ (3x2 —2)}p+ (3xz% — y)k is
irrotational.

Solution:

Given F = (6xy + z3)e+ (3x2 — 2)p+ (3xz2 — y)k
To prove curl F =0

(i.e)ToproveVx F=10

b b

VXF=| o :—y
6xy + z3 3x2 — 3z2

Q

rvll

3xz2 —y

#(—1+ 1) — (322 — 3z2) + R(6x—6x) =0
~ F is irrotational.

Example: Find the constants a, b, ¢ so that the vectors is irrotational

F= (x+2y+az)e+ (bx+3y—2)p+ (4x+cy+ Zz)k.
Solution:

Given F = (x+2y+az)e+ (bx+3y=2)}+ (4x+cy+ Zz)k is irrotational
(ie)Vx F =10

' ¥
VXF=| 9 9

ox

o o

9 | = ¢
oy a9z 0
x+2y+az bx+3y—z 4x+cy+2z
> uc+1)—j4— Q)+ Rb-2)=10
=>c+1=0; 4 —a=0;

=>c= —1; 4 =q;

b—2=0
b=2
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Line Integral over a plane curve

An integral which is evaluated along a curve then it is called line integral.
Let C be the curve in same region of space described by a vector valued function

#=2xT+ y]+ zkofapoint (x,y,z) and let F = Fii + F2 ]+ F3 k be a continuous vector

valued function defined along a curve C. Then the line integral F~ over C is denoted by

J. F -dr.

Work done by a Force
If F(x,y,z) is a force acting on a particle which moves along a given curve C, then

I F~ - dr” gives the total work done by the force F~ in the displacement along C.

[

Thus work done by force F~ = J' F -dr

c

Conservative force field

The line integral fB F~ - dr” depends not only on the path C but also on the end points
A

A and B.

If the integral depends only on the end points but not on the path C, then F~ is said to be
conservative vector field.

If F~ is conservative force field, then it can be expressed as the gradient of some scalar function

Q.
(ie) FF =V
F=vVo=02+72+1%
ox ay a9z
Fodi=@2+7%+7%%) . (dxT+ dyj+dzk)
ox ay 0z
=2 ax+ 2 dy+ % dz= ag
ox ay 0z

I Fa-dre=f§ap

[9

= [plf
= ¢[B] — ¢[4]
~ work done by F~ = ¢[B] — ¢[A]
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Note:
If F is conservative, then V x F = V x (V) = 0 and hence F is irrotational.

Example: If F=3xy — y?J”, evaluate J' F - d’r” where ¢ is the curve y = 2x2 from (0, 0)

to (1, 2).
Solution:
Given F~ =3xyt’ — y¥~
&’=da + dyj
F-dr” =3xydx — ydy
Given Cisy = 2x2
~dy = 4xdx

Along C, x varies from 0 to 1.

j F -dr’ = fcl 3x (2x2)dx — 4x*(4xdx)

= f; 6x3.— 16x5.dx

4 6
=[62— 16 1]
4 6
=% 1= _ 7 units.
4 6 6

Example: Find the work done, when a force F= (x2 — y2 + x)i” — (2xy + y)J” moves a
particle from the origin to the point (1,1) along y2 = x.

Solution:
Given F = (x2 — y2 + x)i— (2xy + )]
dr” = dxt’+ dyj”
F’-dr” = (x2— y2 4+ x)dx — (2xy +y)dy
Given y2 = x = 2ydy = dx

Along the curve C, y varies from 0 to 1.
- - ‘1
[ Fodr=Jo(o»? = y2 + y2) 2ydy — Q(y2y + y)dy
= [o(2y5 = 2y3 + 2y3 — 2y3 — y) dy

1
= [, 2y* = 2y3 —y) dy
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4 1
6 2

6 20
2 2 1 2
6 4 2 3

Example: Find the work done in moving a particle in the force field
F=3x2"+ (2xz— y)I — zZKfrom t = 0to t = 1 along the curve x = 2t2,y = t,z = 4t3.
Solution:
Given F = 3x2{+ (2xz —y)j — zk
d#t = dxi+ dyj+ dzk
F~-dr’ =3x2dx+ (2xz —y)dy — zdz
Givenx =2t2, y=t z=4t
dx =4tdt, dy=dt, dz = 12t%dt

j F*dr” = || 48t5dt + (16t5 — t)dt — 48¢5 dt

[

= f;(16t5 — t)dt

_ [l t2]1 _ 16

6 -_20 ?

A 8_N13
2
Example: If F = (3x2 + 6y)i+ 14yzJ + 20xz2k, evaluate j F-d’r" from (0,0,0) to

(1,1,1)alongthecurvex =t, y =t% z = t3.
Solution:
Given F = (3x2 + 6y)T+ 14yzj+ 20xz2k
dit = dxi+ dyj+ dzk
F~-dr” = (3x2+ 6y)dx + 14yzdy + 20xz2dz
Givenx=t, y=t? z=1t3
dx=dt, dy=2tdt, dz = 3tdt
The point (0,0,0) to (1,1,1) on the curve correspondtot = Oandt = 1.

j F -dr’ = J'cl(3t2 + 6t2)dt + 14t5(2t dt) + 20t7(3t2)dt

= f;(9t2 + 2816+ 60t9) dt
£3 7 9.1
=[95+285+60 51
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=Ty By 03444 6= 13units.
3 7 10

