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UNIT 1V

DEFLECTION OF BEAMS

4.1. ELASTIC CURVE OR DEFLECTED SHAPE
The curved shape of the longitudinal centroidal surface of a beam due to

transverse loads is known as Elastic curve.
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4.2. DEFLECTED SHAPES (or) ELASTIC Cl'.J'RVES OF BEAMS WITH
DIFFERENT SUPPORT CONDITIONS
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4.3. SLOPE

Slope is the angle formed by the tangent drawn at the Elastic curve to the original
axis of the beam

4.4. DEFLECTION

Deflection is the translational movement of the beam from its original position.

4.5. DEFLECTION AND SLOPE OF A BEAM SUBJECTED TO UNIFORM
BENDING MOMENT
A beam AB of length L is subjected to a uniform bending moment M as shown in

Fig. As the beam is subjected to a constant bending moment, hence it will bend into a
circular arc. The initial position of the beam is shown by ACB, whereas the deflected

position is shown by AC’B.
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Let R = Radius of curvature of the deflected beam,
y = Deflection of the beam at the centre (i.e., distance,CC?)
I = Moment of ifiertia of the beam S@etion,
E = Young’s modulus for the beam material, and
0 = Slope of the beam at the end A (i.e., the angle made by the tangent at

A with the beam AB). For a practical beam the deflection y is a small

Quantity.
Hence tan 0 =0 where 0 is in radians. Here 0 becomes the slope
d_y — —
~, —tan 6=0.
Now, AC=BC=:

Also from the geometry of a circle, we know that

ACXCB=DCXCC
5l
sX==0QR-y) Xy

L SRy _ 2
T ~2Ry-y
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For a practical beam, the deflection y is a small quantity. Hence the square of a

small quantity will be negligible. Hence neglecting y* in the above equation, we get

But from bending equation, we have

L)
I R
__EXI =
Or R——M ...(11)

Substituting the value of R in equation (i), we get

12

Y= _EI
E'Xﬁ

ML2

S ...(111)

Equation (iii) gives the central deflection of a beam which bends in a circular arc

Value of slope(®)
From triangle AOB, weé know that
E
. AN H[R 3
sin @ = A0 R 2R

since the angle 0 is very small, hence sin 8 = 8 ( in radians)

_ L

2R

L

S iaBl
2X55

_ MXL
2El

.(iv)

Equation (iv) gives the slope of the deflected beam at A or at B

4.6. RELATION BETWEEN SLOPE, DEFLECTION AND RADIUS OF
CURVATURE or DERIVATION OF DIFFERENTIAL EQUATION OF FLEXURE
Let the curve AB represents the deflection of a beam as shown in Fig. Consider a

small portion PQ of this beam. Let the tangents at P and Q make angle ¥ and ¥ +d ¥ with
x axis.Normal at P and Q will meet at C such that
PC=QC=R
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The

X
(a)

point C is known as the centre of curvature of the curve PQ.

Let the length of PQ is equal to ds.
From fig.3.4.b we sce that
Angle PCQ=d ¥

PQ.=ds = R.d¥
as
I §

But if x and y be th¢ coordinates of P, thef

dy
tan ¥ ==
dx
" dy
siny =—
ds

dx
and CosW¥ =—
ds

Now equatioin (i) can be written as

ds] 1

_|

(@)

... (i)

- Loy
@& ) 5
=sec'P
=

Differentiating equation (ii) w.r.t.x, we get
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dzy
dy _ dIZ

dx  sec?y

e ; av o man
Substituting this value of M equation (iii), we get

_ sec¥ _ sec¥sec’¥ _ sec®w
B 3 d?y d?y
L d dx? dx?
dx?2
seCE'I-'

Taking the reciprocal to both sides, we get

dzy dzy
A B o B°
R sec3w  (sec?y)3/2
dZy
- dx?
(1+tan?y)3/2

For a practical beam, the slope tan'¥ at any point is a small quantity. Hence tan*¥

can be neglected.

~N ‘
1z 1 &3 N .(if)

A=
i R
L2
Or T V)
Equating equations (iv) and (v), we get
L
ET  dx?
_ R i
M= EIM2 ...(V1)

Differentiating the above equation w.r.t.x, we get

aM _ prd’y
dx dx?
M
But — = F shear force
dx
s PPt (vii)
dx3

Differentiating equation (vii) w.r.t.x., we get
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aF 2
dx dxt
dF :
But o the rate of loading
d4
w=EF-=
dx

Hence, the relation between curvature, slope, deflection cte. at a section is given by

Deflection =y

. Ay

Slope o
: dly
Bending moment = Bl

3

Shear Force = Eld—::
dx-
The rate of loadi — F1&2
€ rate or 1oading = dxt

4.7. DEFLECTION OF CANTILEVER WITH A POINT LOAD AT THE FREE
END BY DOUBLE INTEGRATION METHOD
A cantilever AB of length L fixed at the point A and free end at the point B and

carrying a point lead atthe free end B asshown in fige AB shows the position of cantilever

before any load is applied wheteas AB’ shows the position of gantilever after loading.

< L b (a)

h

[ — B

g ﬂ ....... T !

-

~ u ¥a
Sl
-
-
‘-__--. L
~-B
e |

Consider a section X, at a distance x from the fixed end A. The B.M. at this section

1s given by,
M, = -W(L-x) (minus sign due to hogging)

But B.M at any section is also given by
3
M =EI&2
dx?
Equating the two values of B.M., we get
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RIEY — L) = WL AW
s e (N *

Integrating the above equation, we get

2
7 ey L )
dx s
Integrating again, we get
2 k]
Ely——r +§X"? +Clx+C2 ...(ii)

Where C1 and C2 are constant of integration. Their values are obtained from
boundary conditions, which are: (1) at x=0, y=0 (11) x=0, z—i =0
(At the fixed end, deflection and slopes are zero)
(1) By substituting x=0. y=0 in equation (i1), we get
0=0+0+0+C2 ~C2=0
By substituting x=(},g =0 in equation (i), we get
0=0+0+C1 ~Cl=0
Substituting the walue of Cl im equation (1), we get

ik K
dx 2

F& v
= -WlLx - X ...(iii)
Equation (ii1) is known as slope equation. We can find the slope at any point on the
cantilever by substituting the value of x. The slope and deflection are maximum at the

free end. These can be determined by substituting x=L in these equations.

Substituting the values of C1 and C2 in equation (ii), we get

2 WX'3

X
E[y == -WL?—F T

Lx? x3

=w|= - X . (iv)

2 6

Equation (1v) 1s known as deflection equation.
Let Op = slope at free end B
ys =Deflection at the free end B

o d ; T
Substituting 6p forﬁ and x=L in equation (iii), we get
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- 2] _ B
Elfg = -W[L.L - ;] =-w
w2
“O0 ==

Negative sign shows the tangent at B makes an angle in the anti-clockwise direction

with AB.

Substituting yp for y and x=L in cquation (iv), we get

2 3
Elys=-W[L.5 - £

[N
=_W [_ —
2 6

L3
= .\W.—
3

w3
- — (Negative sign shows that deflection is downwards)

: _WL?'
ST

4.8. DFFLECTION OF A CANTILEVER WITH A POINT LOAD AT A
DISTANCE ‘a” FROM THE FIXED END
A cantilever AB of length L fixed at point B and carrying a point load W at a distance

‘a’ from the fixed end A, is shown in Fig.

Let 8c = Slope at point Ci.e., 2> at C
yc = Deflection at point C

ys = Deflection at point B
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The portion AC of the cantilever may be taken as similar to a cantilever in Art. (i.e.,

load at the free end).

Wa?
Bc=+
2EI
wa?
and = —
YT,

The beam will bend only between A and C, but from C to B, it will remain straight
since B.M. between C and B is zero.
Since the portion CB of the cantilever is straight, therefore
Slope at C = Slope at B

Wa?
2EI

Oc=0s=

Now from Fig. we have
Ye=yc+ 0Oc(L-a)

Wa? Wa?
i — ;
T (L-a) [smce, ec =
4.9. DEFLECTION OF A CANTILEVER WITH A UNIFORMLY PISTRIBUTED
LOAD
A cantilever AB of length L fixed at the point A and free at the point B and carrying a

Wa ]
2ET

uniformly distributed load of w per unite length, is shown in Fig.

(L-) :’
& W/Unit length n
mmmmﬁﬁ

-"'-u--“"
Bt S
o
e .]
i

Consider a section X, at a distance x from the fixed end A. The B.M. at this section

is given by,

(i- x)

Mi=-w(L -X). — (Minus sign due to hogging)

But B.M. at any section is also given by equation as
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2
M=E12Z
dx
Equating the two values of B.M., we get
st ..o 2
Elmz—-2 (L - x)
Integrating the above cquation, we get

dy _ w(L—x)*
E'Idx_ T w (-1)+C

- % (L-xP+C s (i)

Integrating again, we get

)
4

=-i (L-x*+Cix +Cz P )

Ely -+ Cix+Cz
where C; and C; are constant of integrations. There values arc obtained from
boundary conditions, which are : (/) at x =0, y = 0 and (ii) at x = 0, ;—: = 0 (as the deflection
and slope at fixed end A are zero);
(i) By substituting x = 0, y = (.1in equatioft (i7), We get
0 &2 (5. 0y% O 0+C2=—“;—I: Yo,

wi*

C=
24

(i7) By substituting x = 0 and j—i’ = () 1n equation (1), we get

_W o op _owid
64(L 0y +C, 5 +C

_wid
B~
Substituting the values of C and C; in equations (i) and (ii), we get
L .
EI s (L - x) = vonn (i)
e B ;
and Ely e (L-x)"- = Wiy W

Equation (ii7) is known as slope equation and equation (iv) as deflection equation.
From these equations the slope and deflection can be obtained at any sections. To find the

slope and deflection at point B, the value of x = L is substituted in these equations.
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Let fs= Slope at the frecend B ie., % at B

ve = Deflection at the free end B.

