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STRAIN ENERGY METHOD
(Introduction)

Strain Energy

Strain energy is as the energy which is stored within a material when work has
been done on the material. Here it is assumed that the material remains elastic whilst
work is done on it so that all the energy is recoverable and no permanent deformation

occurs due to yielding of the material,
Strain energy U = work done

Thus for a gradually applied load the work done in straining the material will be

given by the shaded area under the load-extension graph of Fig.7.1
U= P3S

P NAreo A 8 Extension

(@)

Work done by a gradually applied load.

The unshaded area above the line OB of Fig. 7.1 is called the complementary
energy, a quantity which is utilized in some advanced energy methods of solution and

is not considered within the terms of reference of this text.
Strain Energy ( Tension or Compression )

(a) Neglecting the weight of the bar: -
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Consider a small element of a bar, length ds, shown in Fig. 7.1. If a graph is drawn of
load against elastic extension the shaded area under the graph gives the work done and
hence the strain energy,

Strain energy; U=P?L /2AE
(b) Including the weight of the bar: -
Consider now a bar of length L mounted vertically, as shown in Fig. 7.2. At any

section A B the total load on the section will be the external load P together with the

weight of the bar material below AB.

WAL I I RI SIS P IIII LIS/ I T IA
ds

A B8

imt
1L
.

Direct load - tension or compression.

Strain energy; U=P?L/2AE + PpgL?/2E + (pg)? AL®/6E
Strain Energy : Shear

Consider the elemental bar now subjected to a shear load Q at one end causing
deformation through the angle y (the shear strain) and a shear deflection 6, as shown in
Fig.

Strain energy; U=Q’L / 2AG
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Strain Energy — Bending
Let the element now be subjected to a constant bending moment M causing it to
bend into an arc of radius R and subtending an angle d6 at the center (Fig. 7.4). The

beam will also have moved through an angle d6.

‘(/69\7/'

Strain energy; U= M 2L / 2EI

Strain Energy - Torsion

The element is now considered subjected.to a torque T as shown in Fig. producing
an angle of twist dO radians.

Strain energy; U=T 2L/ 2GJ

Note: - It should be noted that in the four types of loading case considered above the
strain energy expressions are all identical in form,

U = (unit applied load)?x L / 2(product of two related constants)
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Castigliano’s first theorem assumption for deflection: -

If the total strain energy of a body or framework is expressed in terms of the external
loads and is partially differentiated with respect to one of the loads the result is the
deflection of the point of application of that load and in the direction of that load,

I.e, a=AU/APa , b=AU/APb and c=AU/Apc

Where a,b and c are deflections of a beam under loads P,, P, and P, etc. as shown in
fig 7.6.

X Py P,
Al Bl Cl
i \to b tc ==
Beom loaded with™ _— e "

PA, Pa ,Pc, etc

In most beam applications the strain energy, and hence the deflection, resulting
from end loads and shear forces are taken to be negligible in comparison with the
strain energy resulting from bending (torsion not normally being present),

Therefore deflection; A = pv / pp
Application of Castigliano’s theorem to angular movements:

If the total strain energy, expressed in terms of the external moments, be
partially differentiated with respect to one of the moments, the result is the angular

deflection (in radians) of the point of application of that moment and in its direction.

Example 1: -

Using Castigliano's first theorem, obtain the expressions for (a) the deflection under a
single concentrated load applied to a simply supported beam as shown in Figure
below, (b) the deflection at the center of a simply supported beam carrying a
uniformly distributed load.
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Example 2: -

Derive the equation for the slope at the free end of a cantilever carrying a uniformly
distributed load over its full length.

X
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1.2 DEGREE OF STATIC & KINEMATIC INDETERMINACY OF
STRUCTURES

A structural system that can be analyzed by using the equation of static
equilibrium only is called statically determinate structure i.e. reaction components and
internal stresses can be calculated using static equilibrium equations only. Eg: Simply
supported beam. If it cannot be analyzed by the equation of static equilibrium alone,
then it is called a statically indeterminate structure. Eg: Fixed beam. A structural system
Is said to be kinematically indeterminate if the displacement components of its joints
cannot be determined by the compatibility equation alone. Eg: Simply supported beam.
If those unknown quantities can be found by using compatibility equations alone then
the structure is called kinematically determinate structure. Eg: Fixed beam. But before
calculating the degree of indeterminacy of a structure, it is good to know about its
stability. If a structure is unstable, then it doesn't matter whether it is statically
determinate or indeterminate. In all cases, such types of structures should be avoided in
practice.

1.2.1 STABILITY.OF ASTRUCTURE
The stability of a structure is of the following types:

1. External Stability

2. Internal Stability
EXTERNAL STABILITY

For a structure to be externally stable, the reactive forces should be non-parallel & non-

concurrent.
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7537 777

Figure: Externally Unstable System

INTERNAL STABILITY

An internally unstable system can change its shape without any deformation of its

members.