Example: Find I F - d’r” where c is the circle x2 + y2 = 4 in the xy plane where

F= (2xy + z3)( + x2J + 3xz2k.
Solution:
Given F = (2xy + z3)T + x2] + 3xz2k
Inxyplanez=0=dz=0
d7 = dxi+ dyj+ dzk
F’-dr’ = 2xydx + x2dy
GivenCisx2+y2 =4
The parametric form of circle is
x =2cos0, y =2sin6
dx = —2sinfdf, dy = 2cosfdf

And 60 varies from 0 to 2%

j F-dr” =fczn[2(2 cos 0)(2sin 0)] (—2'sin 6dO) + (2 cos'B)?2'cos b db

= fozn —16 cos Osin?0 + 8 cos3 6 db

2m
= [, —16.cos6(1 — cos?6) + 8cos® 6 d
= fozn —16 cos 6 + 16 cos36 + 8 cos3 6 db

2n 21

=-16 [, c050d0+24f0 cos3 6 do

= —16 2mcosB dO + 24 2m 3 cosO+cos 36 do
0 0 4

[ ]Zn 24 . sin360 _2m

0

=0 [ sin nm = 0, sin0 = 0]
Example: State the physical interpretation of the line integral ff?’ dr.
Solution:
Physically [ AB F - d7 denotes the total work done by the force F, displacing a particle
from A to B along the curve C.

Example: If F = (4xy — 3x2z2)i + 2x2J — 2x2zk, check whether the integral
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_[ F - d’r is independent of the path C.

Solution:
Given F = (4xy — 3x2z2)7 + 2x2] — 2x2zk
d7 = dxi + dyj + dzk
F~-dr” = (4xy — 3x222)dx + 2x2dy — 2x2zdz
Then I F - dr’is independent of path C if V X F'= 0

[1 ] k
_ 9 9 9
VXF =] ox ay 9z |

4xy — 3x2z2 2x%2 —=2x3z

= 7(0 — 0) — j(—6x2z + 6x22) + k(4x — 4%)
=0

Hence the line integral is independent of path.

Example: Show that. F.= x2i.+ y2J + z2k.is a conservative.vector field.

Solution:
If F is conservative, then V x F = 0.

>

T ] k
Now, VX F~ =|8 98 9,
dx Oy Oz

xZ yZ ZZ

= 7(0—0) — j(0 — 0) + k(0 — 0)

=0

~ F” is aconservative vector field.
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Surface Integral
The integral of the normal component of F~ is denoted by _U F - & ds and is called the surface

integral.

Evaluation of surface integral

Let R1 be the projection of S on the xy — plane, k is the unit vector normal to the Xy —

dx d
plane then ds = =
|7 - k|

2 »dxd

SRS E

|7t - k|

If R2 be the projection of s on yz — plane
[ Fmas= ([ P e
If R3 be the projection of s on xz — plane
” F-Ads= H Fy *T: N
Example: Evaluate J‘J F- iids if F= (x +y2)0 ~ 2x) + 2yz’k’ and s is the surface of

the plane 2x + y 4+ 2z = 6 in the first octant.
Solution:
Given F = (x + y2)i— 2xj+ 2yzk
Letop =2x+y+2z—-6
> 0¢ z 1%

ThenV<p=l_+] _+
0x ay 0z

=21+ 17+ 2k
Vol =vV4+1+4=+9=3

n =" _ 2i+1j+2k
[Vl 3

A= [(x + y2)T— 2x] + 2yz k] - (2
3

[2(x + y2) — 2x + 4yz]

[y2 + 2yz]

wINwI"‘
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2
= 5y[y +2z]
= 2yly+6-2x-y] [+ 2z=6—2x—y]
3
= Z_y[6 — 2x]
3
4
= _y[3 —«]
3
Let R be the projection of S on the xy — plane
o dS = df—(i?]
n -K

3
, o W adxd
J'! F -n ds—f! F |nA)-ik1

=] 1ya-n
3 (?

w N

>

R

=2 [ [(3—x)y dxdy
InR1(2x + y = 6)yx variesfrom 0 toﬁ;#

y varies from 0/to 6

6 6=
=2[,J,2 y(3—x)dxdy
2 63y

=2 "y Bx- 117 dy

0 20
=2 "y BEH-1 e

b 5 Y
:2f (18y —3y?) — (6 —y)*dy

072 8

_2 2 _3y3 16—
- 2[18 2 3 83(—1)"

= [9(6)2— (6)3+ L(0)]— [0—0+ L (6)3]
12 12
= 81 units

- = ~ _ 3 H
Example: Show that J'J (yzi+ zxJ+ xy k) - i ds = 8Wheres is the surface of the

sphere x2 + y2 + z2 = 1 in the first octant.

Solution:
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GivenF = yzi+ zxj+ xyk
Letop =x2+y2+2z2—-1

Vo=12+7%4+ 1%

ox oy 0z

= 2xT+ 2yj + 2zk

Vol = Vax2 + 4y2 + 472 = 2(1)
» The unit outward normal is n~ = Y#_ = 20770
[Vepl 2

F-A= [yzl + zxj + xy k] - (xT+ yJ + zk)

= 3xyz
Let R be the projection of S on xy —plane
oo ds = M
in i

A - kl= T+ yj+ zk) -k =z

S Faf]

- ffoyz dxdy

Z
= [ [ 3xy dxdy

In R1(x2 4+ y2 = 1), x varies from 0 to V1 — y2
y varies from0to 1

fofo 3xydxdy
2\/1 y2

= 3 f [y —]O dy
= y(1 —yH)dy

y — y3dy
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Volume integral
An integral which is evaluated over a volume bounded by a surface is called a volume integral.

