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FOREWORD

We take great pleasure in presenting this book of mathematics to the
students of polytechnic colleges. This book is prepared in accordance with the
new syllabus under ‘M’ scheme framed by the Directorate of Technical
Education, Chennai.

This book has been prepared keeping in mind, the aptitude and attitude of the
students and modern method of education. The lucid manner in which the
concepts are explained, make the teaching and learning process more easy and
effective. Each chapter in this book is prepared with strenuous efforts to present
the principles of the subject in the most easy to understand and the most easy to
workout manner.

Each chapter is presented with an introduction, definitions, theorems,
explanation, solved examples and exercises given are for better understanding of
concepts and in the exercises, problems have been given in view of enough
practice for mastering the concept.

We'hope that/this book Serye the purposeykeepingiin mind the changing needs
of the society to make it lively and vibrating. The language used is very clear
and simple which is up to the level of comprehension of students.

We extend our deep sense of gratitude to Thiru. R. Sornakumar
Coordinator and Principal, Dr. Dharmambal Government Polytechnic College for
women, Chennai and to Thiru P.L. Sankar, Convener and Lecturer / SG,
Rajagopal  Polytechnic  College, Gudiyattam who took sincere efforts in
preparing and reviewing this book.

Valuable suggestions and constructive criticisms for improvement of this
book will be thankfully acknowledged.

AUTHORS
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30012 ENGINEERING MATHEMATICS -1
DETAILED SYLLABUS

UNIT—I: ALGEBRA

Chapter - 1.1 DETERMINANTS 7 Hrs.
Definition and expansion of determinants of order 2 and 3. Properties of determinants (not

for examination). Solution of simultaneous equations using Cramer’s rule (in 2 and 3

unknowns) - Simple Problems.

Chapter - 1.2 MATRICES 7 Hrs.
Definition —Singular Matrix, Non-singular Matrix, Adjoint of a matrix and Inverse of a

matrix up to 3 x 3 only. Simple Problems. Definition — Rank of a matrix. Finding rank of a

matrix by determinant method (matrix of order 3 x 4) Simple Problems.

Chapter - 1.3 BINOMIAL THEOREM 8 Hrs.
Definition of Factorial notation - Definition of Permutation and Combinations — values of
nP,, and nC,, (results only) [not for examination]. Binomial theorem for positive

integral index (statement only) - Expansion - Finding of general term, middle term,

n
coefficient of x and term independent of x Simple Problems. Binomial Theorem for
rational index up to - 3 (statement only), Expansions only for - 1, - 2 and - 3.

UNIT—II: COMPLEX NUMBERS

Chapter - 2.1 "ALGEBRA OF COMPLEX NUMBERS 8 Hrs.
Definition'— Real and Imaginary.parts,| Conjugates, Modulus:and amplitude form, Polar

form of a complex number, multiplication and division of complex numbers (geometrical
proof not needed)— Simple Problems .Argand Diagram — Collinear points, four points form-

ing square, rectangle, rhombus and parallelogram only . Simple Problems.

Chapter -2.2 DE MOIVER’S THEOREM 7 Hrs.

Demoivre’s Theorem (statement only) — related simple problems.

Chapter -2.3 ROOTS OF COMPLEX NUMBERS 7 Hrs.

Finding the roots of unity - solving equation of the form - where
n<7

. Simple Problems.

UNIT- lll: TRIGONOMETRY
Chapter — 3.1 COMPOUND ANGLES 8 Hrs.

sin(A£B) cos(A£B) and tan(A£B)

Expansion of [without proof] .

Problems using above expansions.
Chapter -3.2 MULTIPLE ANGLES 7 Hrs.
Trigonometrical ratios of multiple angles of 2A and 3A and sub multiple angles. Simple

Problems.
Chapter - 3.3 SUM AND PRODUCT FORMULAE 7 Hrs.
Trigonometrical ratios of sum and product formulae. Simple Problems.

iv
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UNIT—IV INVERSE TRIGONOMETRIC RATIOS & DIFFERENTIAL CALCULUS -1

Chapter - 4.1 INVERSE TRIGONOMETRIC FUNCTIONS 7 Hrs.
Definition of inverse trigonometric ratios — Relation between inverse trigonometric ratios.

Simple Problems.
Chapter -4.2 LIMITS 7 Hrs.

Definition of Limits. Problems using the following results:

n n .
x" —a - sin @
m % =na""! lim =1
o x—>a Y74 _9—0 ¢
0] (i) and
tan 6 1

00 0 o |
(iii) ( ~ -inradians) (results only) . Simple Problems.
Chapter - 4.3 DIFFERENTIATION 8 Hrs.