A A Ay /7937

Figure: Internally Unstable System

INDETERMINACY OF A STRUCTURE

The degree of static indeterminacy or degree of redundancy shows the number of
additional equations required to solve the system. External indeterminacy is related to
the support system of the structure whereas internal indeterminacy is related to
the internal stress in the members of the structure. The degree of kinematic

indeterminacy shows the number of unknown joint deformations.

2-STRU If\bQNALYSIS-I

binils - Anna University App on Play



binils.com - Anna University, Polytechnic & Schools
Free PDF Study Materials

Indeterminacy

Static Kinematic

External Internal

The degree of static indeterminacy or degree of redundancy shows the number of
additional equations required to solve the system. External indeterminacy is related to
the support system of the structure whereas internal indeterminacy is related to
the internal stress in the members of the structure. The degree of kinematic
indeterminacy shows the number of unknown joint deformations.

1.2.2 DEGREE QF STATIC INDETERMINACY OF PIN JOINTED PLANE
FRAMES (PLANE TRUSS)

The simplest form of a stable plane truss is a triangle having three members & three
joints. Then, for each additional joint, two extra members are required. In this way, a
stable & internally determinate truss system can be formed. Thus, considering all the
joints except the first three joints (that form the basic triangle), 2(j-3) number of
members will be required. And then adding the first three members that form the basic

triangle, the total number of members in a truss can be formulated as below:

m=2(j-3) + 3
or,m=2(j-6) + 3
or, m = 2(j-3)

where,
m = number of members
J =number of joints
Hence, if a plane truss is formed with 2j - 3 members (since, m = 2j -3) & if they are

arranged in a suitable manner that the system cannot change its shape without
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deformation of its members, then a stable & internally determinate plane truss is

formed.

Thus, the Degree of internal indeterminacy for a plane truss is m - (2j - 3).
The equations of static equilibrium available in order to find reaction forces in a plane
trussis 3 (H =0,V =0, M=0). If 'r'" be the number of unknown reaction forces, then the
degree of external indeterminacy related to the support system is
r-3.

Thus, the Degree of external indeterminacy for a plane trussisr - 3.
Finally, the total degree of static indeterminacy is the summation of the degree of

internal indeterminacy & the degree of external indeterminacy.

An alternative approach for the determination of the degree of indeterminacy of a
structure is to take a; unified, view without considering external and internal
indeterminacies separately. In a plane truss, the total'number of unknowns will be (m +
r) as there will be=a single unknown “farce” (either tensile “or compressive) in each
member & the remaining unknowns will be reaction forces. Also, 2j independent
equations will be available as two equations of static equilibrium (H = 0, V = 0) are
applicable in each joint. Thus, the total degree of static indeterminacy for a pin-jointed

plane frame is (m +r) - 2j.

CONCLUSION

Degree of external indeterminacy: r - 3

Degree of internal indeterminacy: m - (2j -3)

Degree of static indeterminacy: Degree of external Indeterminacy + Degree of internal
indeterminacy

if m <2j -3, internally unstable

If m =2j - 3, stable/unstable, statically determinate internally if stable internally

If m > 2j - 3, overstiff, statically indeterminate internally
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Alternatively,

Degree of static indeterminacy: (m +r) - 2j
iIf (m+r) <2j, unstable
if (m +r) = 2j, stable, statically determinate

If (m +r) > 2j, stable, statically indeterminate

Exampe;

60° I 450
e
Degree of external indeterminacy =r-3=6-3=3

Degree of internal indeterminacy =m - (2j-3)=3-(2*4-3) =-2

Degree of static indeterminacy = External + Internal =3 -2 =1
Alternatively,

Degree of static indeterminacy = (m+r)-2j=(3+6)-2*4=1

1.2.3 Degree of Static Indeterminacy of Rigid Jointed Plane Frame(Plane Frame)

In a plane frame, the total number of unknowns will be (3m + r) as there will be
three unknowns (axial force, shear force & bending moment) in each member & the

remaining unknowns will be reaction forces. Also, (3j + c) independent equations will
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be available as three equations of static equilibrium (H =0, V =0, M = 0) is applicable
in each joints plus 'c' equations of condition will also be available in some cases (eg:
internal hinge, internal roller etc).

Thus, the total degree of static indeterminacy for a rigid jointed plane frame is
(Bm+r) - (3] +¢).

Here, m, r & j have their usual meaning & are easy to determine but the equation of
condition 'c' needs to be understood well before moving on. The equation of condition
provides extra equations in addition to the three equations of static equilibrium. Let's
say, an internal hinge is provided at the center of the prop cantilever beam, then the
moment about the internal hinge is zero from either side of the internal hinge.

This means, two equations can be written by equating total moments to zero from
the left side of the internal hinge & from the right side of the internal hinge. But these
two equations are not independent because if the moment of all the forces left of the
internal hinge is zero then the moment of forces on the right of the internal hinge is zero
by default since the summation of the. moment at an internal hinge is always zero.