IfF =Fii+ F j+ F3 k is a vector field in V, then the volume integral is defined by

jvjj F dv

Example: If 7= (2x2 — 32— 2x)J"— 4xK, evaluate LH V x F dv where v is the

volume of the region bounded by x = 0,y =0,z =0 and 2x + 2y + z = 4.
Solution:

Given F = (2x2 — 32)T— 2xyj — 4xk

1 Ji k
_ 0 0 9
VXF =| o % » |

2x2—3z —2xy —4x
= 70— 0) — j(—4+3) + k(-2y —0)
= § —22vi
For limits
Givenx =0,y=0,z=0and 2x+2y+z =4
~z:0->4—-2x—-2y
Putz=0=2x+2y=4(or)x+y=4

sy:0->2—x
Putz=0,y=0=2x =4 (or) x =2

“x:0-2 .

S VXFdv= 2 2« 4 2x-2(7— 2yk)dzdydx

2 2y2 . 2 2 4_y3 = 2—x
=fo4y—22y— 17 -V -2 —?]k}0 dx

= [[42 - - 222 -0 - 2 -]~

[4(2 — x)2 — 2x(2 — x)% — ; (2 — x)3k]} dx
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=f02[8—4x—4x+2x2—4+4x— x?] " —
[16 — 16x + 4x2 — 8x + 8x2 — 2x3 — f(8—12x+6x2— x3)7€] dx
N 3
= fz [(4—4x+x2)]— “ (16 — 24x + 12x2 — 2x3)] dx

0 3
2 2
= [4x —2x2 + 2 P+ F [16x — 1222 + 4x3 — X
370 3 20
= (8-8+57-"@B2-48+32-8)
3 3
8 »
=_0U-Fk
3
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Gauss Divergence and Stokes theorem

Green’s Theorem

Green’s theorem relates a line integral to the double integral taken over the region bounded by
the closed curve.

Statement

If M(x, y) and N(x, y) are continuous functions with continuous, partial derivatives in a region
R of the xy - plane bounded by a simple closed curve C, then

J Mdx + Ndy = ” (a—N - a—M) dx dy,where C is the curve described in the positive
ox oy

direction.

Vector form of Green’s theorem
fr ar=] (VxF) - KdR

STOKE’S THEOREM
Statement of Stoke’s theorem

If S is an'opeén surface bounded by a'simple closed curve'C if F~ iscontinuous having

continuous partial derivatives in S and C, then

J' F-& = J'J curl F”- n" ds

(or)
[ Fd= L[ Vx F- " ds

n” is the outward unit normal vector and C is traversed in the anti — clockwise direction.
GAUSS DIVERGENCE THEOREM

This theorem enables us to convert a surface integral of a vector function on a
closed surface into volume integral.
Statement of Gauss Divergence theorem
If V is the volume bounded by a closed surface S and if a vector function F~ is continuous and

has continuous partial derivatives in V and on S, then
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U V'““Lﬂ V-Fdv

Where nis the unit outward normal to the surface S and dV = dxdydz
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Verification and Application in evaluating line,surface and volume
integrals

Example: Verify Green’s theorem in the plane for I (3x% — 8y»)dx + (4y — 6xy)dy
where C is the boundary of the region definedby x =0,y =0,x+y = 1.
Solution:

We have to prove that I Mdx+ Ndy = H (a—N - a—M) dx dy
ox oy

c R

Here, M = 3x2 — 8y2 and N = 4y — 6xy

y
N B(0.1) y=1
o
\\k +y=1
NS \
-, N
‘& \} A(1,0)
o | K by X
(0,0)
=3 wm _ —16y = o _ —6y
ay ox

# [ (3x2 —8y)dx + (4y — 6xy)dy = [ Mdx+Ndy

By Green’s theorem in the plane,
[ Max+Nndy=[[ " -"Hdxay
dx ay

c R
1 1—x

= (10y) dy dx

=5 fol(l — x)2 dx

51
o =5 @

-3 0 3

=5]
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Consider [ M dx + N dy = 5[ +A[ +B[
A B (0]

Along 0A,y =0=dy =0,x valries from0Oto1
Mdx+Ndy= _3x2dx=[x3]' =1
fo 0
OA

Along AB,y =1 —x = dy = —dx and x varies from 1 to 0

. 1[ Mdx+Ndy=J[3x2—8(1—x)?— 4(1 —x) + 6x(1 — x)]dx
Al
3 3 _ _ 0
= [ - 8a 03 4(1-x)>? + 3x2 — 247]
3 -3 -2 1

=%+2-1-342="2
3 3

Along BO,x = 0 = dx = 0 and y varies from 1to 0
Mdx +Ndy = | 4y dy = [2y%]° = -2

1 1
BO

s Mdx+Ndy=1+"°-2="°
3 3

~ From (1) and (2)
s Mdx+Ndy=[[ "= THaxdy
. ox ay

R

(2

Hence Green’s theorem is verified.