- . - x" sinx cosx tanx cosecx  secx
Definition — Differentiation of , , , , , ,

“ (v=0)
cotx logx eX utv  uv uvw v _
; ; ; ; , (results only). Simple

problems using the above results.
UNIT—V DIFFERENTIAL CALCULUS - II

Chapter — 5.1 DIFFERENTIATION METHODS 8 Hrs.
Differentiation 'of/ function functions (chain rule), Inverse *Trigonometric functions and

Implicit functions. Simple Problems:
Chapter - 5.2 SUCCESSIVE DIFFERENTIATION 7 Hrs.
Successive differentiation up to second order (parametric form not included). Definition of

differential equation, order and degree, formation of differential equation. Simple Problems.

Chapter - 5.3 PARTIAL DIFFERENTIATION 7 Hrs.
Definition — Partial differentiation of two variables up to second order only. Simple

Problems.
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UNIT - I |

1.1 DETERMINANTS: Definition and expansion of determinants of order 2 and 3. Properties of
determinants (nor for examination). Solution of simultaneous equations using Cramer’s rule (in 2 and
3 unknowns)-Simple Problems

1.2 MATRICES: Definition - Singular Matrix, Non-singular Matrix, Ad joint of a matrix and inverse of
a matrix up to 3 x 3 only. Simple problems. Definition — Rank of a matrix. Finding rank of a matrix by
determinant method (matrix of order 3 x 4)

1.3 BINOMIAL THEOREM: Definition of Factorial notation - Definition of Permutation and

Combinations - values of nP_and nC_ (results only) (not for examination). Binomial theorem for
positive integral index (statement only) Expansion - Finding of general term, coefficient of xn and

term independent of x. Simple Problems. Binomial Theorem for rational index up to - 3 (statement
only). Expansion only for - 1, - 2 and - 3.

1.1 DETERMINANTS

Definition:

Determinant is a square arrangement oflnumbers (real or.complex) within twa vertical lines.

a1 bl
Example :
aZ b2
Order:
a1 bl .. . .
A= 4 bl consisting of two rows and two columns is called a determinant of second order. The
2 2

value of the determinant i1s A = alb2 — azb].

Example: Let A = _35‘
[A[=2) ) D (=5)
[A|=6+5

LeA=11

Determinant of third order.
al bl Cl
The expression |2, b, ¢, | consisting of three rows and three columns is called a determinant of

a, b, ¢
third order. ’ 0

The value of the determinant is obtained by expanding the determinant through any row or column
with proper sign attached starting from a , the first row first column elements, we will have positive and
negative sign alternately.

www.binils.com
Anna University, Polytechnic & Schools



2+ Engineering Mathematics-I

1 -1 3
Example: 0 4 2 expand thorugh first row.
15 3

=+1
5 11 5

4 2 0o 2 0 4
— (=1 +3
-3 11 -
=1(=12-10)+ 1 (0—22)+3 (0 - 44)
=_22-22-132
=—-176
Minor of an element:

Minor of an element is a determinant obtained by deleting the row and column in which that element
occurs.

Example:
1 -1 3
0 4 2
11 5 -3

) 0o 2
Minor of —1= 1 =0-22=-22

-3

-1 3
Minor0f0=‘ A ‘=3—15=—12

Co-factor of an element:

Minor of an element with proper sign attached is called co-factor of that element.

Example:
321
2 0 3
4 5 11

2 -3
Co —factor of -2 = —‘ 411 ‘z —[(22)+12]

=-34

Co —factor of 0 =+

1
11‘
=+ (33-4)
=+ 29

Note: The sign for the element a, is (—1)'"J
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Algebra ¢ 3

Properties of determinant:
Property (1):
The value of the determinant is unaltered by changing rows into columns and vice versa.
a, b ¢ a, a, a,
(ie)la, b, c,|=|b, b, b,

a3 b3 G ¢ G G

Property (2):
If any two rows or columns of a determinant are interchanged then the value of the determinant is
changed in its sign only.

al bl Cl a2 b2 CZ
(ie)la, b, c,|=-|a, b, ¢
a3 b3 CS aS b3 CS

By notation R <> R,
[Generally the rows and columns are denoted by R , R, ...... andC, C, ...... respectively]
Property (3):

If any two rows or columns of a determinant are identical or same, then the value of the determinant
is zero.

a, b ¢
(ie)ja, b, ¢ |=0 R, =R,
a3 b3 C3

Property (4):
If each element of a row or column of a determinant is multiplied by any constant k # 0, then the
value of the determinant is multiplied by same constant k.
Property (5):
If each element of a row or column is expressed as the sum of two elements then the determinant can
be expressed as the sum of two determinant of the same order.
a,+d, b+d, c+d,
ie| a, b, c,
a b, G
al bl c1 dl d2 d3
=|a, b, c,|+|a, b, ¢,

a, by ¢ a, by ¢

Property (6):

Any determinant is unaltered when each elements of any row or column is added by the
equimultiples of any parallel row or column.