From equation (iif), we get slope at B as

BL i (T s
A n—ﬁ( -L)y - m m
wi? wL? ,
fp=- prT = R (Since, W = Total load = w.L)

From equation (iv), we get the deflection at B as

w 4 wi® wi?
_— — s R ; -|— o
EL yn i (L-L) = *T, o
wi* wi? 3 wlL?
= o e—— — oy — qur T o —
6 24 24 8
wiL* wi3 )
YB=- E:_ pom (Since, W =w.L)
wi*

Downward deflection at B, yYB= - Ty

4.10. DEFLECTION OF A'CANTILEVER WITHA UNIFORMLY'DISTRIBUTED
LOAD FOR A DISTANCE ‘a’ FROM THE FIXED END
A cantileverADB of length Lfixed atthe poinbA@and freC at thepoint B and carrying

a uniformly distributed load of w/m length for a distance ‘a’ from the fixed end, is shown

in Fig.

2
a L-a
w/m Length

T

The beam will bend only between A and C, but from C to B it will remain straight
since B.M. between C and B is zero. The deflected shape of the cantilever is shown by

AC’B’ in which portion C’B’ is straight.
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Let Bc=SlopeatC, e, z—i at C

yc = Deflection at point C, and
yi = Deflection at point B.

The portion AC of the cantilever may be taken as similar to a cantilever in Art.

w.a?
6(_'=
6E]
4
w.a
and =
YT 8E

Since the portion C'B’ of the cantilever is straight, therefore slope at C = Slope at B

3
Wﬂ
or Bc=0s = T e 1 b

Now from Fig. we have
ye=7yc+0Oc(L-a)

_wa* | w, a3

-8) -
LY DISTRIBUTED

. BEI

4.11. DEFLECTTO?
LOAD FOR A DISTANC . THAU
A canthABﬁoﬂengﬁh L ﬂ‘ﬁe& wﬂ:lc *'pomfﬁ an&‘kﬁ'ce at the poifit B and carrying

a uniformly distributed load of w/m length for a distance ‘a’ from the free end, is shown in

Fig.
e L .
A (L—a) b g —
fa) CI P w!Unn Length B
s 1
#
4
4 |
! \'
4
y [
4 |
b} ﬂj C_{ ~— wiUnit Length a
__--'-——-__ ] |
y
y
1
y !
: :
; I
] 1
4 |
fc) A 1 IB
w '
w/Unit Length
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The slope and deflection at the point B is determined by considering :
(i) the whole cantilever AB loaded with a uniformly distributed load of w per
unite length as shown in Fig.
(ii)  a part of cantilever from A to C of length (L - a) loaded with an upward
uniformly distributed load of w per unit length as shown in Fig.
Then slope at B = Slope due to downward uniform load over the whole length
- Slope duc to upward uniform load from A to C
and deflection at B = Deflection due to downward uniform load over the whole length
- deflection due to upward uniform load from A to C.
(a) Now slope at B due to downward uniformly distributed load over the whole length
6El
(b) slope at B or at C due to upward uniformly distributed load over the length(L - a)

w(L-a)?3
6EI1

Hence net slopeat,B is given bw

wi3 | w(l-a)®

il 6EI L
The downward deflection of point B due to downward distributed load over the whole
length AB
8EI

The upward deflection of point B due to upward uniformly distributed load acting on the

portion AC
= upward deflection of C + slope at C x CB

_w(l-a)* w.(L—a)?® . B
R ;. = (since CB = a)

= Net downward deflection of the free end B is given by

wit [W{L—a}"' w(L-a)?

= - X sy (i
yB 8E1 8EI 6E] 2 ] L
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4.12. DEFLECTION OF A SIMPLY SUPPORTED BEAM CARRYING A POINT

LOAD AT THE CENTRE
A simply supported beam AB of length L and carrying a point load W at the centre 1s

shown in Fig.

As the load is symmetrically applied the reactions Ra and Rp will be equal. Also the

maximum dcflection will be at the centre.

w
5 L )
’¢ 5 Pt 5
A : = B
l"'-\‘_\‘ : i
H"‘--___: yﬂ ,_,.--"'"‘-,"
Sl 4 " _* ______ ey
—x—] L
W e w
2 2
Now MR EE

2
Consider a'seetion X ‘at a 'distance x=ffom"A. The bending moment at this section is

given by,

(Plus sign is as B.M. for left portion at X is clockwise)
But B.M. at any section is also given by equation as
dy
M=El—
dx?

Equation the two values of B.M., we get
d’y w ;
s k)
On integration, we get
e

dy W
——=—X = oo (i
ElI o C (if)
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Where C, is the constant of integration. And its value is obtained from boundary
conditions. The boundary condition 1s that at x = % , slope Z—i =0 (As the deflection is at the
centre, hence slope at the centre will be zero). Substituting this boundary condition in
equation (i), we get

0=2x (5)2 +C)
4 2

or C1=-—

i (L)
The above equation is known the slope equation. We can find the slope at any

point on the beam by substituting the values of x. Slope is maximum at A. AtA ,x=0

and hence slope at A will be obtained by substituting x = 0 in equation (7ii).

dy W wL2
Bl — =l ——
d 4 16
wL?
EI x BaF- -—
16
w2
Ba=-
16El

The slope at point B will be equal to 04_since the load 1s symmetrically applied.

wi2
Og=04=- o

The above equation gives the slope in radians.
Deflection at any point

Deflection at any point is obtained by integrating the slope equation (iii). Hence

integrating equation (iii), we get
EIX}’:—.E o . O ')

Where C; is another constant of integration. At A, x = 0 and the deflection (y) is zero.
Hence substituting these values in equation (iv), we get
EIxO0=0-0+C>
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Or C2=0
Substituting the values of Cz in equation (iv), we get sssys (P)
wx3 wLix
EI = y i
12 16

The above equation is known as the deflection equation. We can find the deflection at

any point on the beam by substituting the values of x. The deflection is maximum at
centre point C, where x = % Let ye represents the deflection at C. Then substituting x =§

and y = yc in equation (7v), we get

ey 52 )

w2 wid  wiA-3wid
T 96 32 9%
_o2wid _wid
" 96 48
owed

M BNTTT

(Negative sign'shows that deflection i§ downwards)

w3
4BE[

4.13. DEFLECTION OF A SIMPLY SUPPORTED BEAM WITH A UNIFORMLY
DISTRIBUTED LOAD

A simply supported beam AB of length L and carrying a uniformly distributed load of

= Maximum deflection, y.=

w per unite length i1s shown in Fig. The reactions at A and B will be equal. Also the

maximum deflection will be at the centre. Each vertical reaction = wa:,
'f" X >-1 _ w/Unil length
- X
P:‘:m:ﬁ:ﬂjx'
A - = :! i o _ B
T — A C R - r
_ L —
R :“”‘L R _mxL
A 2 BT,
_wxl
Ra=Rs ==
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Consider a section X at a distance x from A. The bending moment at this section is
given by,

x_ wil w.x2
Mx=RAXX—WXXX;=T.X—T

But B.M. at any section is also given by equation ( ), as
r
M=EI22
dx?
Equation the two values of B.N., we get

a2y w.L w.x2
Elm— 5 e >

Integrating the above equation, we get
Bl —sf—— =S ey osdn)

where C, is a constant of integration.
Integrating the above equation again, we get
: ot
EI.y=T.?—E.:+C1x+C2 ..... (ii)
where C3is a another constant of integration. Thus two constant of integration (i.e.,
C and C;) are obtained from boundary conditions. The bountary conditions are:
(i) atx =0, y=0and (iij)atx=L,y=0
Substituting first boundary condition i.e., x = 0, y = 0 in equation (i7), we get
0=0-0+0+Cror C;=0

Substituting the secondary boundary condition i.e., x = L, y = 0 in equation (if), we

get
0 w.k 18 w L‘*+CL sl
e T e e ey . i dlrea ZEro
4 3 6 T : 28 y )
w.L} w.L*
= — FThH T
12 24
wld®  wi3 wl3
or == + = a
12 24 12

Substituting the value of C; in equation (i) and (ii), we get

ay W.L w w wi3
—y=—.x2-gx2-—x3-— ..... (iii)

EI
dx 4 6 24
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w.L w 13
Ely e X S0 X [ 54 ] x+0 (since, C;=0)
wl 3 w4 wi? ;
Eh=—iX"a—X" " n—"% -—-( 1v)

Equation (iii) is known as slope cquation. We can find the slope
[i. e., the value of z—i] at any point on the beam by substituting the different values of x
in this cquation.

Equation (iv) is known as deflection equation. We can find the deflection
[i.e., the value of y] at any point on the beam by substituting the different values of x in
this equation.
Slope at the supports
Let 04 = Slope at support A.
and Bg = Slope at support B

AtA, x =0and 2 =05,

Substituting thes¢ value in €quation (Iii), we'get,

| 3
whpal N- . BB, Yee? L
4 6 24
_we
El x a=- 5
_ owid
A=

" 24E1
The slope at point B will be equal to 04, since the load 1s symmetrically applied.

w3

Bn—ﬂ,a.—-uﬂ

The above equation gives the slope in radians.