Thus, only ane eguation of condition (i.e. ¢/= 1) will be available in such a case. If
there are three members meeting at a single“interrial hinge (like in“complex frames),
then three equations can be written equating moments to zero. But there will be only
two independent equations (i.e. ¢ = 2) available since if two members at a hinge provide
zero moments then the moment of the third member is automatically zero as the sum of
moments at an internal hinge is zero. Now, while calculating indeterminacies, the value

of 'c' can be determined by the simple formulation as below:

Equation of Condition(c) = Number of members connected to an internal hinge — 1

CONCLUSION
Degree of static indeterminacy: (3m +r) - (3] + ¢)

if (3m +r) < (3j +¢), unstable
if (3m +r) = (3] + ¢), stable/unstable, statically determinate if stable
iIf (3m +r) > (3] + ¢), stable/unstable, statically indeterminate

Examble;
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T T

Degree of static indeterminacy = (3m+r) - (3j+c)
= (3*10+6) - (3*9+3) since, ¢ = (3-1) + (2-1)
=36-30
=6

124 DEGREE OF KINEMATIC INDETERMINACY OF PIN JOINTED
PLANE FRAME (PLANE TRUSS)

Each joints of a plane truss has two independent displacement components as they can
have translation along x & y direction. The degree of kinematic indeterminacy (or
degree of freedom) for a plane truss can be written as: 2j - e

Where;

e - number of compatibility (boundary) conditions known.

As all the members of a truss system are considered to be extensible (or axial
deformation is considered for every truss), the boundary conditions( value of €) will be
obtained only from support conditions & will be equal to the number of reaction forces

(r). Hence, the degree of kinematic indeterminacy for a plane truss is equal to 2j - r.

Conclusion

Degree of kinematic indeterminacy for plane truss: 2j —r
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Examble;

Degree of kinematic indeterminacy =2j -r=2*8-3=13

1.2.5 DEGREE OF KINEMATIC INDETERMINACY OF RIGID JOINTED
PLANE FRAME (PLANE FRAME)

Each joint of a plane frame has three independent displacement components as they can
have translation aleng x &« y=direction-as, well as=rotation about-the z-axis. So,the
degree of kinematic indeterminacy for a plane frame can be written as: 3j - e

If the members of the plane frame are considered to be extensible, then the external
supports only will provide the boundary conditions & the number of compatibility
equations(e) will be equal to the number of reaction forces (r). The degree of kinematic
indeterminacy for a plane frame is then equal to 3j - r.

But if the members of the plane are considered to be inextensible, then boundary
conditions will also be obtained from inextensibility in addition to support conditions.
The number of additional boundary conditions due to inextensibility in an unbraced
plane frame is equal to the number of members in the frame system.

And hence, the degree of kinematic indeterminacy for the unbraced plane frame is
equal to 3j - (r + m). This is valid only for an unbraced plane frame system. In the case
of a plane braced frame, it is convenient to count the degree of freedom for each joint

by visual inspection rather than using a formula.
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CONCLUSION

If plane frame is extensible, degree of kinematic indeterminacy: 3j - r
If plane frame is inextensible & unbraced, Degree of kinematic indeterminacy: 3j - (r +
m)

If plane frame is inextensible & braced, count the degree of freedom by visual

inspection.

Example 1; (Unbraced Extensible Frame)

Assuming frame to be extensible,

Degree of kinematic indeterminacy = 3j-r=3*9-6=21

Example 2; (Unbraced inextensible)
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Assuming frame to be inextensible,

Degree of kinematic indeterminacy = 3j - (r + m) = 3*9 - (6+10) = 11

Example 3; (Braced Frame)

i 7,

By visual inspection,

Degree of kinematic indeterminacy = 8
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1.3 ANALYSIS OF STATICALLY INDETERMINATE STRUCTURES BY
STRAIN ENERGY METHOD

(CONTINUOUS BEAMS)
Problem No:01

Determine the support reactions of the continuous beam as shown in Figure 5.24(a) if the
beam is assumed to be subjected to a linear temperature gradient such that the top surface
of the beam is at temperature T; and lower at Ty, . The beam is uniform havingflexural
rigidity as El and depth d . The coefficient of thermal expansion for beam material is o .

gt B
W &
Tb 7 77
L e
Figure 5.24(a)

A

AN

n B C
é T_-“h“w
£ -‘*»\
|3
Figure 5.24(c) [ z

[Source: “Structural Analysis — 1,Vol — 1 by Bhavikatti ]

Solution:

The degree of static indeterminacy =2. Remove the supports at B and C and allow the
beam to deflect freely under the temperature variation. The deflection of the points B
and C of the beam due to temperature variation

apy = 24T ;;a | F A ()
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2
Ay = za{f’f;ﬂ, 1L s @)

Apply the forces 5 and & at point B and C , respectively. According to Castigliano's
theorem

U _ A _ ol - 73 )2

am 1T 2d
oU _, _al-T )22
ErP ]