a,+ka, b+kb, c,+kc,

ie| a, b, c,
a, b, Cy
a, b c| |ka, kb, ke,
=la, b, c,[+|a, b, ¢
a; by ¢ a, b, ¢
a, b, ¢
=la, b, ¢,[+k(0)
a; by ¢ WWWbIﬂIlSCOm
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4 + Engineering Mathematics-I

Property (7):
In a given determinant if two rows or column are identical for a = b, then (a — b) is a factor of the
determinant.
I 1 1
el b ©lfora=b
a’ b ¢’
1 1 1
=lb b ¢
b2 b2 C2
=0 c,=cC,

.. (a—Db) is a factor.
Solution of simultaneous equations using Cramer’s rule

Consider the linear equations

ax+by=c,
ax+tby=c,
L bl . _ ¢ bl
let A= o Ax and
a2 2 c2 bZ
a A
Ay=|"' " ,thenx=—,y=—y
a, ¢, A

Provided A#0.
X, y are unique solutions 'of the ‘given‘equations. This method ofsolving'the line equations is called

Cramer’s rule.
Similarly for a set of three simultaneous linear equations in x, y and z.

ax+by+cz=d
ax+by+cz=d,
ax + b,y +c,z=d,, the solution of the system of equations by Cramer’s rule is given by

x=§' Ay'andz—%

Y=—

A
provided A # 0. Where A, Ax, Ay and Az are the determinents formed in the same way as defined
above.
WORKED EXAMPLES
PART - A
4
1. Solve =0.
X
Solution:

x 4 .
‘: 0 By expanding we have

9
x*=36=0
iex?=36

S.x=+£6
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Algebra ¢ 5

2. Solve x 2 =0
3| x
Solution:

x 2

x 3x

expand 3x* —2x =0
x(Bx-2)=0
x=0; 3x-2=0 3x=2

x=0o0r x=—
3

1 20
3. Find the co-factor of 3 in the determinant [—-1 3 4/,
Solution: 567
1 0
Cofactorof 3=A = (-1)*" 5 7 ‘
=(=1)"[7-0]
=+7
1 2 -1
4. Write down the minor 3 in the determinant |3 4 —4| =0.
Solution: S0 2
-2 -1
The minor of 3 = ‘ 0 2‘ =-4-0
PART - B
m 2 1
1. Find the value of ‘m’when | 3 4 2| =0
Solution: =73 0
m 2 1
Given |3 4 2[=0
-7 3 0

expand along R, we have
m@O0-6)-20+14)+1(9+28)=0
—6m—-28+37=0

—-6m+9=0

-6m=-9

6m=9

9 3
m=—=—
6 2
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6 + Engineering Mathematics-I

2. Using Cramer’s rule solve 2x —3y =5 ; x —4y = 8.

Solution:
2x-3y=5
x—4y=8.
-3
where A:‘
4
=-8+3=-5
5 3
Ax=

8 _4‘ =-20+24=4

2 5
Ay= 1 g|=16-5=11
By Cramer’s rule
_Ax_ 4 _Ay 1111

x — —=—

A -5 A -5 5

x 6 3
3. Find the values of ‘x’when |1 x 1| =0.
4 x

Solution: -2
X

1

3
11 =0
-2 X

A =2 O

X(x*-4)-6(x+2)+3(4+2x)=0
X—4x—-6x—12+12+6x=0

X —4x=0

x(x*-4)=0

x=0, xX*-4=0 x*=4

PART -C
1. Using Cramer’s rule. Solve the following simultaneous equations,
xty+z=2
2x—y—-2z=-1
x=2y—-z=1
Solution:
1 1 1
LetA=12 -1 2[=1(1-4)-1(-2+2)+1(-4+1)
1 2 -1
=1(-3)-10)+13)
=-3-3
A=-6#0
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2 1 1
1 -1 2
1 2 1
=2 (3)-1(3)+13)

Ax = =2 (1-4)-1(1+2)+ 12+ 1)

=—6-3+3
Ax=-6
1 2 1
Ay=12 -1 2/1=1(14+2)-2(2+2)+1(2+1)

1 1 -1
=13)-2 (0)+1(3)
=3+3

Ay=16

1 1 2
2 -1 -1
1 2 1

=1(3)-13)+2(-3)

=-3-3-6
Az=-12

Ax -6
Ny
_ Ay 6 Az =12

= —= — N 7 = = :2

A -6

Az = =1(-1-2)-1 Q2+ 1)+2 (— 4+1)

X 1
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8 ' Engineering Mathematics-I

1.2 MATRICES

Introduction:

The term matrix was first introduced by a French mathematician CAYLEY in the year 1857. The
theory of matrices is one of the powerful tools of mathematics not only in the field of higher math-
ematics but also in other branches such as applied sciences, nuclear physics, statistics, economics and
eletrical circuits.