Deflection at any point

X g P " L
The deflection is maximum at centre point C, where x = . Let v, represents the

deflection at C. Then substituting x - and y = y. in equation (iv), we get

wL L3 w L\ wid  [L
Bl wp=i2]2] — —Lff] — 2=
12 \2 24 \2 24 2
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_wit owit owit . swit
96 384 48 384
swit
==
384E]

{Negative sign shows that deflection is downwards

& Maximum deflection,

_ swit
384FE]

Ye

Example.3.1. A cantilever of length 3 m is carrying a point load of 25 kN at the free end.
If the moment of inertia of the beam = 10® mm* and value of E = 2.1 x 10° N/mm?, find

(7) slope of the cantilever at the free end and (ii) deflection at the free end.
Sol. Given:

Length, L =3m= 3000 mm
Point load, W = 25kN = 25000 N
M.O.L, [=10* mm*

Value of E=2.1_% 10° N/mm?*
(i)  Slope at the free end is given bysequation.

wL2 25000 X 30002
O = — =0.005357 rad. Ans.
2EI 2x25x105x108

(ii)  Deflection at the free end is given by equation

wi3 25000 x 30003
= =10.71 mm, Ans.
3E1 3 x2.1x10° x108

yn=

Example.3.2. A cantilever of length 3 m is carrying a point load of 50 kN at a distance of
2 m from the fixed end. If T = 10° mm* and value of E = 2 x 10° N/mm?, find (i) slope at
the free end and (i) deflection at the free end.
Sol. Given:

Length, L =3m = 3000 mm

Point load, W =50 kN = 50000 N

Distance between the load and the fixed end,

a=2 m=2000 mm
M.O.L, 1=10* mm*
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Value of E = 2 x 10° N/mm’
(i) Slope at the free end is given by equation as

Wa? 50000 X 20002
Op= = = =0.005rad. Ans.
2EI 2 X 2 x10° x108

(ii)  Deflection at the free end is given by equation as
wa3 wa?
3EI 2ET

yB= (L-a)

50000 x 2000° 50000 x 20002
- - - (3000 - 2000)
3 X 2x10%5x10% 2 x2x10° x108

=6.67+5.0=11.67 mm. Ans.
Example 3.3.A cantilever of length 2m carries a uniformly distributed load of 2.5kN/m
run for a length of 1.25m from the fixed end and a point load of 1 kN at the free end. Find
the deflection at the free end if the section is rectangular 12 ¢cm wide and 24 cm deep and
E=1X 10°N/mm°

Given Data:
Length, L= 2m =2000mm

u.d.lw =25kN/m=2.5 X%Nﬁmm — 2.5 N/mm run for a

‘length of ‘a
= 1.25m = 1250mm from the fixed end.
Point load at the free end
W =1kN = 1000N

Width, b=12cm= 120mm
Depth, d =24em = 240mm
E = | X 10*°N/mm?

To Find: The deflection at the free end
Solution:
Moment of inertia of the rectangular section

bd?3 120 X 2403
[= = = 13824 X 10*mm*
12 12
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Downward deflection at the free end due to point load

WL 1000 X 20003
3Ef 3X10% X 13824 X 104

.= =1.929 mm.

Downward deflection at the free end due to uniformly distributed load run over  1.25m
from the fixed end.

wa* wWa3
y=— L
VT8l | 6EI (L-8)
2.5 X 1250% 2.5 X 12503
- + (2000-1250)
8X10*X13824X10* 6X10%X 13824 X 10%
= (19934 mm

= Total deflection at the free end due to point load and u.d.1
=y y2=1.929+ 0.9934 =2.9224 mm
Example.3.4. A cantilever of length 2m carries a uniformly distributed load 2 kN/m over

a length of Im from the free end, and a point load of 1 kN at the free end. Find the slope
and deflection at the free end if E=2.1 X 10°N/mm?and T = 6.667 X 10'mm*.

Given Data
Length, L = 2m =2000mm
wd.lw = 2kN/m =2 X' == N/mm= 2 N/mm run for a length of

Im = 1000mm from the free end
Point load at the free end
W =1KkN = 1000N

E = 2.1 X 10°N/mm*

1 = 6.667 X 10’'mm*
To Find: The slope and deflection at the free end
Solution:
Slope at the free end.
The slope at the free end due to a point load

wi?

B 1000 X 2000?
2X21X105X6.667 X 107
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= 0.0001428 radians.
The slope at the free end due to u.d.l of 2 kN/m over a length of 1m from the free end.

wL? w(L—a)?

=
6EI 6EI
_ 2 X 20003 2 X (2000-1000)3
6X21X105X6.667 X107 6X2.1X 10°X6.667 X 107
= 0.0001666 radians.

+ Total slope at the free end = 0:+ th
=(0.0001428 + 0.0001666
= (.0003094 radians

Deflection at the free end.

The Deflection at the free end due to a point load
w3

T

B 1000 X 20003
3 X 2.1 Xgl03X6.667 X 107

= 0.904mm.
The Deflection at the frée eénd due to u.dil of'2 kIN/m overa length of Im from the free end.

wi* J[w(l-a)* w(L-a)?
- ) [ (L—a) (L—a) X a]
8E1 8EI 6EI
2 X 2000* 2 X (2000-1000)* 2 X (2000-1000)3 X 1000

B 8X21X10°X6.667 X 107 8X 21X 10°X6.667 X 107 ) 6X21X105X6.667 X 107

=0.244mm
Total deflection at the free end =y, + y2
=0.1904 + 0.244mm = 0.4344mm
Example.3.5. A beam 6m long, simply supported at its ends, 1s carrying a point load of 50
kN at its centre. The moment of inertia of the beam is equal to 78 X 10° mm?®. If E for the
material of the beam = 2.1 X 10°N/mm?, Calculate the slope at the supports and the
deflection at the centre of the beam.

Given Data:

Length, L = 6m =6000mm
Point load, W = 50kN = 50000N
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M.O.1 I =78 X 10° mm®
Value of E =2.1 X 105N/mm?
To Find:

The maximum slope and Deflection.
Solution:
Maximum slope at supports

wi2
16E]

Op=0a=-
_wi?
16E!

- 50000 X 60007
16 X 2.1 X 105X78 X 10°

= (.06868 radians.

Maximum deflection at centre

WL 50000 X 60007
YeTUBEI 48X 21X 105X78 X 10

=13.736 mm.

Example.3.6. A béam gmylonig, simply stpported at*its endSpcammesiapoint load W at its
centre. If the slope at the gnds of/the beam is not to execed 1/ degree. Find the deflection
at the centre of the beam
Given Data:

Length, L = 4m =4000mm

Point load at centre, =W

1Xm
¥ 3 J — — o —_
Slope at supports, 6Bp=60s=1 =

=(.01745 radians.

We know that

WL

‘j = 0.01745 radians.

slope at supports, Ba = .

Maximum deflection at centre

Wi WS

e e

T 48E] 16E1” 3
4000

=0.01745 XT
=23.26mm.
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Example.3.7. A beam of uniform rectangular section 200mm wide and 300mm deep is
simply supported at its ends. It carries a uniformly distributed load of 9kN/m run over the
entirc span of Sm. If the valuc of E for the material is 1 X 10*N/mm?, Find the slope at the
supports and maximum deflection.

Solution.

Moment of inertia of the rectangular section

bd® 200 X 300°

[ = =4.5 X 10°mm*
19 12
Maximum slope at supports,
w3 9 X 50003 i
Op=0s= = = (.0104 radians
24E] 24X1X10%x45Xx 108
Maximum Deflection at centre
swiLt 5X 9 X 5000%
— = = 16.27mm.
Ye 384E1 384X 1X10%X4.5X 108

4.14. MACAULAY’S METHOD

The procedure of finding slope and'deflection for a simply supported beam with an
eccentric point load is a very laborious. There 1s a convenient method for determining the
deflection of the beam subjected to point loads.

This method was devised by Mr. M.H. Macaulay and is known as Macaulay’s
method. This method mainly consists in a special manner in which the bending moment
at any section is expressed and in the manner in which the integrations are carried out.

4.15. DEFLECTION OF A SIMPLY SUPPORTED LOAD WITH AN ECCENTRIC
POINT LOAD
A simply supported beam AB of length L and carrying a point load W at a distance

‘a’ from left support and at a distance ‘b’ from right support 1s shown in Fig. The reaction

at A and B are given by,

Wh Wa
Ra = and Rp =

The bending moment at any section between A and C at a distance x from A is given

by, M. = Ra X x =""T" X x
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fe— a WT b >

A C 7B
Eh"“--.. _,...--""f
--______L_____..-——

Ry=Wb Ry = W.a

L L

The above equation of B.M. holds good for the valucs of x between 0 and “a’. The

bending moment at any section between C and B at a distance x from A is given by,
Mx=RaX x— W x (x-a) =WTb X x—W (x-a)

The above equation of B.M holds good for all values of x between x =aand x=b.

The B.M for all sections of the beam can be expressed in a single equation written as

M= 22 Xx |~ W (x-a) .. (i)

Stop at the dotted line for any point.in section, AC. But for any peint in section CB,
add the expression beyond the dotted line algo.

The B.M. at any section is also given by
d?y o
M =EI o ...(11)

Hence equating (i) and (i1), we get

aly _ wbh . .
EI T Xx i —W(x-a) -..(111)
Integrating the above equation, we get

P Wb x* : _M :
El - + G, : - (1)

Where C; is a constant of integration. This constant of integration should be written after

the first term. Also the brackets are to be integrated as a whole. Hence the integration of

a2 3
(x-a) will be % and not x? - ax.