Consider BC : ( x measured from C)

A ang |

M}i = Rz I, A = D, =T
AR, AR
AUz _0
aFy
I 3
= LJ- Forxdx= ol
27, i 3T

Consider AB : ( x measured from B )

A =R11’+R2{L+I}

ahd | anT

=x, {L + 1’]
R aF,
I 3 3
O as = i_l-{ﬂlx+ﬂg 2 +x]}xcix = L + 2L
AR L EFN Ny

SR I N TR
68  3EI

BU‘E_LL X X X X =
o _EE-DI-{RI + R (L+x)}(L+x)d

Thus,
3 RIL? N sRpL” _ alff, -1 L7
3R, 3EI = AEI 2d

8] 3RS ﬁ_:_—iﬁl{&i‘iﬂ_?ﬁ] ——————————— V)
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Similarly,
AL SRL . TR LE . R 2a{r,-5)L
AR, 6EF 3Rl 3R d
or
SR + 1687 = 12 EFee(Ty, — T
dL e (V1)

Solving egs. (v) and (vi)

=_12£f.:.:[f;—f;_,} = _9EIT, - T )
7. and 2 74l

The reactions of the beam are shown in Figure 5.24(d).

~ |
-

om .,

P 3RIcT, — T, )
- Tl
Figure 5.24(d) Eeactions of the beam

[Source: “Structural Analysis — 1,Vol — 1 by Bhavikatti ]

Problem No:02

A beam is suspended by three springs as shown in Figure 5.17(a). The flexibility of
the springs AD,BE and CF are j,, 7, and # respectively. The beam carries a load

W at the middle of DE. Determine the force in the spring BE assuming (i) the beam
to be stiff in comparison to the springs and (ii) flexible with flexural rigidity EI .

Solution:
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The degree of static indeterminacy = 3-2 = 1. Let the force in the spring BE be R as
shown in Figure 5.17(b). Taking moment about point F , we have

3L
Therefore;
T Lol =
S~ = - "
e 4 2

| | |
I T ~re ™

Ara N2, L

Figure 5 1770an

=
| L
P
=

iz L2 L
Figure 5. 177k

[Source: “Structural Analysis — 1,Vol — 1 by Bhavikatti ]

Similarly, taking moment about point D , we have

Therefore;
L
FCF:-:EL=W:-:E—RL
&=
= Z*
T4 2
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(1) When beam is rigid;
Total energy stored in the system is due to springs only as the beam is rigid. Thus,

e R o]

Since the displacement of point E is zero in the vertical direction implying that

R QR S)

0-—ZGA+ AP TR AA - A

or

Therefore;

DR [ 3+ j
g
(i) When beam is flexible;
The total energy stored in the beam
Uy = Upg + Ugg + Upr

Span DG : ( x measured from D )

oM, _x Mx=[£—ijx
AR 2 <+ =

OUps _ 1 IFW R} dx_i[ﬁ_ﬁ}—_f
£ oy 4 2 2 Eil o4 2 48
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Span GE : ( x measured from D )

eAf, X
&R 2
L
—5U@=L {E—E] —ﬁ +W[;{—£J[EJ o
AR EI |\ 4 32 2 )\z
33 I3 3 43 a3 3

A | (LS | Gu N IO I SRR ) | SR AL | Bl A LS
il grfl4 2 6 4E 6 & 48 3 gL 4 2 48 96

oV, &
& 2
Z 2 s
Wac:LI[E_EJ N'a ,:fx=L[E_£} . {
R EraL4 2 2 grl 4 2 f
BU, Uy 08Uy dUg
Iy [l 2R [l
1 [3;@* F.:| B [EW R] 7 (517
= | | = |+ —|] ——= + W ——
il 4 2 48 £r 4 2 43 L 96 N 1
v
_ [ _twwe | R
=5 o & |
Total strain energy in the system
Hence;
U=U,+U,
EU_EUSJraL;
8k 8RR  6R
W R

Lot 1 D 4505) 1]
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Since;
aur 1 1135 RO
2 ——[3f+ £]+—[f+4.?5+f§} EI[ T 5 }=D

= A, Fa 11 25 3 7
R[E rha ] ”’[ﬁﬁ+§ﬂ+§]

96 B B 5
A, s 5
2
677 4 ]

Problem No:03

Analyse the continuous beam loaded as shown in fig., by the strain energy method.El is
constant.

Solution:

For beams with vertical loads only,

Statically indeterminacy,| = number of vertical reactions + number of end moments — 2
=3+0-2=1

Hence the beam is statically indeterminate to the first degree.Let us treat RB as the
redundant.Since the beam and loading are symmetrical,

RA = RC = Total load — RB/2
RA=RC=24x12—-RB/2
=144 -05RB

The partial derivative of the total strain energy U in the beam AC with respect to RB is
zero,since AB =0

dU/ORB =0
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24 KN/m

Considering a section xx at a distance x from A in AB,
Mx = RA.X — W.X.X/2
= (144 — 0.5 RB)X — 24(x2/2)
Mx = 144x — 0.5 RB.x — 12x?
dMx/ORB = - 0.5x

The intergration limits are 0 and 6m.