Definition:

A matrix is a rectangular array of numbers arranged in delete rows and columns enclosed by brackets.

Example:
o2 (2 1 0)
) A= ; 2)B=|-5 6 7
3 4) R

Order of a matrix:
If there are ‘m’ rows and ‘n’ columns in a matrix, then the order of the matrix is m x n (read as m
by n).
a, a)
b, b,
The above matrix A has two rows and three columns. We say that A is a matrix of order 2 x 3.

(a,
Example: A= Lb
1

Types of matrices:
(1) Row matrix:
A matrix having only one/row and any number of columns,is called a row matrix.
Example:A=(1 2 -3)
(2) Column matrix:
A matrix having only one column and any number of rows is called a column matrix.
(3)
Example: B=| —1
(3) Square matrixL 5 J
A matrix which has equal number of rows and columns is called a square matrix.
(2 -1 0)
Example: C= L3 4 —2J is a square matrix of order 3.
1 5 6

(4) Null matrix (or) Zero matrix:
If all the elements of a matrix are zero, the matrix is called zero or null matrix.
(0 0 0)
Example: O = LO 0 OJ
0 0 O

www.binils.com
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Algebra ¢ 9

(5) Diagonal matrix:

A square matrix with all the elements equal to zero except those in the leading diagonal is called a
diagonal matrix.

(-1 0 0)
Example: D=| 0 3 0
0 0 2

(6) Unit matrix:

Unit matrix is a square matrix in which the diagonal elements are all ones and all the other elements
are zeros.

(1 0 0)
Example: [= LO 1 OJ
0 01

(7) Determinant of a matrix:

Let ‘A’ be a square matrix. The determinant formed by the elements of A is said to be the determinant
of matrix A. This is denoted by | A |.

(8) Singular and Non-Singular matrix:

A square matrix ‘A’ is called a singular matrix if |A| = 0. If | A | # 0, then the matrix A is called a
non-singular matrix.

(9) Transpose of a matrix:

If the rows and columns of a matrix are interchangedy then the resultant matrix is called the transpose
of the given matrix. It is\denoted by A",

Algebra of Matrices:
(1) Addition and Subtraction of matrices:

If A and B are any two matrices of the same order, then their sum or difference i.e A+ Bor A—Bis
of the same order, and is obtained by adding or subtracting the corresponding elements of A and B.

Example:
IfA= [_41 (3)] ; B= {_23 _14\ then
C(4+2 3+1) (6 4)
ATB 5 047l g™

(4 —j
A-B=A+(-B) -B=
3 4

(4-2 3-1) (2 2)
143 0+4) 72 4)
(2) Multiplication of matrices:

Two matrices A and B are conformable for multiplication if and only if the number of columns in A
is equal to the number of rows in B.

Note : If A is of order m % n and B is of order n X p matrices, then AB exists and is of order m X p.

www.binils.com
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10 e+ Engineering Mathematics-I

Example:
(1 3) (-1 2
IfA=L3 ) andB=L3 4Jthen
4 —
30 (F 2]
AB=L 304
30 2 {4 3
(2 3= i 2 3[2] )
= 3 4
4 -3
3 0 2[-1] [3 0 2)2
3 4
4 -3
(146412 2+8-9)
_(—3+0+8 6+0—6J
(17 1)
AB_LS 0)

Generally AB # BA
Co-factor matrix:

In a matrix, if all thejelements ar¢irgplacediby thecorresponding cosfactorsiofthe elements, then the
matrix obtained is called'the'co=facton matrix.

Example: If A= [; _34)

Co-factor of 1 is + 3 Co-factor of —41s — 8
Co-factor of 8 1s 4 Co-factorof 31s 1
3
.". Co-factor matrix is ) ]
Adjoint (or) Adjugate matrix:

The transpose of the co-factor matrix is called the adjoint matrix or adjugate matrix. It is denoted
by Adj.A

. (1 -4 : (3 -8 .
Exmaple: From the above matrix A= L8 3 J and the co-factor matrix of A is k4 ! J , the adjoint
. (34
of Ais .
L—S IJ
Inverse of a matrix:

Let A be a non-singular square matrix. If there exists a square matrix B, such that AB = BA =1,
where I is the unit matrix of the same order as that of A, then B is called the inverse of A and it is denoted

by A™!. This can be determined by using the formula.
1
A''=—(adj A)
| Al

www.binils.com
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Algebra < 11

Note:

1. If | A|=0, then there is no inverse for the matrix A.
2. ATA=AAT=1
3. (AB)'=B'A"!
4. (A=A
Rank of a matrix:

Let ‘A’ be any m x n matrix. It has square sub-matrices of different orders. The order of the largest
square submtrix of A whose determinant has a non-zero value is known as the rank of the matrix A.