Example: Verify Green’s theorem in the XY —plane for J. (xy + y)dx + x2dy  whereC

is the closed curve of the region bounded by y = x,y = x2.
Solution:
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7{3,0) y=0 X

We have to prove that J. Mdx+ Ndy = J.J. (a—N - a—M) dx dy
ox ay

c R

Here, M = xy + y2 and N = x?
oM aN

=>__=x+2y =>__ =2x
ay ox
RHS= [[ (*"="Hdxdy
o ox oy

Limits:
x varies from y t0 vy

y varies from 0o 1
.” (a_N - a*M) dx dy = J-lj-‘/ny — (x+2y)dxdy
Oox ay 0Jy
R

1 x2 9 Vy
_fo [7_ xY]y dy
1
= (f—Zy\/y)— (%~ 2y?) dy
Jo 3 2

1y E y2
= [, G~ 2y7+ 32 dy
1

NI

2 3
i oy
=G- 5+
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Considerfde+Ndy:O[ +A[
A (0

Along OA,y = x2 = dy = 2x dx, x varies from 0 to 1

J- Mdx + Ndy = fcl[(x(xz) + (x2)¥)dx + x2 - 2x dx]

= f;(3x3 + x4) dx

=its5T o
Along A0,y = x = dy = dx and x varies from 1 to 0

J Mdx + Ndy = ff(x2+x2)dx+ x% dx
0
= 3x2x = [x3]0 = -1

1 1
LHS= [ Mdx+Ndy="-1=—"
20 20

c

~ LHS=R.H.S

Hence Green’s theorém is verified.
Example: Verify Green’s theorem in the plane for the integral I (x —2y)dx + xdy

taken around the circle x2 + yz2 = 1.

Solution:
We have to prove that I Mdx + Ndy = ” (a—lV - a—M) dx dy
ox oy

c R

Heree M =x —2yand N = x
M= 3 -%_
oy ox

_ aN _ am
RHS= |] ¢ ay)dxdy

| (Z—IZC—Z—Z)dxdyzﬁ (1 + 2)dxdy

R

=3J’J dxdy
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= 3 (Area of the circle)
= 3mr

=3r (v radius =1)

L.H.S = j Mdx+Ndg

GivenCisx2+y2 =1

The parametric equation of circle is
x =cosf,y =sinf

dx = —sin 6d6, dy = cos 0 df

Where @ varies from 0 to 27

_[ Mdx + Ndy = fczn(cose—ZSinH) (-sin 6 d@) + cos 6 (cos 6 db)

= fozn(— sin 6 cos 8 + 2sin2 @ + cos? 6) df

= fozn(— sinfcos@ +sin26 +1)df (- sin26 + cos?20 = 1)

:JOZH (_ sin229+ 1—c2529+ 1) de

: 2n
[ 15( c052203 | 612_ 1E(sm226; | 9]
0

— [cos(;lrr)_i_ 2%_ sin:rr_i_ 277,'] . [C010+ OE_ sir;O_l_ 0]

= '+ n+2n— =31 [+sinnt=0,sin0=0,c0s0 = 1],
4 4
[cosnm = (—1)7]

~LHS=RHS

Hence Green’s theorem is verified.

Example: Using Green’s theorem evaluate .f (y — sinx)dx + cos x dy where C is the

triangle bounded by y = 0,x = ",y = **.
2

s

Solution:
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e

H

tJ
=
e

(0,0) y=0 dn/2, 0)

We have to prove that I Mdx+ Ndy = U (G—N - a—M) dx dy
ox ay

c R

Here, M =y —sinx and N = cosx

oM aN .
=>_=1-0 = __ = —sinx
oy ox

Limits:

x varies fromxz toz
2 2

y varies from 0 to-1

Hence I (y —sinx)dx + cos x dy = Z(—sinx — 1) dxdy

fofw

c

(cos x —x)% dy

Jo r

2
1 T T T T
= | [(cos” =) = (cos ) — D] dy
9 222 o2 2
= [0="=cos”+ ] dy
oo 7 w7 7
T sin*® - 21
[——y—ﬂ—2 + 22

> 220

sm()+ -
4

4>|=|N|=|NI=|

Qo3 o
S

Example: Prove that the area bounded by a simple cIQsed gurve Cis glven by
1 (xdy — ydx). Hence find the area of the ellipse * + > = 1 by using Green’s theorem.

2 az b2
c
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Solution:
By Greentheorem, [ Mdx+Ndy= [[ (*"-"")dxdy
0x oy
c R
LetM = —yand N = x
oy ox

j (xdy — ydx) = J'J (1+ 1) dxdy
= ZJ'J dx dy = 2 (Areaenclosed by C)

=~ Area enclosed by C = 12 _[ (xdy — ydx)

c

Equation of ellipse in parametric1f0r2m iISx =acosfandy = bsinf where 0 < 6 < 2.
=~ Area of the ellipse = " (acos 8)(bcos 8) — (bsin 8)(—asin6) db

2J0
1
=_"d (*" .
2 fo (cos26 + sin26) d6

i fzfrdg = 'ab [0]7" = mab

2 0 2 0

Example: Evaluate the integral using Green’s theorem

.[ (2x2 — y2)dx + (x2+ y?)dy where C is the boundary in the xy - plane of the area

enclosed by the x - axis and the semicircle xz + y2 = aZ in the upper half xy - plane.

Solution:

-10) O

In this figure 'a’ is represented as 1
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By Green theorem, J. Mdx+ Ndy= ” (a—N — a—M) dx dy
ox ay
c R

Let M = 2x2 — y2and N = x2 + y2

=M= -2y = M = 2x

oy ox

Limits:
y varies from 0 to Va2 — x2
x varies from —a to a

J.J‘ (O_N - a—M) dy dx = J‘a f\/ (2x + 2y)dydx
ox oy —a 0
R
a y2 \/a _Xz
=2f_a[xy+2—]0 dx

2.2
=2fa[x\/a2—x2+a “dx
—a 2

In the first integral, the function is odd function.