L) Jﬁ [144x - 0.5Rp x — 12x%) [-0.5x) dx} x2=0
BRB EI Jo

{Elf _[;sz* +025Rg x* +6x°] dx} x2=0

-

- 72x6%3+0.25xRB.6%/3+6 x6%4 =0
RB = 5184 — 1944/18,;
RB =180 KN = RA

Substituting this in equ(1);

Mx = 144.x — 0.5 x 180x — 12x?

When x = 0;

MA=MC=0

When x = 6m;

MB =144 x6-0.5x 180 X 6 — 12 x 62 = - 108 kNm
Free Bending Moments:

Span AB = BC =wI?%/8 = 24 x 62/8 = 108 kNm
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Problem No:04

Analyse the continuous beam loaded as shown in fig., by the strain energy method.El is
constant.

40 KN

A Mm l ‘C

Em -..l_- 2m hj.d 3m ol

!
il £ i) i

I Uniform

Solution:
For beams with vertical loads only,
Statically indeterminacy,l = number of vertical reactions + number of end moments — 2
=3+0-2=1
Treating RB as redundant and taking of moments about C,
RAX11+RBx5-30x6x(5+6/2)-40x3=0
11RA + 5RB = 1440 +120 = 1560
RA = 1560 — 5RB/11
RA = (141.82 - 0/45RB)
RC = Total load — RA - RB
=30 x 6 + 40 — (141.82 — 0.45RB) — RB
= (78.18 — 0.545 RB)

40 kN

x 30 kN/m x X
A ' i =. &
R R Y L Y
I : R i x i =
R, = (141.82 | R . o 5?53%13
- 0455 R,) X x X .
le e & 3m il
F &m | 5m G
Fig. 7.7

dU/AORB =0 (Since 6B = 0)
El is constant and can be removed

The integration will be done separately for the 3 zones, AB,CD and DB
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Portion Origin Limits (m) Mx (or) M oU/oH
AB A 0to 6 - H.x -0.455x
CD C 0to 3 30x—H X5 -0.545x
DB C 3105 15X —H x5 -0.545x

Substituting the values from the tables in equations;

(- 64.53x%/3 + 0.207RB.x3/3 + 6.825.x%/4) =0
- 4646.16 + 14.904 RB + 2211.3 — 383.47 +2.673RB — 1391.86 + 9.702RB + 712.13 —

523.2=0

Hence;

RB =147.41KN; RA=74.75 KN; RC = - 2.16 KN
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1.4 ANALYSIS OF STATICALLY INDETERMINATE STRUCTURES BY
STRAIN ENERGY METHOD

(PLANE FRAMES)

Let a statically indeterminate structure has degree of indeterminacy as n . On the
selected basic determinate structure apply the unknown forces , z.. and . R,

Using the Eq. (4.16) the displacement 4, in the direction of &, is expressed by

a, 22U
AR,
(j=1,2,........ n) (5.1)

The equations (5.1) will provide the n linear simultaneous equations with n
unknowns & , & .. and  R,. Since she is known, therefore, the solution of

simultaneous equations will provide the desired &} =1, 2,....,n).

For structures with members subjected to the axial forces only (i.e. pin-
jointed structures), the equation (5.1) is re-written as

iy

5 Sl AR

ﬁ‘i’:%z;[zag}z T (5.2)

Where;

P is the force in the member due to applied loading and unknown
R, (J=12,..,n);and L and AE are length and axial rigidity of the member,
respectively.

For structures with members subjected to the bending moments (i.e. beams and rigid-
jointed frames), the equation (5.1) is re-written as

M—alﬂ &x
_ @ IME.:fx - [ aR; (5.3)
4 AR, 2ET i

where;
M is the bending moment due to applied loading and unknown

R.(J=1,2,....,n)atasmall element of length dx ; and El is the flexural rigidity.

Problem No:1
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Determine the force in various members of the pin-jointed frame shown in Figure
5.20(a).Length and AE is constant for all members.

Solution:

| 120 ka7

Figure 5.200a) Figure 5.20(b)

The static indeterminacy of the pin-jointed frame is =12+3-7x2 = 1. Let the
force in the member BG be R as shown in Figure 5.20(b). According to the
Castigliano's theorem

S

SR

The computation of w7/ az 1S made in Table 5.6.