Integrating equation (iv) once again, we get

2 y N
Ely = f—f";+ Cop i I i 0120 V)

2 3
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Where C- is another constant of integration. This constant is written after Ci;x. The

(x—a)?

integration of (x — a)* will be . This type of integration is justified as the constants
of integrations C; and C; are valid for all valucs of x.

The values of C, and C; are obtained from boundary conditions. The two boundary
conditions are :

(1).At x = 0, v = 0 and (i1} At x
A and B)

(i) At A, x =0 and y = 0. Substituting these values in equation (v) upto dotted line only

L, y = 0. since deflection is 0 at

as the point A lies in AC (1.e. at first portion), we get

0 =0+0+C;
C=0
(11).At B, x = L and y = 0. Substituting these values in equation (v), we get
_wo i3 W _(-ay®
0 = 2L 3 + C]_L + 0' = 2 3
WhL? Wb?3 .
\1 s LB (sifice, Lza=<\by
3 2 wh LZ_ ‘bz
Lz wi® £ wibif & Wb( )
6 6 6
- _ wb(1*-b?) ,
s Oy == 5T (v1)
Substituting the value of C in equation (iv), we get
2 2_ K2 —a32
githaier, T wle Ve .. (Vi)
dx L 2 6L 2

Equation (vii) gives the slope at any point in the beam. Slope is maximum at A or
B. To find the slope at A, substitute x = 0 in the above equation upto dotted line as

point A lies in AC.

wh(L?- b*
Elg,= "t xo . W20
2L 6L

wb(L%- b?)
- 6L

Wb(L?- b?)

p=-———
6EIL
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Substituting the values of C; and C: in equation (v), we get

Wb x3 wb(L?- —a)3
myes B0, WUy (B D

2L 3 6L 2 3

...(Viii)
Equation (viii) gives the deflection at any point in the beam. To find the deflection
y. under the load, substitute x = a in equation (viii) and consider the equation upto

dotted line (as point C lies in AC). Hence, we get

wh a wb(L2-b?)a
EIYL A (—)
2L 8 6L

Wh
=—.a(a’-L*+b)
6L
Wab

2.32-b%)
?(Lab

Wab 2]

R [( + b)® - (since L = a+b)

Wab
—(Z&b‘;
Wa?b?
3L
A Wa®b?
ye 3EIL

Example.3.8. A horizontal beam of uniform section and 6 meters long is simply supported
at its ends. Two vertical concentrated loads of 48 kN and 40 kN act at Im and 3m
respectively from the left hand support. Determine the magnitude of the deflection under
the loads and maximum deflection using Macaulay’s method. If E = 200GN/m? and I = 85
X 10° m?

Given Data

We=48 kN
Wp =40 kN
E = 200GN/m?= 200 X 106kN/m’
I=85X 10°m*
To Find:
The deflection under the loads and the maximum deflection
Solution:
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148 kN l 40 kN
A < D 1B
- 1m—»|
e
6m
R Ry
Taking moment about A,

Rs X 6— (40 X 3) (48 X 1)=0
6Ri — 120 48 =0
6Rg = 168

Ra+Rp=48+ 40
Ra+28 =88
Ra = 88-28 =60 kN
BM for the sectionX-X
M= RAXX:=48(x1) 3 -40(%-3)
=60X x:-48(x-1) :-40(x-3) ]
The B.M. at any section is also given by
M=EI%2 .. (i)
Hence equating (1} and (ii), we get
EISZ = 60X x £ -48(x-1) { 40(x-3) ..(iii)
Integrating the above equation, we get

48(x—1)% , 40(x—3)*
2 * o

dy _ X -~ :
EIZ =605 +C, (i)

Where C; is a constant of integration. This constant of integration should be written after
the first term. Also the brackets are to be integrated as a whole.
Integrating equation (iv) once again, we get

48(x—1)3 . 40(x-3)3

3
Iy= 60 ' . i
Ey 06+C1x+ 2 6 6

il V)
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Where C: is another constant of integration. This constant is written after Cx.

The values of C; and C: are obtained from boundary conditions. The two boundary
conditions are :

(). At x =0, y=0and (ii) At x = 6m, y = 0. (sincc dcflection is 0 at A and B)

(i1) At A, x =0 and y = 0. Substituting these values in equation (v) upto the first dotted
line only as the point A lies in AC (i.e, at first portion), we get

0= 0+H0+C>
C2=0
(11).At B, x = 6m and y = 0. Substituting these values in equation (v), we get

3 ¥ 3 ¥ 3
0=060X l%+5(;1 4 o _28(6-1° 40(6-3)

3 3
6C, =-980

s % =-163.33 (Vi)
Substituting the value of C in equation (1v), we get

dym 60x* . 48(x-1)? . 40 (x-3)? -

e 16033~ i B (Vi)
Equation/(vii) gives the Slope at any point in thesbeam.
Substituting the values of C; and C: in equation (v), we get
3 48(x-1)3 40(x-3)°
Ely= 607> -16333x i - S 5 (’; (i)

Deflection at the point C.
This is obtained by substituting x =1 in equation (viii) up to the first dotted line we get,
Ely.= 10X 1°-163.33 X 1

=-153.33 kNm*
-153.33 ~153.33
YT TR T Zo0x10685x10-6
= —0.00902m
=-9.02mm

Deflection at the point D.
This is obtained by substituting x =3 in equation (vii1) up to the Second dotted line we

get,
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Elyp =10 X 3%-163.33 X 3 -8(3-1)°

=-283.99 kNm?®
—283.99 —283.99
“¥C=" g ~Zooxiotesxio-s _ 00167m
=-16.7 mm
Maximum Deflection
The maximum deflection should be between C and D Where % =

Put % = 0. In equation (vii) up to second dotted line only

B tene-REAE 0
Or 30x% — 163.33 — 24(x2 — 2x +1) = 0
Or 30x2 — 163.33 — 24x2 +48x -24 =0

By solving We get,
X=287morx=-10.87m
X=-10.87m is not possible , so we take
XI=287m | Whenx = 287m, ¥ = Yax

Substituting the‘above ‘condition in equationviitup to the'second dotted line we get,

60 X 2.873

2 —133
Elyms = ————-(163.33 X 2.87) - 48(2:87-1)

Elymax= 236.399 — 468.757 — 52.31 = -284.668

—2B84.668 __ —284.668

=-01674
El 200X10685X10~° 01674m

* Ymax =
S Ymax =-16.74 mm

Example.3.9. A beam of length 8m is simply supported at its ends. It carries a

uniformly distributed load of 40 kN/m as shown in Fig. Determine the deflection of the

beam at its mid point and also the position of maximum deflection and maximum

deflection. Take E=2 X 10°N/mm’and 1 =4.3 X 10°mm

40 kN/m
/
A C D B
" il )
_1m—l'|**74tn - ple 3m 5
' Bm
2 T Rg
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Given Data:
Length, L =8m
u.d.l, w = 40KN/m
E =2 X 10°N/mm’
[=43X 10°mm*
To find
(1) The central deflection
(11)  The position and magnitude of maximum deflection.
Solution

Taking moment about A,
ReX8-40X4X[1+3]=0

8Rs —480 =0

8Ru =480

RB=1“-23=60KN

Ry+Rp-(40x 4)
Ra+60=160
~Ra =160 - 60 =100 kN
In ordet to obtain the general expression for the bending moment at a distance
x from the left end A, which will apply for all values of x, it is necessary to extend the udl
upto the support B, compensating with an equal upward load of 40kN/m over the span DB
as shown in Fig.

Now Macaulay’s method can be applied.

40 kN/m
X .
Al _wﬂmwﬁ“ nnnnnnnnnnn B
C D 40kN/m”
1 m-rie 4m pe- 3m

8m

BM for the section X-X is given by,
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Mi=RaXxi-40 (x-1) X =2 1 +40 (x-5) x =2
=100X x i - 20(x-1)* &+ 20(x-5)°
The B.M. at any section is also given by
_ g %
W= Rl
Equating the both values of B.M we get,
EI jT” = 100X x i - 20(x-1)* &+ 20(x-5)

Integrating the above equation, we get

20(x-1)3 ;i 20(x—5)3

dy _ x* -
EIZ= 1005+, ¢ - : ;

will)
Where C; is a constant of integration. This constant of integration should be written after

the first term. Also the brackets are to be integrated as a whole.

Integrating the above equation once again, we get,

0= . + 20(x—-5)*

R "
By =300+ 62+ G i ——— H v

S(x—Jpiy Sy -
T 1 [ (i)

Where Cois another constant'of i€gration. “Fhis cerstant is written after Cx.

B d<f

The values of C; and C; are obtained from boundary conditions. The two boundary
conditions are :

(i).Atx =0, y=0and (ii) At x = 8m, y = 0. (since deflection is 0 at A and B)

(1) At A, x =0 and y = 0. Substituting these values in equation (ii) upto the first dotted
line only as the point A lies in AC (i.e. at first portion), we get

0 = 0+0+C2
HCa=0
(i1).At B, x = 8m and y = 0. Substituting these values in equation (ii), we get

5(8-1)* ” 5(8-5)*
3

U=%X83+8£‘1 4 0~

8C, = -4666.67

4666.67

C,=— ~.583.33

Substituting the value of C) in equation (ii), we get
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3 B
Ely = 50> —583.33x : .

p pBEW iy
3
Deflection at the Centre.
This is obtained by substituting x =4 in equation (1i1) up to the second dotted
line we get,

5(4-1)*

Ely =50+ —58333X 4 -
— - 1401.66 kKNm’
= - 1401.66 X 10'2 Nmm?