-~ The value is zero.

a ,2__ w2
- we get 2 f_a%dx

Example: Verify stokes theorem for a vector field defined by F = (x? — y?)e + 2xy}in a
rectangular region in the xoy plane bounded by the linesx = 0,x =a,y =0,y = b.
Solution:
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y
y=~D0b
Fb p: B
) (ab)
I 7
&= Avx = a
o >
X

By Stokestheorem,j F -dr= L" Curl F -'ndS

c

To evaluate: U Curl F -'ndS

Given F = (x2—y?)p+ 2 x yp

CurlF=VXF
b Ji -)k
=] & _ 98 2
ox a9y 9z

x:—=y% 2xy. 0

=@~ (0% 0) ¥ k2 -02y)]

= 4yfé
Since the surface is a rectangle in the xy plane, n= k. dS = dxdy
Curl F - 'n= 4y R -7é:4y
Order of integration is dxdy
x varies fromx = Otox = a
y varies fromy = 0toy = b

= ” CurlF -'ndS = Jb f4y dx dy
07Jo

S

b
= 4y [x]edy
0 0

b
= [, 4aydy
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= 2ab?

= ” Curl F -'ndS = 2ab>? - (1)
S

Here the line integral over the simple closed curve C bounding the surface OABCO consisting of
the edges OA, AB ,BC and CO.

Curve Equation Limit
0A y=20 x =0tox = a
AB X=a y =0toy =b
BC y=5> x =atox =0
co x=0 y =btoy =0

Therefore,_[ F -dp= l F -dr
C OABCO

Jra=fp Ll

F +dr=(x2-y2) 4+ 2xydy . (2)
On 0A:y = 0,dy = 0,x varies from 0 to a
(2) = F.dr =x%dx
J F -dr =fcax2dx
A

3a 43

=1

On AB: x = a,dx = 0,y varies from 0 to b

x3
370 3

(2) = F.dr=2aydy

J F -d14=f(l;)2aydy
B

OnBC:y =b,dy = 0,x varies froma to 0
(2) > F.dp= (x2—b2)dx
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J F -drw :fgxz—bzdx
C

—_— x3 O
—[?—bzx]
a

3
=—2+abp?

3
OnCO:x =0,dx =0,y variesfromb to 0

2) > F.dr=0
C[ F-dr=0
(]
@)= F.dr =« +ab?2 - +ab? = 2ab? . (3)
3 3

From(3)and (1) [ F -dr = H Curl F -'ndS
Hence Stokes theorem is verified.

Example: Verify Stoke’s theorem for F= (x2+ y2)e — 2xy } taken around the rectangle
bounded by the lines x = +a;y= 0,y =b"

ay
(—a,b)
¥ = b
D ’ &
(a,b)
RN 7
X = -a x=0 Avx = a
A - >
gapy MY x
(a,0)

Solution:

By Stokes theorem, I F -dr= L[ Curl F -'ndS

c

Given F = (x24 y2)p— 2xyp
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i ik
| @ 0 b
Curl F = o 3y o
x2+y2 =2xy O
= [0 —0] — »[0— 0] + R [-2y — 2y]
= —4y7€

Since the region is in xoy plane we can take’n= kand dS = dx dy

Limits:
x varies from - a to a.

y varies from 0 to b.

| curt P nds = —a J-b | ydxdy
0J—a

S

= —4

= —8a [Z]

.[ Foadpi=

| 2Ll

Along AB: y = 0,dy'= 0, x varies from -

blxyle dy

Jo " -a
2 b 2
= —4ab

£l

ato‘a

dr=dxs+ dyp

J F -dpr = J—ax2 dx
B

Along BC,x = a,dx = 0, y varies from

=[]

a 2a3

37 4 3

Otob

J F -dr= J'cb(—Zay) dy

= —aly?ly= —ab?

Along CD:y = b,dy = 0,x varies froma to — a

0ng_dﬂ

[T*(x2 + p2) dx = [x_3+ bzx]_a
a 3
a

3 3

a a 2

—_— ab?— _— ab?
3 3 3

Along DC: x = —a,dx = 0,y varies fromb to 0

MA8251 ENGINEERING MATHEMATICS 11

binils - Anna University App on Play Store



binils.com - Anna University, Polytechnic & Schools
Free PDF Study Materials
Binils.com — Free Anna University, Polytechnic, School Study Materials

J F -dr = kaZaydy
C

= a[y?]%, = —b?a

3 2a3
— —ab? - — 2ab? — b2a
3 3

= —4ab? ...(2)
From (1) and (2) I F -dr = 'U Curl F -4 dS

Hence Stoke’s theorem is verified.

Example: Verify Stoke’s theorem for F= yZze+ z2xp+ x2y k, where S is the open
surface of the cube formed by the planes x = +a, y = +a, and z = +a in which the plane
z=—aisacut.

Solution:
Stoke’s theorem is I F-dr= _U curl F- fi ds
Given F = y2zs+ z%xp+ x2y72
F -dr =y2zdx + z°xdy + x2y dz
This square ABCD liesinthe plane z = —a = dz =0
~F -dp= —ay?dx+ a?x dy

|_.H.s=jc ﬁ-dn:A[B +Jc +C[D +D[A

OnAB:y = —a = dy = 0, x varies from —a to a.
= J Fdr=J_,—0a%dx
B
= —ad [x]a—a

= —a3(2a) = —2a*

OnBC:x = a = dx = 0, y varies from —a to a.

N J F-dr=J)_,a%dy
C

=ad [y]a—a
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= a3(2a) = 2a*

OnCD:y =a = dy = 0, x varies from a to —a.

= J F-dr= [, —a3dx
D

= —a3 [x]
= —a3(—2a) = 2a*
On DA: x = —a = dx = 0, y varies from a to —a.