Generally the rank is denoted by p(A), p(A) is always minimum of m and n.
Note:
The rank of a matrix is said to be r if

1) It has atleast one non zero minor of order r.
2) Every minor of A of order higher than r is zero.

Example:
1 56
1. Find the rank of the matrix | 2 3 4.
Solution: -1 2 2
1 5 6
LetA=|2 3 4
-1 2 2

|A|=1(6-8) %5 @ +4)4 6/(4 +3)
=1(=2)-5@®)+6(7)

=-2-40+42

|A[=0
consider the determinant of the second order

1 5

5 3 =-T7#0
Hence the rank of A is 2.
e p(A)=2

WORKED EXAMPLES
PART - A

(0 23y _ (7 6 3)
Loafa=(, | )sB=(, , 5 findAtB.

Solution:

0 2 3 (76 3)
AYB=l, 1 ) 4 s)

_(0+7 246 3+3)
241 144 4+5)

[786]
A+B=
3 59
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1 3 1 2
2. If Az( j ; B=[ ] find A-B.
3 4 4 3

Solution:

1 3 1 2
S IS P

3 4 \4 3
1-1 3-2)
3-4 4fﬂ

0 1)
BN

2 -1
3. Prove that the matrix ( } is singular.
4 -2

Solution:

2 -1
LetA:[ ]
4 2
2 w

| A=
4 -2

=—4+4
|[A|=0 .. Ais singular.

14) '

4. Find the rank of( 36 8J

Solution:
(3 -4
6 8)
3 -4
Now, |[A|=|_¢g g |=24-24=0. Sop(A)£2
Since each element of A is non zero,

p(A)=1.

1
5. Find the rank of [4

LetA=

2 3)

5 6)°
Solution:

1 2 3 1 2
LetA= ( ) and let the sub matrix of A=B = ‘ ‘
L4 5 6J 4 5

1 2
4 5

Sop(A)=2

|B|=‘ ‘=5—8=—3¢0

www.binils.com
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Algebra « 13

PART - B

(23 0) (3 -1 4
LoIfA=|g  JiB=|, 4 ,)find3A-2B.

Solution:
S H .
(6 9 0) (6 2 8)
s 6 374 12 14)
6-6 9+2 0-8
:[15_4 6-12 —3—14j
3A—2B=[101 i —_187)
2. Iff(x)=4x+2and A= £l find f(A).
LO 3)
Solution:
f(A) =4A+2
=4A+ 21
[2 —1j [1 0]
=4 +2
0 3 0 1
(8 —4) (2 0)
“lo Wild\2)
(10 -4
FA=10 1)
(1 -2 0)
3. Find the value of ‘a’ so that the matrix [2 a 4J is singular.
Solution: 2.1 1
(1 -2 0)
LetA= L2 a 4J . The matrix is singular, then | A | = 0.
2 1 1
2 0
e|2 a 4|=0
2 1

expanding through first row
l(a-4)+22-8)+0=0
a—-4+2(-6)=0
a—-4-12=0
a—-16=0
a=16
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14+ Engineering Mathematics-I

4, IfA=(; (1)] and B:[g ?J find AB.
Solution:

(1 0)(0 3)

2 2 4

(0+0 3+0) (0 3)

“lo+2 644/ 2 10/

3)

. ) 2
5. Find the inverse of (4 s J .

AB

Solution:
L A—(2 3) A= 23 =10-12=-2#0
R VI B
(5 -3)
Adj A=
! L41 ZJ
5 -3
A’1=LAdj A= L{ }
| A 2-4 2
(5 —15)
6. Find the rank of L—6 18 J .
Solution: 7 =21
(5%/%15)
LetA—L—6 ISJ
7 =21
5 -15
=90-90=0
-6 18
-6 -15
=-105+105=0
7 21
0 18—126 126=10 ~p(A)= 2
7 21| - P
SLp(A)=1
PART - C
2 -1 0 -2 1 -1
1. fA=|0 -2 1|and B=|1 2 —2| showthat AB=BA.
1 0 1 2 -1 -4
Solution:

2 -1 0|2 1 -1
AB=/0 -2 1(|1 2 =2
1 0 1]]2 -1 -4

www.binils.com
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Algebra « 15

[—4-1+0 2-2+0 —-2+2+0
= 0-2+2 0-4-1 0+4-4
-2+0+2 1+0-1 -1+0-4

-5 0 O
=0 -5 0
0o 0 -5

2 1 -1][2 -1 0
BA=|1 2 -2/|0 2 1

|2 -1 —4][1 0 1
[—4+0-1 2-2+0 0+1-1
=[2+0-2 -1-4+0 0+2-2
| 440-4 -2+2+0 0-1-4

-5 0 0
BA=|0 -5 0
|0 0 -5

.. AB=BA

1 2 3 2
Show that AB # BAif A= | 4 and B= L1l

Solution:

- IV

[3+2 2-2 5 0
AB= =

|-3+4 24} {1 6}

(3 27011 21 [3-2 6+8
BA= =

|1 —J[4,4} L+1 2—4

(1 14 1 14
BA= =

12 —2‘{2 —é

.. AB# BA

1 2
IfA= [3 1} and if f (x) = 3x* — 2x + 4 find f(A).