-1401.66 X102 —1401.66 X 1012
El 2X105X43X108

=-16.3mm

(i) Maximum Deflection

The maximum deflection should be between C and D Where % =)

~ Put g = 0. In equation (1) up to second dotted line only

0= 1005 + ¢ 2E

0=[50 x* -1583.33 26.667(x-1)° v}
The above equation is solved by trial and error method.
Let x=1, then R.H.S of equation (iv)

= 50-583.33-6.667 X 0 =-533.33

Letx=2,then RH.S =50X4-583.33-6.667 X 1=-390
Let x=3,then RH.S =50X9-583.33-6.667 X 8 =-136.69
Let x=4, then RH.S =50 X 16 —583.33 -6.667 X 27 = +36.58
In equation (iv), when x = 3 then R.H.S is negative but when x =4 then R.H.S is positive.
Hence exact value of x lies between 3 and 4
Let x=3.82, then R.H.S = 50 X 3.82 — 583.33 — 6.667(3.82-1)*=-3.22
Let x=3.83, then R.H.S = 50 X 3.83 — 583.33 — 6.667(3.83-1)°=-0.99
The R.H.S 1s approximately zero
x=3.83m.
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Hence maximum deflection will be at a distance of 3.83m from support A.
When x = 3.83m, Y= ¥Ymax

Substituting the above condition in equation viii up to the sccond dotted line we get,

3 i
50 X 3.83 - (58333 X3.83) - 5(3.83-1)

Elymax =

Elymax = -1404.69 kNm® = - 1404.69 X 101*Nmm’

—-1404.69 X 1012 _ —1404.69 X 1012
El 2X10°X4.3X108

o Vimax =

% Ymax = -16.33 mm
Example.3.10. An overhanging beam ABC is loaded as shown in Fig. Find the slopes
over cach support and at the right end. Find also the maximum upward deflection
between supports and the deflection at the right end.
Take E=2 X 10°N/mm? and [ = 5 X 10° mm?*.

6m 3m —»|
HA HB
Sol.Given :
Point load, W=10KN

E = 2 X 10°N/mm’.
[=5X 10°*mm*
Taking moments about A, we get
Re X6=10X9

10X 9
~Rp=
» 6

~Ra= Total load - Rg=10-15=-5 kN

=15kN
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Hence the reactions Ra will be in the downward direction. Hence above Fig. will be
modified as shown in following fig. Now write down an expression for the B.M in the

last section of the beam.
10 kN

A B
L 1C

6m 3m —»
Rs=5kN Rg = 15kN

BM for the section X-X is given by,

d’y :
El— =RaXx:+Ra(x-6)

dx?
=-5x 1+ 15 (x-6)
Integrating the above equation, we get

dy _ &= 2 15(x—6)2 .
s S—plly § ¥——2% ..(0)

Where C; is a constant of integration. This constant of integration should be written after
the first term. Also the brackets are to béumtegrated as a wholg.

Integrating the above equation once again, we get,

- .5..5_3, ; 15(x-6)7
3 N3 ;
=-5Z 40t G i+ 2 ... (ii)

Where C; 1s another constant of integration. This constant is written after Cx.

The values of C; and C: are obtained from boundary conditions. The two boundary
conditions are :

(1).At x =0, y =0 and (i1) At x = 6m, y = 0. (since deflection is 0 at A and B)

(11) At A, x =0 and y = (. Substituting these values in equation (ii} upto the dotted line
only as the point A lies in AB (i.e. at first portion), we get

0 =0+0+Co
~C2=0
(11).At B, x = 6m and y = 0. Substituting these values in equation (i1), we get
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=—2X6+6C, + 0
6C, =5X 36

€= 222=30

Substituting the value of C; and C: in equation (1) & (i1), we get,

i
E—=-5—+30 PR ... (iii)
And El, =-5—+30x+ 0: +5("25’ (Vi)
slope over the support A

By substituting x= 0 in equation (iii) upto dotted line, we get the slope at Support A (
the point x = 0 lies in the first part AB of the beam)
EI0s=-2 X 0+ 30 =30kNm’ =30 X 10’ Nmm’

30X10° _ 30X10°
El 2X 105X5 x 10%

Oa= = ().0003 radians.

Slope at the support B
By substitutings= 6 niuiieguation (iifyupto dott€dylineTwe getr'theSlepe at Support B
( the point x/= 6 lies in the first part AB of the beam)

EI0, = f—’ X 62+ 30 =- 60kNm?2 =- 60 X 10° Nmm?

-60X10% _  -60X10°
Og= =
ExI  2X105X 5x 10
= - 0.0006 radians.

Slope at the right end i.e., at C
By substituting x= 9 m in equation (ii), we get the slope at C. In this case, complete
equation is to be taken as the point x = 9 m lies in the last part of the beam)

E-}.BL—'— X9%+ 30+ —(9 6)= - 105 kNm’
=-105 X 10 Nmm?>

0 _-105X10°  -105X10°
: E xI 2X 105X5 x 108
= - 0.00105 radians.
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Maximum upward deflection between the supports
For the maximum deflection between the supports, % should be zero. Hence equating
the slope given by equation (111) to be zero upto dotted line, we get

0= -§x2+ 30 =- 5x2 + 60

or 5x2 =60 orx=J6_?u=m=3.464m

Now substituting x = 3.464 m in equation (iv) upto dotted line, we get maximum

deflection as
Elymax = -gx 3.464° + 30 x 3.464

= 69.282 kNm?
=69.282 x 1000 x10° Nmm®
=69.282 x 10"? mm?

69.282x101?
2x105 x5x108

= 0.6228 mm(upward)
Deflection at the right end i.e., at point C

Ymax =

By substituting x= 9 m in equation (iv), we get the deflection at point C. Here complete

equation is to be taken as the point x = 9 m lies in the last part of the beam.
Ech=-§>< 93 + 30 x 9+§(9-ﬁ)3
=270 kNm® = - 270 x 10">°Nmm’

—270x1012

Ye = X105 x5x108

== 2.7T mm{downward)
4.16. MOMENT AREA METHOD
Fig. shows a beam AB carrying some type of loading, and hence subjected to
bending moment as shown in Fig.3.18. Let the beam bent into AP;Q\B and due to the
load acting on the beam A be a point of zero slope and zero deflection.
Consider an element PQ of small length dx at a distance of x from B. The

corresponding points on the deflected bear are P1Q.
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Let, R = Radius of curvature of deflected beam

d0 = Angle included between the tangent Py and Q;

M = Bending moment between P and Q Area = M,dx oy
dx = Length of PQ
8 = The angle in radians, included between M (a
the tangents drawn at the extremities of the . PV gl "
. 5 ; 1 dx <
beam i.e., at A and B facing the reference line. pe——x —— =] BN Digam
s —
From geometry of the bend up beam 1|
Section P1Qi, We have :A
| @
PiQ: =R.d6 1
PiQi=dx =|
dx = R.d6
=%
9o -
From bending memént equation.
M il
- n
Or R==<
M

Substituting R value in df equation,
_M :
do = E;de ucihl]

Since A 1s point of zero slope at B is obtained by integrating the above equation
between the limits 0 and L.

9=["2 4

0 EI
=L [“M.dx
EI 70
We Know that M.dx represents the B.M diagram of length dx.

Hence fDL M.dx is the area of B.M. diagram between A and B.

slope 6 = %X Area of B.M diagram between A and B

In case, slope at A is not zero, then “Total change of slope between B and A equals

the arca of B.M diagram between B and A divided by the flexural rigidity EI” .
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Deflection due to the bending of the portion PQ.
dy =x.d0
Substituting the value of d0 in equation (i) we get,
M
dy=x, E—de
Since the deflection at A is assumed to be zero, the total deflection at B is obtained

by integrating the above equation between the limits 0 and L.
L M
= fy o= dx
1 fL
= EJ-U x.M.dx
But x.M.dx represents the moment of area of the BM diagram of length dx about

B. This is equal to the total area of BM diagram multiplied by the distance of the C.G. of
the BM diagram area from B.

y= %X x X Area of B.M diagram

A%

EI
Where, A= AreaofiBM diggram

X= Distance of CiG of the atea from B
In case the point A 1s not a point of zero slope and deflection
* The deflection of B with respect to the tangent at A equal to B, the first moment
area about B of the area of the B.M diagram between B and A”.
4.17. MOHR’S THEOREM 1:
The change of slope between any two points is equal to the net area of the B.M

diagram between these points divided by EI

Area of Bending Moment Diagram
EIl

Slope (0) =

4.18. MOHR’S THEOREM 2:
The total deflection between any two points is equal to the net moment of area of

BM diagram between these points divided by EL

Area of Bending Moment DiagramXXx
El

Deflection (y) =
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4.19.MAXIMUM SLOPE AND DEFLECTION FOR THE CANTILEVER BEAM
WITH A POINT LOAD AT FREE END.
A cantilever beam AB of length L fixed at end A free at end B carrying a point load

W at the free end as shown in Fig.