—a

= jﬁ-dﬂzfa a3 dy
DA

= —a3 [yl

= —a3(—2a) = 2a*
j F -dr=—-2a*+ 2a*+ 2a* + 2a* = 4a* .. (1)

RHS = H curl F- A ds

R
) Ji R
9 9 )
curlF=|—+ | — =—
ox ay 0z

y2z z2x X%y
= 8(x2—2xz) — p(y%2 —2xy) + R (z2 - 2yz)

Given S is an open surface consisting of the 5 faces of the cube except, z = —a.
ffeurtp-nds= ] +] bt [
1 S2

curl F = 2yﬁ+zp—x7€
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Faces Plane ds n Eqn curl F - A VXF -A
Top (S1) xy dxdy k z=a 72 — 2yz a? — 2ay
Left (S2) Xz dxdz —p y=—a y2 — 2xy a? + 2ax
Right (853) XZ dxdz 7 y=a —(y% — 2xy) —(a? — 2ax)
Back (S4) vz dydz —b X =-a —(x2 — 2x2) —(a? + 2az)
rF\rPT (5521 A dy\df B xX=a X2 — 2xz az — 2az
ons f—af—aw = 2ay)dxdy




binils.com - Anna University, Polytechnic & Schools

Free PDF Study Materials
Binils.com — Free Anna University, Polytechnic, School Study Materials

“ [(a2x — 2ayx)]* d

= y
J . —a
= [°(a® - 2a%y) — (-a® + 2a?y) dy
a
= f_a 2a3 — 4a?y dy

= [2a3y — 4 Zﬁ]a

—-a
= (2a* — 2a*) — (—2a* — 2a%)
= 2a* — 2a* + 2a*+ 2a*
= 4a4

: “(
f f

J _af _

= f_af_a4axdxdz

a
a Xz

= 4q f—a [7] dZ

—a
= 2a3 fiadz
= 2a3z]%4,

= 2a3£0) =0
On S + S —(a% + 2az) dydz +

f_af_a
)

= f_af_a—4azdy dz
= —4a fa [zy]® dz

—a —a

a? + 2ax) dxdz + * —(a? - 2ax) dxdz

f_af_a

(a + 2ax — a?+ 2ax)dxdz

(a2 — 2az) dydz
J _af _a

( a’? — 2az+ a?— 2az)dydz

= —4a ff z(2a)dz

= —64a° [7]_61
= —3a%(a? — a?) =0

” curlF- Ads = 4a*+0+0 = 4a* .. (2)
S

From (1) and (2) [ F -dr= JJ curl F- i ds

Hence Stoke’s theorem is verified.
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Example: Evaluate_[ F - d# by stoke’s theorem, where F = y2e+ x2}+ (x+2) k,and C

is the boundary of the triangle with vertices at (0, 0,0), (1,0,0) and (1,1,0).
Solution:

Stoke’s theorem iSI F -dr= _U curl F- ids ... (1)
Given F = y2s+ x2p+ (x+2) k
And C is triangle (0,0,0),(1,0,0) and (1,1, 0).

Since z —coordinate of each vertex is zero the triangle lies in xy — plane with corners
(0,0),(1,0) and (1, 1).

To evaluate : J curl F- A ds

Inxy —planef = R ds = dxdy

b p R
curl Fi= |8 8 S gl
dx _ Oy 0z
Y2 [ x3 —(x+2)
=w(0)= F(-1) + k(2r=2y)
=3+ 2(x— Yk
curl F- fi = (p+ 2(x— k) - R
=2(x—-y)

Limits:

x varies from y to 1.

y varies from 0 to 1.

_U curl F- N ds = J-lj-12(x — y)dxdy
0y

S
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Example: Verify the G.D.T for F = 4xze— yZp+ yzk over the cube bounded by x = 0,
x=1y=0,y=1,2z=0,z=1.

Solution:
Z
)
o I
D Y A
G
B
Oz A ".//”.'/ ¥ 4 fé
/’ v //1 A >
PIAII 74 Y
/A E
X

Gauss divergence theorem is L[ F : Ads = LU ViFdv

Given F = 4xzv— y2p+ yzfé
V-F=4z—-2y+y
=4z—y
Now, R.H.S = w V- Fdv
=1 1(42 — y)dxdydz
Sl oo

[(4xz — y2z)]' dydz

foflo 0
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R RN R BT RV

Faces Plane ds *‘n | F-n|Equation |F-%onsS B ,U P fds
S1(Bottom) | xy dxdy k| —yz z=0 0 11
[ [ 0dxdy
0 0
S2(Top) xy dxay b yz z=1 y o1
J | ydxdy
0 0
Ss(Left) | xz dxdz —p y? y=20 0 flf (l)d d
xdz
0 0
Ss(Right) | xz dxdz I —y2 y=1 -1 flf 1 L ded
—1dxdz
0 0
Ss(Back) | yz dydz —% | —4xz| x=0 0 11
[ 0dydz
0 0
Se(Front) | yz dydz b 4xz x=1 4z Lol
[ [ 4zdydz
0 0

(i)JJ F -Nds + JJ F:Nds = J;J-(:dedy+J;J-:ydxdy

S1 §2

.. A N 1 1 1 1
(ll).U F - nNds + J‘J‘ F - Nds = Jo JO dedZ-I_Jb J-o —1dxdz

S3 S4
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. N 11 11
(lll)J-J- F - fids + ” F - fids = I I Odde-I_Jb J, 4zdydz

S5 S6

11
Ii-fofloélzdydz

(@) + (i) + (i)

1142 ="
2 2

_U ﬁ.ﬁds=jy V:Fdv

Hence Gauss divergence theorem is verified.