U _ 1 p@P g
ar ~ AE\" ar

L(24R—192D]= 0
AE

The final force in various members of the frame is shown in Table 5.6

2-STRU If\bQNALYSIS-I

binils - Anna University App on Play



binils.com - Anna University, Polytechnic & Schools
Free PDF Study Materials

Member Length,L(m) P % £ % L Final force
(kN)
AB 2 -120 +R 11 2R- -40
240
AG 2 120 -R -1 2R- 40
240
AF 2 -60 +R 1 2 R- 20
120
BC 2 -120 +R 1| 2R- -40
240
BG 2 -R -1 2R -80
CD 2 -120 +R 11 2R- -40
240
CG 2 120 -R -1 2R- 40
240
DE 2 -60 +R -1 2R- 20
120
DG 2 60-R| -1 2R- -20
120
EF 2 -60 +R 11 2R- 20
120
EG 2 60-R| -1 [2R- -20
120
FG 2 60-R| -1| 2R- -20
120

> 245 —1%920

AW _ 1 e3Py
3R~ AE\ 3R

1
or E;jzam—192nj= 0

R =80 kN
The final force in various members of the frame is shown in Table 5.6.
Problem No:2

Determine the force in various members of the pin-jointed frame as shown in Figure
5.21(a), if the member BC is short by an amount of A. All members of the frame have
same axial rigidity as AE.
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C .«,C o o -

f
'

o
e ——>
o

A A

| . | |
< I > . .
™ Gl

Figure 5.21(a) Figure 5.21(b)

Solution:

The static indeterminacy of the pin-jointed frame is =5 + 4 - 2x4=1. Since the
member BC is short by an amount of 4, therefore, apply a force R in the member
BC such that displacement in the direction of R is & . Thus, according to the
Castigliano's theorem.

arr

22 A
ar

The computation of aL7/@7 is made in Table 5.7.

Table 5.7
Member | Length,L(m) F 8F | g 8,
O R Final force
AB L R 1 RL 1
AC J2r —2R | =2 | 2a2E —.2
BC L R 1 RL 1
BD L S5y -3 NN RN Y7 )
CD 2L R 1 RL 1
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AFA
Z [(3+4ﬁ;u:]

(3+4-/2)RE
or 8y _ 1 [FEFL]=ﬂ
2 AR 2

1
E{3+4°~E}RL=&

B AEA
{3+ 402175

The final force in various members of the frame is shown in Table 5.7.

Problem No:3

Determine the horizontal reaction of the portal frame shown in Figure 5.22(a) by energy
method. Also, calculate the horizontal reaction when the member BC is subjected to
distributed load, w over entire length.

[ [
& = B o
= =
|«
b ! &

L 2

Hé; éﬂ — HQ’F*H D@i—H

|« N @ Fa

(a) (k)
Figure 5. 22(a)-(b)

Solution:
Static indeterminacy of the frame = 1.
Let the horizontal reaction, H at D be the redundant. The reaction at A and D are

Hy=H.  H,=H R,=PblL ad R,=Fall
For the span AB ( x measured from A ),
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A =Hx arid M”=x
a5

AU s HR

T 3BT

For the span BE ( x measured from B),

A"
M;,:=H?“J—EI and 2 =h
L aq

For the span CD (X Measured from D),
Ay, HNW
ag  3ES

For the span CE ( x measured from C),

p, = -2 g M
i e

Wy  Hh% |Pabh
aHT T VEIl | 1B

Since 8L 1, B Hifw P&bh, HEE Pabth  HY
Yy = + 3 + - +
3Ef Bl 2EIL EI  2EIL  3EI
2
2HR L Pab
3
_ 3Pab
2h(2h + 3L)

Horizontal reaction due to udl, w over BC :

W Welx
PRIIIRTIRTIITIRITEN o 5 T I TITI NI, o
— |
ofx
AN F AN s

© @
Figure 5.22{c)-(d)
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The horizontal reaction due to small incremental load wdx is given by

_ dwdx x(L— x)
C 2R(ZE 4+ 3L

(using the expression derived earlier for concentrated force and putting
P=wdx,a=xandb=L-x).
The horizontal reaction due to entire distributed load,

H=I.:1‘H

j:- Swalr x( L — 2

) T Zh(ZR+ 3L

s
= 5w _I-x{i.— L
2R(2E+ 3005
w I
AAC 2R & 500

Problem No:4

Analyze the portal frame shown in Figure 5.23 by strain energy method.

o THTRITIRTNL g _k~r¢llllll¢¢¢¢llli¢¢,
-
L
U | _
I{ L T - Lt
(&) (k)
Figure 5 23
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Solution:

Static indeterminacy of the frame = 2. Horizontal and vertical reactions at A are taken
as redundant.

For the span AB ( x measured from A),

M, =Vi—wil2

o, _ g Py
BE s
Ay
3F
I E] 4
Oz _ LI[Vx—wz’j f2][x]cix= Vi wik
oy Eij 3RS BEL
A= Hr+ VL —wlfi2
oMy _ x atud oMy _ 4
BE A
I E] E] 4
Ol _ LI[H:!:+ Vi — wit IE:I[x]cfx= VL + HL_wd
B X RS 3EI 4RI
I E] 3 4
SFe L LI[H;H Vs witdz [ o) dx- g w
e IR Er " 2RI ZEI
Since;
B _ - L Hf_wL“_D _ VL3+HL3_wL‘*=
A SEI  GEI AEL 3EI 3EI  4E]
or 6V+4H=3wL - (i)
and
8 _ vl wil +VL3+ H  wk o
o 3E] 8EI RI 2RI 2RI
or 32V+12H=15Wl ----- (i)
Solving Eqgs (i) and (ii) for H and V,
I 3wl and 7= 3wl
28 7
" " . " 2-STRU L ANALYSIS-I
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Problem No:5

The simple portal frame shown in fig., is asymmetrically loaded.El is
constant.Analyse the frame by the strain energy method.Sketch the bending
moment diagram.