Solution:
If f(x)=3x*-2x+4
f(A) =3A2-2A +41 (I unit matrix of order 2 x 2)
A’=AxA
1 201 2
BE J{3 J
[1+6 2+2
T [3+3 6+1}
A%:W 4}
16 7
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S f(A) =3A2—2A +41
7 41 1 2] [1 0
=3 -2 +4
o 3 e )
21 12] [2 -4] [4 0
= + +
18 21| |6 —-2| |0 4

21-2+4 12-4+0] [23 8
f(A)= -
18-6+0 21-2+4] |12 23

1 1 -1
4. Find the inverse of the matrix | 2 1 0 |.

Solution: -1 2
1 1 -1
LetA=|2 1
-1 2
1 1 -1
[Al=]2 1
-1 2 3
=13-0)-106-0-1@+1)=103)—-1(6)—-1(5)
=3-6-5=—8+#0 A'exists

w O

Co-factors
A, =+ ! 0‘=3—0=3
2 3
2 0
A,=- 0 3‘=—(6—O)=—6
2 1
A=+ 1 2‘=(4+l)=5
1 -1
A21=—‘2 3 ‘z—(3+ 2)=-5
1 -
A, =+ 1 3 ‘:(3—1):2
1 1
A,=— » 2‘:—(2+1)=—3
1 -1
A=+ L o ‘:(0+l):1
1 -1
A, =- 5 0 ‘=—(0+2)=—2
11
A, =+ 5 l‘:(12):1
3 6 5
Co-factor matrix A=|-5 2 -3
1 -2 -1
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35 1
Adj.A=|-6 2 -2
5 -3 -1

aia > !

AT=29R_ 6 2 2
Al 8

5 -3 -1

2 3 -1 2
. If A= ; B= show that (AB)'=B'A"".
-1 0 0 1
Solution:
2 30[-1 2
AB=
Zall
2 7
AB=
e
-2 7
|AB|= =-320
1 =2

(AB) ! exists

om= ]
Adj (AB)=

1 2
L 1(=2 -7
AR ==, )

(-2 47
(AB)'=?1[_1 _2] ............. )
[—1 2] ‘—1 2‘

B= |B|= =120
0 1 0 1
Ttk

BI_L[—l 2}
S 1lo 1
Ga el
A= |A =3%0
10 10
0 -3
Ade:{ }
1 2
Ao 1[0 -3
301 2
BlAl:_{l —2}1{0 _3}
1o -1] 31 2
giai_ L1 =2][0 -3
T30 <11 2
1|2 -7 ,
BlAlz—g[_l _2} ............ (ii)

F i) and (i) (AB)' =B'A’ Tat
rom (i) and (ii) (AB) www.binils.com
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2 3 4 -1
6. Find the rank of the matrix 2 0 - .
-4 5 12 -1

Solution:

Here the rank of the matrix can not exceed 3, the minimum of 3 and 4.

The value of the each of the determinants.

2 3 4
5 2 0]=2124-0)-3(60—-0)+4(25+8)=48-180+132=0
-4 5 12
3 4 -1
2 0 -1|=0
5 12 -1
2 4 -1 2 3 -1
Smilarly wecanprove | 5 0 —I|=0and |5 2 -1(=0
-4 12 -1 -4 5 -1

While the second order determinant
2 3
=4-15=-11%0

5 2

Hence the rank of the matrix = 2

1.3\ BINOMIAL THEOREM

Definition of Factorial Notation:
The Continued Product of first ‘n’ natural numbers is called n factorial and is denoted by n! or |n.
ie [n=1x2x3x........ (n—1)xn
[5=1x2x3x4x5
[5=120

Zero factorial:

We will require zero factorial for calculating any value which contains zero factorial. It does not
make any sense to define it as the product of the integers from 1 to zero. So we define [0 = 1.
Definition of Permutation and Combination:

First we begin with the following problem. We want to select 2 Carrom players from among 5 play-
ers. Let us denote them by the letters A, B, C, D and E.

To select 2 players, we shall first take A and then with him, associate B, C, D and E. That is AB, AC,
AD and AE are four types of selection of 2 players. Also starting with B, we have BC, BD and BE, with
C, CD and CE, and finally starting with D, we have DE only.

So, totally there are 10 ways. If we denote the number of ways of selection of 2 players out of 5
players, symbolically denoted by 5C, = 10.