Example: Verify.the G.D.I for F= (x2 =yz)e+ (Y2=xz)}p+ (2% = xy)k over the
rectangular parallelopiped 0 <x <a, 0 <9< b,0<z < c. (OR)

Verify the G.D.T for F = (x2 — yz)e+ (y2 — x2)} + (2% — xy)k over the rectangular
parallelopiped bounded by x =0,x =a,y=0,y=b,z=0,z=c.

Solution:

Gauss divergence theorem is L[ F - Ads = w V- Fdv

Given F = (x2 —yz)e+ (y2 —x2)p+ (22 — xy)fé

V-F=2x+2y+2z =2(x+y+2)

Now, R.H.S = U V- Fdv

c b a
=2[,f,J, x+y+2)dxdydz
a

c b 2
=2f,/, G +xy+xz)]0 dydz
2
=2 ¢ b(a+ay+az)dydz

Jolo 3
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c a?y ay?
:2[0
=26(ab ab

Jo 5 =

=2 [azbz + ab?z

abz

b

—+—* aZY)O dz
+  +azb) dz

2 C

|

2 2

2 2
2(abc_i_abc

+

2 0

abc?
)

2

=abc(a+ b+ c)

2

Now,L.H.Szﬂ F’-ﬁds=L[ sl | I [ |
1 S2 S3 S4 S5 S6
Faces Plane | dS | ™n Fon | Ean F-on S =[[ ¥-nds
S
S1(Bottom) | xy dxdy | _3 | —(z22—xy) | z=0 xy b a
J | xydxdy
0 0
S2(To x dxdy | % 72 —x z=c 2 —x b a
2(Top) | xy Y| k| @-x) Y U [ f e —xydxdy
0 0
S3(Left) | xz Xzl —p | =2 Fx2) | y=0 %z fcf ;dedz
00
Su(Right) | xz Gz |y | 02 maz) | y=b br o J Cf Zz—xz dxdz
0 0
Ss(Back) | yz dydz | —s | —(x2—yz) | x=0 yz c b
[ [ yzdydz
00
Se(Front z dydz | x2 —yz x=a a? —yz c b
( ) |y y ( yz) Y [ [ a2 —yzdydz
00

(i)” F - Nds + _U F - Nds =1 xycf)xd31+ Iy c2 —Ox}:)dxdy

S1

(ii)_U F - Ads + ” F - Ads =Jgj-:xzdxdz+ J-;J-:bz—xzdxdz

S3

S2

10

S4
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c

“b2 dxdz

1,0

= b? adx .cdz
Jo 1o

= b%[x]%[z]¢ = b2ac
0 0

A A c b c b
(ut)_” F - Ads + ” F - Ads zjb bezdydz+ 51y a? —yz dydz
S5 S6

c

= b a2 dydz

fof()

=a? bdy .cdz

S ERTS IR
= (i) + (if) + (i)
= abc(a+ b )
Ig[ F-ﬁds=w v P dv

Hence Gauss divergence theorem is verified.

Example: Verify divergence theorem for F = (2x — z)& + x2y} — xz2k over the cube
boundedbyx=0,x=1,y=0,y=1,z=0,z= 1.
Solution:

Gauss divergence theorem is H F - Ads = w V-Fdv
Given F = (2x — z)8+ x2yp— xz2R
V-F=2+4+x2—-2xz

Now, R.H.szj V:Fdv

= ' 1(2 + x%2 — 2xz)dxdydz
JoJoJo
1 1 x3  2zx? 1

=fofo [(2x+?_ 2 )]Odde
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2+ — z)dydz
ff( i ) dy
1 1
f9(2y+ y—zy) 4z
2+ —2) dz

o

1
=[2z+1z - Z]
3 20

=(z+_ _)—o =1

Now, LHS= [[ 7 nds—g HE D+ ]

1

Faces Plane | dS n Fn | Equation | Fyon S — J‘ F - fAds
S
S1(Bottom dxdy | _z 2 =0 0 11
1( ) | xy y b Xz z [ [ 0dxdy
0 0
S2(Top) xy dxdy | 1 —xz2 z=1 —X 11
R [ J (=x) dxdy
0 0
S3(Left dxdz | — —x2 =0 0 11
3(Left) Xz Vi XY Yy f f 0 dxdz
0 0
Sas(Right) | xz dxdz x2 =1 x? 1
+(Right) 7 y y [ [ xdudzo
Ss(Back dydz | — —(2x—z =0 A 11
5( ) |yz y b ( )| x [ [ zdydz
0
Se(Front dydz 2X — 7 =1 2—z 11
o(Front) |yz ydz | v | x-2) | x [ [ 2-zdydz
0 0

O[] F-hds+ ][ F-fds = Jo J;dedy+J;J-01(—x) dxdy

S1 S2

1 1
:f() fo(_x)dxdy
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.. A A _ 11 11,
(u)_” F nds+ﬂ F - Ads Jo JOdedZ+J0 Jox dxdz
S3 S4 11
= x2 dxdz
IoJo
1x31
=[] d
f0[3]0 Z
11
“Jo3 %
1 .1 1 1
:[ Z] :(_—0) = _
377 3 3
R R 11 11,
(ut)_” F - Ads + ” F - Ads = Jo JOZdde+JO Jo (2 - 2)dydz

S5 S6

—2[h =2
I rves iyl Pl 4

=Ny + i) + (tin)
=-I4ly2 =08

2 3
S

Hence Gauss divergence theorem is verified.

6
.ﬁdsz-w V-Fdv

Example: Verify divergence theorem for F = x2e+ z} + yzk over the cube bounded by
x=x1,y=4%1, z = +1.