-

o "l

i T G B A A A A A S A

B.M. Diagram

BM at the freeend, B=10
BM at the fixed end, A=-W.L=-WL
Lzt ye"= deflectién 4t end B with respect to A
Bz = Slope at B
According t® Mohr's Theorem I,

__ Area of BM diagram between A and B
Ef

Slope, On

Area of BM diagram =3 .L.WL ="~

2z
Slope at free end 0p = %

According to Mohr’s Theorem II,

Deflection yB = g
_ 2
X from B =—L

3

wi? 2L

: B
Deflection yB =
El

Deflection at free end

w3
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4.20. MAXIMUM SLOPE AND DEFLECTION FOR THE CANTILEVER BEAM
CARRYING A UNIFORMLY DISTRIBUTED LOAD.
A cantilcver beam AB of length L fixed at end A free at end B carrying a uniformly

distributed load of w/unit length over the entire length as shown in Fig.

A j : w/Unit Length B
fal
f :

i
A el 3

B.M. Diagram

BM at the freeend, B=10

wi?
2

BM at the fixed end, A =-W.L =

Let, yn~ deflection at end B with respect to A
s = Slopgat B
According to Mehc’s Thearem |,

Slope, 77 i of BM diagram between A and B
El
. 1 w2 wiL3
Area of BM diagram = = X[, % =
wi3
o~ Slope at freeend Og=—
y s T
According to Mohr’s Theorem II,
: AX
Deflection ya=—
= 3
x from B =iz
3
- s
Deflection yB =
El
wit
y“ . e—
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4.21. Maximum slope and Deflection for the Cantilever beam carrying a uniformly
distributed load upto a length ‘a’ from the fixed end.
A cantilever beam AB of length L fixed at end A free at end B carrying a uniformly

distributed load of w/unit length up to a length of “a’ from the fixed end as shown in Fig.

>

— WiUnit length c

BM at the free end, =0
BMat C =

a Wa?

BM at the fixed end, A = 'W‘a'E:' =

Let, ys = deflection at end B with respect to A
Bs= Slope at B
According to Molit’s Theorem1,

__ Area of BM diagram between A and B

Slope, 0B =
. 3
Area of BM diagram =§ XaX wTa =WTH
3
~ Slope at freeend Op= =
6E
According to Mohr’s Theorem 11,
Deflection VB = A
El
% from B =(L—a)+ -a
3
e fu-ae3
Deflection yB = e
Deflection at free end,
Wa? 3
n=tole-a+2
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4.22.MAXIMUM SLOPE AND DEFLECTION FOR THE SIMPLY SUPPORTED
BEAM WITH A CENTRAL POINT LOAD.
A Simply supportcd beam AB of length L carrying a point load W at the centre of

the beam (1.e., at a point C) as shown in Fig.

D
) -
T3
A 1 B
le—— %x% L_..I B.M. Diagram
Since the beam is symmetrically loaded, g ———"
R = Tam;ioad - %
BM at the ends A and B=0 (since A and B are simply supported ends)
Wi _ WL
BM at Centre, k= RA__?E =
Let, ye = deflectipn at the ¢entre.C

Ua = 08 = Slope at Stupport§’A and’B.

According to Mohr’s Theorem I,

Area of BM diagram between A and €
Slope, Or=fp= A g
El
4 1 L wi _ wi?
Area of BM diagram =-=.-,—=—
S
Slope at Supports 0a=0p= wi
16E1
According to Mohr’s Theorem II,
A%
Deflection at centre yc = =7
" g
X from A =——=—
32 6
WL? 2L
Deflection y, =188
EI
Deflection at centre e
Ye = s
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4.23. MAXIMUM SLOPE AND DEFLECTION FOR THE SIMPLY SUPPORTED
BEAM WITH UNIFORMLY DISTRIBUTED LOAD.
A Simply supported beam AB of length L carrying a udl of w/unit length as shown

- = L »
m Flg . {wﬂ_lnlt length :
A - iz B
4 1"'""&-.____ ___‘.--"""r 3
@ oL e e i vl
2 2
fe—— 5L D
82
wi
8
(b)
A
L L j: B.M. Diagram 8
I7 2 i

Since the beam is symmetrically loaded,

Total load wkL

Ra=Re=———"=7
BM at the ends A and B=10 (since A and B are simply supported ends)
L will LJj wilL wi?_ wi?
BM at Centre, C= RA—TI-_?E'T_T
Let, ye = deflection @t the ¢entre.C

0a = 0 = Slope at Supports.A and B.
According to Mohr’s Theorem I,

Area of BM diagram between A and €

Slope, 0a=0s= =
: 2 L wi? _wid
Area of BM diagram =-.-.—=—
&2 B 24
_ w3
24E1

According to Mohr’s Theorem I,

5 AX
Deflection at centre  yc = 'EF

X from A =32

82 1s

W.L3X5L

Deflection Yo = -z-*E’-ﬂ
; _ swit
Deflection at centre  ye = e
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Example.3.11. A cantilever beam of 4m long carries a point load of S9KN at the free end
and an UDL of 8kN/m over a length of 2m from the fixed end. Determine the maximum
slope and deflection by area moment method. Take E = 2.2 X 10°Mpa and 1 = 22.5 X

10°mm®*.

Given Data:
Span, L =4m
Point load at freccend W =9KN
udl, w = 8kN/m over a length of 2m from the fixed end
Young’'s Modulus, E=2.2X 10°Mpa
=22X 107X 10°pa
=22X10° X 10° N/m?
=22X10°X % =2.2 X 10°N/mm?,
Moment of Inertia [=225X 10°mm*.
To Find

The maximum slope.and defléction

RKN/m KN

J6KNm

BMD due 10 poly lead

x;—-—l

6KNm BMD due to UDL
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Solution
Bending moments
Due to point load,

Mg =0 Ma=-9 X 4 =-36kNm

Due to UDL

Ms=Mc=0 Ma=-8X2X> =-16kNm
Area of BMD

Arca of BMD duc to point load,

Ai=>X4X36
=72kNm? =72 X 10° Nmm?.
Area of BMD due to UDL,
A2=-X2X16
= 10.67 kNm? = 10.67 X 10° Nmm>

Centrodial distances from free end

% =24 =2.67n1l= 267X 10’ nifh

3
% =2 +%X2=3.5m= 3.5 X 10° mm
Maximum slope
Applying Mohr’s Theorem I

Maximum slope at free end,

__Areaof BMD _ Aj14+Az

0
2 EI El

_ (72+10.67) X 10°
(2.2X105X22.5X108)

=(.0167 radians

Maximum Deflection
Applying Mohr’s Theorem IT

Maximum Deflection at free end,

_ (Areaof BMD)X x
El

V]
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> AqXq+ Ar Xy
El

(72X10°X2.67X10%)+(10.67X10°X3.5X10%)
(2.2X105X22.5X10%)

=46.38mm.

Example.3.12. A Cantilever of 4m span carries a UDL of 20 kN/m run spread over its
entire length. In addition to UDL it carries a concentrated load of 30 kN at the free end.
Calculate the slope and deflection at the free end by moment arca method. Take E=2 X
10°N/mm? and I = 8X10’mm®*.
Given Data:

Span, L=4m

udl, w = 20kN/m

Point load at free end W = 30KN

Young’s Modulus, E =2 X 10°N/mm?

Moment of Inertia I=8X 10" mm*,

To Find

The maximum slope and deflection

201(“# JOKN

—4m——"“

f— oy

120 KNm
DMD due 10 point load
"
BMD due to UDL
160KNm

279 |Page

binils - Anna University App on Play Store



binils.com - Anna University, Polytechnic & Schools
Free PDF Study Materials

STRENGTH OF MATERIALS

Solution

Bending moments

Due to point load,
Mg =0 Ma=-30 X 4=-120kNm
Due to UDL
Mg =0 MA=-20X4X§ =-160kNm
Area of BMD

Arca of BMD duc to point load,
Ai=>X4X120
=240kNm’ =240 X 10° Nmm?’.
Area of BMD due to UDL,

A2=1X4X160
3

=213.33 kNm? =213.33 X 10 Nmm?

Centrodial distances from free end

£ == X4 =2.67m = 267X 107 it

%, ==X4=3m =3X10°mm

Maximum slope
Applying Mohr’s Theorem I
Maximum slope at free end,

_ Areaof BMD A144z

Y8 El El

_ (240+213.33) X 107

(2X105X8X107) = (.0283 radians

Maximum Deflection
Applying Mohr’s Theorem 11
Maximum Deflection at free end,

_ (Areaof BMD)X X
El

VB
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_AgX+ Ay,
El

~ (240x10°x2.67X10%)+(213.33X10°X3X103)
(2X105X8X107)

= 80mm.

Example.3.13. A simply supported beam of hollow circular scction of external diameter
200mm and internal diameter 150mm has a span of 6m. It is subjected to a central
concentrated load of 50kN and a UDL of 5kN/m over the entire span. Determine the
maximum slope at supports and maximum deflection at centre. Take E =2 X 10°N/mm’.

Given Data:

External diameter, D = 200mm
Internal diameter, d = 150mm
Span, L =6m
Central point load W = 50kN
Udl w =35 KN/m

Young’s Modulus, E =2 X 10°N/mm’
50 KN SKN/m

A C B
=—3m
6m

BMD due to Point load

22.5 KNm

I—— X 2 .
B.M.D due to UDL
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To Find
The maximum slope and deflection
Solution
Bending moments
Moment of inertia for a hollow circular section,
[= % X{pt— 4%
==X (200* - 150%)
=53.69 X 10° mm*
Bending Moments
Due to point load, B.M at supports,
Ma = Mg = 0 (since A and B are simply supported)
B.M at centre,Mc = %
_ 50X6
4

Due to UDIzyB.M atsupports,

=75 kNm =75 X 10°Nmm

Ma = Mg = 0/(since A and B aresimply supported)

wil

B.M at centre,Mc = |

= 30K6 _ 22,5 KNm =22.5 X 10°Nmm
Area of BMD
Area of BMD due to point load,
A1=-X3X75

=112.5kNm’ =112.5 X 10 Nmm’.
Area of BMD due to UDL,

Az=§X3xzz.5
=45 kNm? =45 X 10° Nmm?