Also, let us assume that the selected 2 players want to give pose for a photo. Two chairs are brought
as shown below, there are two types of arrangements.

www.binils.com
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Arrangement —1 Arrangement —2
Chair-1  Chair-2 Chair-1  Chair-2

Thus we see that for one selection, there are two different arrangements, and so for the total of 10
selection, the total number of arrangements is 20.

That is if the number of ways of arrangement of 2 players out of 5 players is denoted by 5P,. We
have 5P, = 20.

The above “arrangement” and “selection” are usually called “permutation” and “combination”.

Where nP_ is the number of ways of arrangement (or permutation) of “r” things out of ‘n’ things.
Also nC_is the number of ways of selection (or combination) of “r” things out of “n” things.

Note: The value of nP_and nC_ are given below.

BINOMIAL THEOREM
Binomial means an expression, consist of two numbers (or) terms connected by plus sign or minus
sign.
Example:

1
X+y; 2x—y ; X —— etc.
X

In binomial theorem, we deal with the powers of binomial expressions. From School Studies, we
know that

(x +a)*=x>+2xa+a’and
(x+a)’=x>+3x%a+3xa’+a’
we can write the expansion of (x + a)* as below
(x +a)’ =3C x%a’ + 3C x%a' +3C, x'a* + 3C, x"’.
Where 3C =3C,=1 nC =nC_
Similarly for (x + a)*, (x + a)® can be expanded as mentioned above.

Binomial theorem for a positive integral index:
If “n” is any positive integer, then (x +a)" =x"+nC x"'a+nC,x"?a*+ ... +nC x""a'+ ...... +a".

Note:
1. The total number of terms in the expansion is (n + 1).
In each term, sum of the powers of x and a is equal to n.

3. The general term of (x +a)"is T =nC x""a" ie(r+ 1)"term

th
4. Ifthe power ‘n’ is an even integer, there is only one middle term which is at [%+ 1) place and

s . . . “‘ +3\"
if ‘n’ is odd integer there are two middle terms, which are at [ilj and (HT] places.
2
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Binomial Theorem for rational index:

If x is numerically less than one and » any rational number, then

n(n—l)x2+ n(n—l)(n—Z)x3Jr
1x2 1x2x3

(1+x)" =1+ nx+

Note:

The number of terms in the expansion is infinite.
Here the notations nC, nC, nC, ...... etc are meaningless. Since # is a rational number.

3. Also here we consider, is expansions for negative integers upto — 3. When the values of ‘n’ are
—1, — 2, -3 the expansions are

N A-x)'=Tl+x+x*+x*+.........

(i) A+x)'=1-x+x>—x*+........

(ii)) (1-x)2=1+2x+32+4x> + .

(v) (1+x)2=1-2x+3x*—4x+ ........

V) (I1=x)?=1+3x+6x>+10x° + ..........

(vi) (1+x)3=1-3x+6x>—10x°+..........
WORKED EXAMPLES

PART -A

11
1. Write down the number of terms in [ X2+ zj .
X
Solution:

The number of terms 1S 0+ =1 +1=[12

2. Which term in (3x —y)° is the middle term.

Solution:
Here n =6 (even)

Middle term = (%+ 1)

=(§+1j=3+1
2

= 4" term
.". 4th term is the middle term.
3. Write down the expansion for (1 —x) .
Solution:

I=x)'"=1l+x+x+x+ .

4. Expand by using Binomial Theorem (3x — 2y)’.
Solution:

(Bx —2y)’=(3x)* + 3C, 3x)* (-2y)' + 3C,(3%)" (2y)* + (2y)’

www.binils.com
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13
5. Which are the two middle terms in [2 2+ E) .
X
Solution:

Here n= 13 (odd)

Middle terms are [n+ 1] ' (n+ 3)th
——| and .

2
1e 13+1=E=7 and
2
1
3+3=E=8
2 2

. 7" and 8" terms are two middle terms.

PART - B

7
Find the general term in the expansion of [ X+ Lj .

2x
Solution:

7
Let [H L) — (X +A)
2x 1

Where X=x; n=7, A=—

2x
general term T, =nC_X"" A’
1 ]r . 1 X772r
i = 7| — | =T7Cx"" =7C
LeT,  =7C x (2x r P Y

8
1
Find the 5th term in the expansion of [x+ —) .
Solution:

The general term T, =nC_x""a’

Putr=4, we get Sthterm T,. Alsox=x,a= —,n=38.
x

Expand in higher powers of x upto three terms (1 + 3x)2.
Solution:
(1+x)2=1-2x+3x>—4x + ...
where x = 3x only
S(1+3x)72=1-23x) + 3 (3x)* - 4(3x)°
=1—-6x+27x*—108x° + .........
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PART - C

1 11
1. Find the middle terms in the expansion of (2)62 + —] .
X

Solution:

Since here ‘n’ is odd number, the total number of terms is even and so there are two middle terms.

th th
[%1) and [n; 3) terms are middle terms.