45 kN

B 1m 2m C

—J'—uA b D

Solution:

e Finding the Redundant Force:

Degree of static indeterminacy =1x3-2=1

Let us treat the horizontal reaction at D as redundant.Since there is no other

horizontal force,

HA=-HD=H
Since D is hinged,Ad = 0
oU/oH =0
1/El .;daf‘?M X -== (1)

VAXx3-45x2=0

VA =15KN
Portion Origin Limits (m) Mx (or) M oU/oH
AB A Oto5 - H.X X
BE B Oto1l 30x—H x5 -5
CE C 0to2 15X —H x5 -5
DC D Oto5 - Hx -X

Substituting the values in equation (1)

1 [¢8 i 1
Ef{-[u(— J(—xla‘x+Jﬂ(30x—5H](—5de
2 5
+_|‘(15x—5H)(—5)d.x+I (- Hx) (-J:de} =(
0 0
8333H-75+25H-150+50H =0

158.33 H = 225
H=1.421 KN
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e Determining the Bending Moments:
Span AB,
X =0,Xx=5m,
Mx = -Hx =-1.421x
MA =-7.11 kNm
Span BE,
Xx=0,x=1m,
Mx = 30x - 5H
MB =-7.11 KNm
ME =22.89 KNm
Span CE,
X=0,x=2m,
Mx = 15x - 5H
MC =-7.11 kNm
ME = 22.89 KNm
Span DC,
X =0,Xx=5m,
Mx = -Hx =-1.421x
MD =0 kNm
ME =-7.11 KNm

e Bending Moments Diagram:
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1.5 ANALYSIS OF STATICALLY INDETERMINATE STRUCTURES BY
STRAIN ENERGY METHOD

(PLANE TRUSSES)
1.5.1 STATIC INDETERMINACY OF STRUCTURES

If the number of independent static equilibrium equations (refer to Section 1.2)
Is not sufficient for solving for all the external and internal forces (support reactions
and member forces, respectively) in a system, then the system is said to be statically

indeterminate.

A statically determinate system, as against an indeterminate one, is that for
which one can obtain all the support reactions and internal member forces using only

the static equilibrium equations.

For example, for the system in Figure 1.10, idealized as one-dimensional, the

number of independent static_equilibrium_equations is just 1
( Ry& Ry ), while the total number of unknown support reactions are 2

( 37, =0 ), that is more than the number of equilibrium equations available.

Therefore, the system is considered statically indeterminate. The following
figures illustrate some example of statically determinate

(Figures 1.11a-c) and indeterminate structures (Figures 1.12a-c).

In Section 1.2, the equilibrium equations are described as the necessary and
sufficient conditions to maintain the equilibrium of a body. However, these equations
are not always able to provide all the information needed to obtain the unknown support

reactions and internal forces.

The number of external supports and internal members in a system may be
more than the number that is required to maintain its equilibrium configuration. Such

systems are known as indeterminate systems and one has to use compatibility
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conditions and constitutive relations in addition to equations of equilibrium to solve for

) 19*1;1;123 |HHH !
(a) ; (b)

the unknown forces in that system.

Figuresl.11-Gtatically.determinate-structures

A la ||||J|LB

()

Figure 1.12 Statically indeterminate structures
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For an indeterminate system, some support(s) or internal member(s) can be
removed without disturbing its equilibrium. These additional supports and members
are known as redundants . A determinate system has the exact number of supports
and internal members that it needs to maintain the equilibrium and no redundants. If a
system has less than required number of supports and internal members to maintain

equilibrium, then it is considered unstable.

For example, the two-dimensional propped cantilever system in (Figure
1.13a) is an indeterminate system because it possesses one support more than that are
necessary to maintain its equilibrium. If we remove the roller support at end B (Figure
1.13Db), it still maintains equilibrium. One should note that here it has the same
number of unknown support reactions as the number of independent static

equilibrium equations. The unknown

'gﬁ Ky | ‘[A‘B

Figure 1.13a Propped cantilever A8

A

B

Figure 1.13b Cantilever A8 with no roller support at B

- d 4444 d
| B
M,
VA
Figure 1.13c Free body diagram of cantilever A8 (with no roller support at 5)

The reactions are Ha,Va, & Ma(Fig.1.13.c) and the equilibrium equations are;
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by

M (about any point ) =0
2. ML y point)=0 (1.20)

An indeterminate system is often described with the number of redundant, it
posses and this number is known as its degree of static indeterminacy.