Centrodial distances from free end

f1=§x3=2m =2 X 10° mm
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X, =§X3 =1.875m=1.875 X 10° mm

Maximum slope
Applying Mohr’s Theorem |
Maximum slope at Supports,

Areaof BMD _ Aq:4;

Qpa=08g=
SH El El

_ (112.5+45) x 10°

T (2X105X53.69X108) 0.0147 radians

Maximum Deflection
Applying Mohr’s Theorem Il
Maximum Deflection at Centre,

_ (Areaof BMD)X x
El

Ye
_ AqxX1+ AaxXq
El

(112.5X10%x2x10%)+(45x10°X1.875X10%)

g (2X105X53.69X105) = 28511

4.24.CONJUGATE BEAM METHOD

Conjugate beam is an imaginary beam of length equal to that of the original beam but
for which the load diagram is the E diaagram ( i.e., the load at any pint on the conjugate

beam is equal to the B.M at that point divided by EI).

1. The slope at any section of the given beam is equal to the shear force at the

corresponding section of the conjugate beam.

2. The deflection at any section for the given beam is equal to the bending moment

at the corresponding section of the conjugate beam.

Hence before applying the conjugate beam method, conjugate beam is constructed. The
load on the conjugate beam at any point is equal to the B.M at that point divided by EL.
Hence the loading on the conjugate beam is known. Then the shear force at any point on
the conjugate beam gives the slope at the corresponding point of actual beam. And the
B.M at any point on the conjugate beam gives the deflection at the corresponding point of

the actual beam.
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4.25. SLOPE AND DEFLECTION OF A SIMPLY SUPPORTED BEAM WITH A

POINT LOAD AT CENTRE
Fig. shows a simply supported beam AB of length L carrying a point load W at

the centre C.

Since the beam is symmetrically loaded,
Total load LB w

Ra=Rp = 2 2
BM at the ends A and B=0 (since A and B are simply supported ends)
BM at Centre, C=RA==2:%=-2=
2 22 4

The B.M. diagram is shown in Fig.
Now the conjugate beam AB can be constructed. The load on the conjugate beam will be
obtained by dividing the B.M at that point by EI.

The shape of the loading on the conjugate beam will be same as of B.M diagram.

WL
: . . . M _ T WL
The ordinate of loading on conjugate beam will be equal to e ﬁ ~

(@) & ¥ \
R, = W w
2 i L RB - 2
), -
A o i B
B.M. Diagram
D.
R i
Diagram WL
4 El
A ! 8
(c) I . c* Conjugate Beam ’T
. -y
W % A= 6
Let Ra* = Reaction at A for conjugate beam

Re* = Reaction at B for conjugate beam
Total load on the conjugate beam

= Area of the load diagram
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1 1 Wi
=—SCAB X CD* =— L X —
2 2 4ET

_ wi?
8EI

Reaction at each support for the conjugate beam will be half of the total load

Wiz  wi?
Rpr* =Rp*= Y e
2 BEI 16El

According to Conjugate becam method,

Slope at supports, 0a = Shear force at A for the conjugate beam = Ra*

wil

And yc = B.M at C for the conjugate beam
=Ra* X % - Load corresponding to AC*D* X Distance of
C.G. of AC*D* from C

wi? L 1 L WL 1 L
=T X2 (3 x = x )X (2 x %)
2 3 2

16E] s 2 4E]
g wid wid
32El_ 96El
w3
A8E1

4.26. SLOPE AND DEFLECTION OF A SIMPLY SUPPORTED BEAM WITH
UNIFORMLY DISTRIBUTED LOAD
Fig. shows a simply supported beam AB of length L carrying a UDL w/m over

its entire length

Since the beam is symmetrically loaded,

__ Total load _ wL

Ra——

BM at the ends A and B=0 (since A and B are simply supported ends)
2

BM at Centre, c =22

8

The B.M. diagram is shown in Fig.
Now the conjugate beam AB can be constructed. The load on the conjugate beam
will be obtained by dividing the B.M at that point by EI.

The shape of the loading on the conjugate beam will be same as of B.M diagram.
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M L wL?
The ordinate of loading on conjugate beam will be equal to — = % -

Let Ra* = Reaction at A for conjugate beam

w/unit run

Rp* = Reaction at B for conjugate beam

Total load on the conjugate beam

= Area of the load diagram

m—XLX—
8EI

_wed
12El A

Reaction at each support for the conjugate

beam will be half of the total load

wLd
Ra* =Rg*= = X
2 12Ef
_wid A
24E1
wid
According to Conjugate beam method, 2LE]

Slope at supports, Ba = Shear force at Aufor the Gonjugate beam = Ra*

And yc =B.M at C for the conjugate beam
=Ra* X % - Load corresponding to AC*D* X Distance of
C.G. of AC*D* from C
3 =
k(X)X ()
24E1 7 2 \3 8EI
_wit ewi*  swit
48EI 768EI  384EIl

Example.3.14. A beam ABCD is simply supported at it’s A and D over a span of 30 m. It
is made up of three portions AB, BC and CD each 10 metres in length. The moments of
inertia of the section of these portions are I, 31 and 21 respectively. Where I=2 X 10"mm?*,

The beam carries a point load of 150 KN at B and a point load of 300 KN at C. Neglecting
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the weight of the beam calculate the slopes and deflections at A, B, C and D. Take E = 200
kN/mm?,
Solution:
Let Ra and Rg be the reactions at the supports. Taking moment about D, We have,
Rpx30-150 X 10- 300 X 20=0
Rp X 30=150X 10+300 X 20
Rp =250 kN
Ra+ Rp= 150 +300
Ra +250=450
Ra=450-250 =200 kN.

I50AN 200N
I
p @ 8, @D ¢ @D
(2 1 m
mm——)e——!om—-e(—wm——al
-9 AR J
P,c’ 209 kN . i Rs_l_&_goﬁ:!‘

BMatA =0
B.MatB =200 X 10 = 2000 kNm
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BMatC =200X20-150X 10=2500 kNm.

BMatD =0

Fig. (b) shows the B.M diagram for the given beam.

Fig (c) shows Iheg diagram which 1s the loading on the conjugate beam. The thickness

on the diagram is % for the portion AB, % for the portion BC and % for the portion CD.

The properties of the load on the conjugate beam are given below:

Load component Magnitude | Distance | Moment
From A About A
Load on AB* ==X 2000 X — 10000 20 200000
; " El 3 3E
Load on BC* = 2000 X 10X 500X — 20000 15 100000
" . 3E] El
- X10X 500 X —
2 o 2500 50 125000
3El 9EI
Load on CD* ==X, 141 X1250p X|—= 6250 70 437500
El 3 3El
Total 71250 2937500
3EI 9EI

Let Rsy* and Rp* be the reactions at A and D for the conjugate beam.

Taking moments about A, we have,
2937500

Rp*X30 =
9E]
. Ry = 2937500 _ 293750
o 270E! 27E1
71250 293750 347500
RA* — ¥ —

3E! 27El

27E1

Now we can easily determine the slopes and deflections at A ,B,C,D for the given beam

Slope at A for the given beam = S.F. at A for the conjugate beam

347500 _ 347500 X 107
27EI 27 X200 X 103X 2 X 1010
= (,003218 radians
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Slope at B for the given beam = S.F. at B for the conjugate beam

_ 347500 1000 _ 77500
27E1 El 27El

_ 77500 X 10°
27 X 200 X 103X 2 X 1010

= 0.0007176 radians

Slope at C for the given beam = S.F. at C for the conjugate beam
293750 6250 _ 125000

27EI EI 27E!I

_ 125000 X 10?
27 X 200X 103X 2 X 1010

= (.001157 radians

Slope at D for the given beam = S.F. at D for the conjugate beam

293750
Z7El

B 293750 X 107
27 X 200 X 103X 2 X 1010

=0.00272 radians

Deflection at A = B.M at A for the conjugate beam = ()
(Since A is simply supported)
Defleetion apB=s B.M at Bsfer conjugate beam

347500 10000 1001 2575000
= o 18 - K —=
27EF El 2 27EI

3 2575000 x 1012
27 X200X 103X 2 X 1010

=23.84 mm

Deflection at C = B.M at C for conjugate beam

293750 6250 10
=——x10-—x—
27E1 El 3

_ 2375000
27E1
- 2375000 X 102
27X 200X 103X 2 X 1010

=21.99 mm

Deflection at D = B.M at D for the conjugate beam =0

(Since D is simply supported)
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IMPORTANT TERMS
DESCRIPTION SLOPE DEFLECTION MAX. BM
Wiz M, = Wi
YByrax = 3E]
Wa? M, =Wa
Ve = 3E] and
B Wa? e Wa? ;
Yomax = 357 Y357 €
- ﬂ',)
wit wi?
YBuwax = g | Ty
a* wa?
Y= ggg ™™ Ma=—5—
'."v'if.'«f,4 Wﬂ.3
Vegmns et
u
yﬂ.ﬂar MA
wit =w(l
= l—a
8EI _4
v wi-ay? 42
8EI §57 © +a
wit wi?
Youe: = 39 e
M2 My, =M
Y840z = 2E1
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SA = 93 WI{? M = W£
w W!z yBMﬂA’ Ty A e
fd— i in — _ 48 E | 4
AT S s 16E 1
- =]
kd . WhZ = b2) | Viax = Wh(* — by M¢ = -
fFr——a . e e 9V3ELL ¢
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MECAULAY'S METHOD

dz

Stepl: set the point XX at a distance of x m from free end/right 8 L o i
dx?

support (OR) Near to fixed end/left support. x
Step2: Take moment about XX cquation

Step3: integrate the moment equation wrt X with adding of constant MI j—i = Slope equation
C at the first part of equation is slope equation > Mly=

Step4: integrate again wrt X with adding another constant C- at the
first part of equation is deflection equation

Step5: put condition x =0 ; y =0 in first part of deflection eqn to

‘«rf

"}7

deflection equation
To find maximum

‘Jﬁ

find C> value (C> = 0) and Put another conditionx =1;y=01in deflection put j—i =0to
whole part of same egn to find C, value. get x value and substitute
Step6: then substitute Cy, C; value in slope & deflection Eqn to get x value in deflection to
real Slope and deflection eqn. find max. deflection
Step7: Now substitute required point distance in slope and » To evaluate integration in
dcﬂcction eqn in first part to find Near right support slope and whole part

deflection. » In UDL, unload distance

Step8: similarly include second part of eqn and substitute another x

value to find slope and deflection of every point. i g i aa

UDL load act.