Solution:
Gauss divergence theorem is J'J F - fAds = w V- Fdv
Given F = x2v+ zp+ yzié
V-F=2x+y

Now, R.H.S = \[j V- Fdv
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(Zx + y)dxdydz

fff_

—f f (25 +yx0)]_ dydz
(1+y) (1 -y)ldydz

f f_
[2y]dydz
f f_
y2 1
—f @3,
= f_l (1) - ((—1)2)] dz
= JL[0] dz
=0
Now, LHS = [[ F - fids = [[ 8 N N I T
1 S2 S3 S4 S5 S6
Faces Plane dS | m| F-n |Equation| Fopns | _ U F - fAds
S1(Bottom) | xy dxdy. | _i =)z Z i 1 BY t o1
J J yadxdy
-1 -1
S2(Top) Xy dxdy | % Yz z=1 y 11
J | ydxdy
-1 -1
S3(Left) |xz dxdz | —p —z y=-1 -z flf 1 dxd
—zdxdz
-1 -1
Sa(Right) | xz dxdz | z y=1 z flf 1d d
zdxdz
-1 -1
Ss(Back) vz dydz | —» —x2 x=-1 -1 to1
[ | —1dydz
-1 -1
Se(Front) |yz dydz | » x? x=1 1 t 1
[ | dydz
-1 -1

A 1 1 T 1
(i)L[ F - Aids + ” F -Nds = J_lf_lydxdy+f_1f_1ydxdy
1 S2

=/ 1Tf L 2y dxdy
=2 [xy]' ay
f_1 -1

=21 [ - (=] dy
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1
=2[_, 2ydy

1
y2

1 1
=4l] =4[Q-Q)] =0

-1
@[ F-nds+ ][ Fods= LT —zaxdz [0z dxdz
3 S4 ) )
= f_l f_l 0 dxdz
=0
@ff ronas+ [[ Fnds == 10wz 1 dxds
=0
W rctam [l T
= () + (@) + (iiD)
=0
” Fr.ﬁds=LU V:-Fdv

Hence ;, Gauss divergence theorem is verified;

Example: Verify divergence theorem for the function F=4xe— 2y2p+ 22k taken over
the surface bounded by the cylinder x2 + y2 =4 andz = 0,z = 3.
Solution:
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zh

15

X
Gauss divergence theorem is H F - Ads = J'y V-Fdv

Given F = 4xp— 2y2p+ z2k
V- F =44y +2z

Limits:

z=0to3

X2+y?=4 = y2=4— x2

sy=+V4— x2
ny=-V4— x2toV4— x2
Puty=0= x2=4

>x=+12

Ly =—2to2

~RHS= ﬂ V-Fdv

= 2 ~F==x 3(4—4y+2z)dzdydx

f—zf—mfo
2 =X 422 3

= f_zf_m [42—4yz+27]0 dydx

= 2 VAo 12y 4+ 9)dydx
f—zf—m

= 2 VA2 o0 12))dydx
f—zf—m
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2 a=x? fiaf(x) dx =2 fg f(x) if f(x) is even
=2l,),  2ldydx [ = 0if f(x) is odd :

=42 Pyl ax

f_z 0
2
=42 [, a—x2 dx

=42 X2 foz Vi-— x2d [+ even function]

=84 [Fya— w24 2 1
= , V4 — x2+ 2 2]0
=84 [0+ 2 sin~1(1)]

=84 [2x ]
2
=84n

LH.S= H F - fids

=l +I] +]l
S1 S2 S3
Along S1 (bottom);
xy —plane = z = 0,dz = 0
And ds = dxdy, i = —k
“F A =@xe— 2y2p+ z2 R) - (k)
=—2z2=0

“J] pofas=[[ 0=0

Along Sz (top):

xy —plane = z=3,dz =0

And ds = dxdy, fi = R

“F A =@xe— 2y2p+ z2 R) - (=)

= z2=9

e — dxd
fsfzﬁ fids !jz 9 dxdy

= J.J. 9 dxdy
R
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= 9 (Area of the circle)
= 9 (mr?) [+ r=2]
=36m
Along S3 (curved surface):
Given x2 + y2 =4
Leto =x2+y2—4

0 20
Vo = 22 + PP+ R
Ox ay a9z

= 2xv+ 2yp

V| = Vax2 + 4y2 = 24 = 4
n = Vi _ 2(xttyy)
Vol 4
_ xﬁ+yy
T2
The cylindrical coordinates are
x =2cos6,y = 2sinf ds =2dzdf
Where z varies from 0 to 3

0 varies from 0 to 2w

NowF - i = (4xs— 2y2p+ z2 k) - (*2)
2

= 2x%2 — y3
= 2(2cos0)? — (2sinB)3
= 8cos?26 — 8sin3 0

1+cos 26 3 sin 8—sin 36
=8 2 )

2 4 ’
A~ _ 2T 3,1 cos 260 3sin @ sin 36
] Fofids=8 |7 |} (L4 o2 358y s 94549
S3
=16 2=n (1_'_ cos20 _ 3sin6 + sin39) [2]3 de
0 2 2 4 4 0
2
= 48 [E+ sin29_ 3c056_ cos 30 "
2 4 4 12 o
21 3 1 3 1
=48 [(-+-—)— (—— ]
2 4 12 4 12

=481
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L'H'Sz.U F-Nds=0+36m+48m

=84n
~LHS=RH.S

(i.e) U F - Ads = w V- Fdv

Hence Gauss divergence theorem is verified.
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