Thus,mathematically:

Degree of Static Indeterminacy = Total number of unknowns (External & Internal)
- number of independent equations of equilibrium

- (1.21)

It is very important to know exactly the number of unknown forces and the
number of independent equilibrium equations. Let us investigate the

determinacy/indeterminacy of‘a few two-dimensional. pin-jointed truss systems.

Let m be the number of members in the truss system and n be the number of
pin (hinge) joints connecting these members. Therefore, there will be m number of
unknown internal forces (each is a two-force member) and 2 n numbers of independent
joint equilibrium equations ( > 7,=0 and > %, =0 for each joint, based on its free

body diagram). If the support reactions involve r unknowns, then:
Total number of unknown forces=m +r
Total number of independent equilibrium equations = 2 n

So, degree of static indeterminacy =(m+r)-2n

For the trusses in Figures 1.14a, b & c, we have:
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! ! !

Figure; 1.14a Determinate truss

1.14a: m=17,n =10, and r = 3. So, degree of static indeterminacy = 0, that means it is

a statically determinate system.

Figure 1.14b (Internally) indeterminate truss

1.14b: m =18, n = 10, and r = 3. So,,degree of static

indeterminacy = 1.

Figure 1.14c (Externally) indeterminate truss

1.14c: m=17,n =10, and r = 4. So, degree of static indeterminacy = 1.

It should be noted that in case of 1.14b, we have one member more than what
is needed for a determinate system (i.e., 1.14a), where as 1.14c has one unknown
reaction component more than what is needed for a determinate system. Sometimes,
these two different types of redundancy are treated differently; as internal

indeterminacy and external indeterminacy . Note that a structure can be indeterminate
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either externally or internally or both externally and internally.

We can group external and internal forces (and equations) separately, which
will help us understand easily the cases of external and internal indeterminacy. There
are r numbers of external unknown forces, which are the support reactions
components. We can treat 3 system equilibrium equations as external equations. This

will lead us to:
Degree of external static indeterminacy =r - 3.

The number of internal unknown forces is m and we are left with (2 n -3)
equilibrium equations. The 3 system equilibrium equations used earlier were not
independent of joint equilibrium equations, so we are left with (2 n - 3) equations
instead of 2 n numbers of equations.So:

Degree of internal static indeterminacy = m - (2 n - 3).

Please note that the above equations are valid only for two-dimensional pin-
jointed truss systems. For example, for three-dimensional ( “space” ) pin-jointed truss
systems, the degree of static indeterminacyis given by ( m + r - 3n). Similarly, the

expression will be different for systems with rigid (fixed) joints, frame members, etc.

Examble problems on Trusses;

Problemn no:01
Find the forces in AB, AD and AC in the following Figure E2.1.

18kM 18k
A C Jr El o I
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Solution:

FBD of the whole system

ll SEN ll BskA

S Mabout B)= J,(16) - 18(8) - 18(4)= 0 = J, = 13.5kN
S F,=B,+J,-18-18=0= B, = 225kN

FBD of joint B;

IFAB

Gy

Fgn
I22.5

3 = Fap=0
SIF, =205+ Fyp=0 = F =225 kN

FDB of the joint A,

S Fac

3
EFP=—FAB—§FJLD=D = Fun=375kN
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Force in AB = 22.5 kN (Compression).
Force in AD = 37.5 kN (Tension)
Force in AC = 30.0 kN (Compression).
Problemn no:02

Find the forces in EG , FG and FH in the following Figure E2.1.

135N

ZF},=13.5—§FFG=D =Ny = 287NN

> Miabout Gl =13.5(4) = Fpgp(3)=0 = Fgy=13&N

4
ZF?;:_FEG_EFFG_FFH: 0 = Fpo=-36 kN

Force in EG = 36.0 kN (Compression).
Force in FG = 22.5 kN (Tension).

Force in FH = 18.0 kN (Compression).

Problemn no:03

Find the forces in all members in the Figure E2.2.
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Gt
o E s |
L
A
) F H
b A sae b s dE g
I Al Gy i
Solution:
From equilibrium of the whole body;
“Gy
A \/ —
> M,

=P =Tl =10
Looking at joint A

P A E

AB is a zero-force member and FAC =P

Both BC and BD are zero-force member.

-

i
Both CD and DF are zero-force member.

Looking at joint B :

Looking at joint D :

Looking at joint C :
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P "—gtf

CF is a zero-force member and FCE=P
Equilibrium of joint B :

P"_E
FEFl FEH
Fep=—F and Fzx= ap

Equilibrium of joint F :

Equilibrium of joint H :

Sign convention: Tension +ve, compression —ve.

Note:

That we have not obtained the support reactions before finding the member forces.
It was not necessary for this specific problem. Find out these reactions at supports G
and H and check if joint equilibrium is satisfied at these two joints with the member

forces that we have found already.
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