DOUBLE INTEGRATION METHOD

Same procedure followed as mecaulay’s method
But some differencejare
1. Constant C;, Coage add atthe end of equation
2. Equation arenot sgparated only whale egnused
3. Two conditionare applied in Whole eqiito findC 1. €2
4. Ordnary integration followed

THEORETICAL QUESTIONS
1. Derive an expression for the slope and deflection of a beam subjected to uniform

bending moment.
2
2. Prove that the relation that M = E] ZT-':

where M = Bending moment, E = Young’s modulus, I = M.O.1.
3. Find an expression for the slope at the supports of a simply supported beam, carrying
a point load at the centre.

4. Prove that the deflection at the centre of a simply supported beam, carrying a point

wi3
48E1

load at the centre, is given by y. =
where W = Point load, L = Length of beam.
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5. Find an expression for the slope and deflection of a simply supported beam, carrying
a point load W at a distance ‘a’ from left support and at a distance ‘b’ from right
support where a > b.

6. Prove that the slope and deflection of a simply supported beam of length L and
carrying a uniformly distributed load of w per unit length over the entire length are
given by

wiL? . 5 WL?
,and Deflection at centre = —
24 EI 384 EI

Slope at supports = —

Where W = Total load =w X L.

7. What is Macaulay’s method ? Where is it used ? Find an expression for deflection
at any section of a simply supported beam with an eccentric point load, using
Macaulay’s method.

8. What is moment- area method ? Where is it conveniently used ? Find the slope and
deflection of a simply supported beam carrying a (1) point load at the centre and (i)
uniformly distributed load over the entire length using moment-area method.

9. What is aseantilever?oWhat aresthe differemtymethads pf=finding of slope and
deflection of a cantilever ?

10. Derive an expression for the slope and deflection of a cantilever of length L,
carrying a point load W at the free end by double integration method.

11. Solve questions 2, by moment area method.

12. Prove that the slope and deflection of a cantilever carrying uniformly distributed

load over the whole length are given by,

_ wid - _owit
8 eEr Y8 = G

Where w = Uniformly distributed load and
El = Flexural rigidity.
13.Find the expression for the slope and deflection of a cantilever of length L which

carries a uniformly distributed load over a length “a’ from the fixed end by
(1) Double integration method and

(1)  Moment area method.
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14. Prove that the slope and deflection of a cantilever length L, which carries a gradually

varying load from zero at the free end to w/m run at the fixed end are given by :

_ wi? — wi*
B™ a4k YB = 0m

Where EI = Flexural rigidity.
NUMERICAL PROBLEMS

1. A wooden beam 4 m long, simply supported at its ends, is carrying a point load of
7.25 kN at its centre. The cross-section of the beam i1s 140 mm wide and 240 mm
deep. If E for the beam = 6 x 10° N/mm?, find the deflection at the centre.

2. A beam 5 m long , simply supported at its ends, carries a point load W at its centre.
If the slope at the ends of the beam is not to exceed 1°, find the deflection at the
centre of the beam.

3. Determine : (i) slope at the left support, (ii) deflection under the load and (iii)
maximum deflection of a simply supported beam of length 10 m, which is carrying
a point load of 10 kN at a distance®6un from the left end.

Take E= 2'x 10° N/mm’ and 1 =T X 10° mn".

4. A beam of uniform rectangular section 100 mm wide and 240 mm deep is simply
supported at its ends. It carries a uniformly distributed load of 9.125 kN/m run over
the entire span of 4 m. Find the deflection at the centre if E= 1.1 x 10* N/mm?.

5. A beam of length 4.8 m and of uniform rectangular section is simply supported at
its ends. It carries a uniformly distributed load of 9.375 kN/m run over the entire
length. Calculate the width and depth of the beam if permissible bending stress is 7
N/mm? and maximum deflection is not to exceed 0.95 cm.

Take E for beam material = 1.05 x 10* N/mm~.

6. Solve problem 3, using Macaulay’s method.

7. A beam of length 10 m is simply supported at its ends and carries two point loads
of 100 kN and 60 kN at a distance of 2 m and 5 m respectively from the left support.

Calculate the deflections under each load. Find also the maximum deflection.
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Take IT=18 X 10* mm* and E = 2 X 10° N/mm?.

8. A bcam of length 20 m is simply supported at its ends and carries two point loads
of 4 kN and 10 kN at a distance of 8 m and 12 m from left end respectively. Calculate
- (1) deflection under each load (i1) maximum deflection.
Take E=2 X 10° N/mm? and [ = 1 X 10” mm?®,

9. A beam of length 6 m is simply supported at its ends. It carries a uniformly
distributed load of 10 kKN/m as shown in Fig. Determine the deflection of the beam
at 1ts mid-point and also the position and the maximum deflection.

Take EI = 4.5 X 10% N/mm°.

:10 kN/m
[ |
F 3
1m-se——— 3m e 2m —m
+ 6m
r

10. A beam ABC of length 12 metre has one support at the left end and other support at
a distance of 8 m from the left end. The beam carries a point load of 12 kN at the
right end as shown in Fig. Find the slopes over each supports and at the right end.
Find also the deflection at the right.end.

Take E = 2K 10° N/mn?* and T = "X 10° mni*:

12kwl
A B G

‘]’. Sm——f— 4m —sf

11. An overhanging beam ABC is loaded as shown in Fig.. Determine the deflection of

the beam at point C.
Take E =2 X 10° N/'mm? and 1 =5 x 10 mm®*.

8 kN
2 KN/m

F  — PMQ
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12. A beam of span 8 m and of uniform flexural rigidity EI = 40 MN-m’, is simply
supported at its ends. It carries a uniformly distributed load of 15 kN/m run over the
entire span. It is also subjected to a clockwise moment of 160 kNm at a distance of
3 m from the left support. Calculate the slope of the beam at the point of application
of thc moment.

13. A cantilever of length 2 m carries a point load of 30 kN at the free end. If moment
of inertia 7 = 10® mm* and value of E = 2 X 10° N/mm?, then find :

i) slope of the cantilever at the free end and
i1) deflection at the free end.

14. A cantilever of length 3 m carries a point load of 60 kN at a distance of 2 m from
the fixed end. IfFE=2 x 10° N/mm?and I = 10® mm?, find :

i) slope at the free end and
1) deflection at the free end.

15. A cantilever of length 30 m carries a uniformly distributed load of 24 kN/m length
over the entite lengthelf mementefinertia ofsthe beam =105 mmdand value of E =
2 x 10° N/mny’, [defermine the slopeand deflection at the free énd.

16. A cantilever of length 3 m carries a uniformly distributed load over the entire length.
If the slope at the free end 1s 0.01777 radians, find the deflection at the free end.
17. Determine the slope and deflection at the free end of a cantilever of length 4 m
which is carrying a uniformly distributed load of 12 kN/m over a length of 3 m from

the fixed end. Take EI = 2 x 10"* N/mm?,

18. A cantilever of length 3 m carries a uniformly distributed load of 15 kN/m over a

length of 2 m from the free end. If I = 10® mm* and E =2 X 10° N/mm?, find :
i) slope at the free end and
ii) deflection at the free end.

19. A cantilever of length 2 m carries a load of 20 kN at the free end and 30 kN at a

distance 1 m from the end. Find the slope and deflection at the free end. Take E =

20x 10°N/mm?and I = 1.5 X 10% mm?*.
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20. Determine the deflection at the free end of a cantilever which is 2 m long and carries
a point load of 9 kN at the free end and a uniformly distributed load of 8 kN/m over
a length of 1 m from the fixed end.

21. A cantilever of length 2 m carries a uniformly varying load of zcro intensity at the
free end, and 45 kN/m at the fixed end. IfE = 2 X 10° N/mm’® and I = 10® mm®,
find the slope and deflection of the free end.

22. A cantilever of length 2 m carries a point load of 30 kN at the free end and another
load of 30 kN at its centre. If EI = 10%* N/mm? for the cantilever then determine

by moment area method, the slope and deflection at the free end of cantilever.
23. A cantilever of length ‘L’ carries a U.D.L. of w per unit for a length of % from the

fixed end.

Determine the slope and deflection at the free end using area moment method.
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