‘h 11+ 3)"
[1 1; 1) and [ 5 i.e 6™ and 7™ terms.

Put r =5 and 6 in the general term.

Now, general termis T, =nC x""a’

5
Ty, = 11C,(2x*)" [lj
X

1y’ 1
T, =11C,(2x*)° (;] = 11C526x12;= 11C,2°x’

Putr=6
1 6
T, =11C,(2x*)"° (—j
X
N’ 1
T,=11C,(2x*)’ (—) =11C2°x" —=11C,2°x*
X X
1 15
2. Find the co-efficient of x* in the expansion of [x“ ——J .

Solution:

Now, general terms is T, | =nC _x"" a’

1\
T, =15C,(x")"" (—3)
X

— lscrx6074r (_l)rx—3r
T, =15C.-D)'x*" (1)

To find the co-efficient of x*, put

32=60-"7r
Tr=60-32
Tr=28
28
r=—
7
r=4

Applying r = 4 in the equation (i), we get
T,, = 15C, (- 1)* x%7@
T, =15C, x*
"+ co-efficient of x*is 15C,.
www.binils.com
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10
3. Find the term independent of x in the expansion of ( X —l) .

) X
Solution:

Now, general term T, | =nC _x""a"

T, =10Cx"" (—j
X

=10C X" " (-1)'x"
T, =10C,(-1)'x"*? ... (i)

To find independent term, put 10 — 2r =0
e 10-2r=0
10=2r
5=r, r=5
Put r =5 in equation (i) we get
T,,, =10C(-1)’ x'*2®
=10C, (1) x°

T, =—10C,i.e The term independent of x is — 10C..

4. Write the first three terms in the expansion of (3 — 4x)3.

Solution:

3 1.2 3
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10.

11.

12.

13.

14.

15.

16.

EXERCISES
PART - A
x 2
Solve =0.
3x
x 8
Solve 2 ol 0.

sin® —cos0
Find the value of the determinant

cos® sinO

1 2 -1
Find the value of the minor of 3 in the determinant |3 4 1.
5 -1 0
1 1 3
Find the co-factor value of 5 in the determinant|—1 0 5

4 20

21 -1 2 2 4
IfA= 0 2 1 ,B= 10 0 4 find A - B.

1 -2 3
Show that the matrix |0 1 3| is singular.

2 -4 6
. . . f 3 2
Find the adjoint o il

How many terms are there in the expansion of (2x —y)".

21
Which are the middle terms in the expansion of (3 X2 — l) .

X

Expand upto three terms of (1 +x)>.

Find the rank of ( 1 2) .
-3 -6

(-5 —6)
Find the rank of LZO 24J .

. (2 3 5)
Find the rank of L4 | 8J .

(1 2)
Find the rank of | 3 -8 J .
-4 5
(1 1 -1\
Find the rank of | 2 1 OJ .

-1 2 3
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PART - B

(1 =1 2)
Find the value of x” if {5 3 J - 0.
201 4

Solve by using Cramer’s rule: x —y=1;2x -3y =—1.

2 1 2 0
IfA=| | o, B=|; 5|findAB.

2 3
Find the inverse of .

14
1 2 3

Find x if the matrix | 5 -1 -2/ is singular.
2 x 6

10
Find the general term in the expansion of (x+ —2] .
X

1 15
Find the 5th term in the expansion of [xz + ;) .

Write the first 3 terms of (1 — 2x) 2.

. (3 -4 1)
Find the rank of k—6 3 _2J :
(17 2
Find the rank of t3 6 J .
5 -10
(2 5 7)
Find therankof |7 1 6 J .
5 -4 -1
(-3 2 0)
Find the rank of | 7 -1 117,
5 4 22

PART -C
Solve: 3x —y+2x=8;x—y+z=2and 2x + y— z= 1 using Cramer’s rule.

Solve:x+2y—z=-3; 3x+y+z=4and x—y + 2z =6, using Cramer’s rule.

(1 -1 1)
Find the inverse of [ 2 -3 _3J .
6 2 -1

0 dB—(5 0 ify (AB)'=B!A"!
5 an —b 3J verify (AB) ! = .

3
oa-
1
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3 -1 10
2landB=| 0 1 2| find AB and BA.
0 2 13

1 2
5. IfA=|3 1
I -1

6. 1A= 3 ‘5] show that A2 SA — 141 = 0.
4 2

1 2 3
7. Find the rank of the matrix |2 4 7
3 6

1 1 0
8. Find the rank of the matrix | -2 4 3 0
1 0 -8

11
9. Find the middle terms in the expansion of [x3 + —j .
x
5 3
10. Find the co-efficient of (xf ) in the expansion of [x - 5—2) .
x
1 10
11. Find the term independent of x in the expansion of [x + ;) .

2

2 10
12. Find the term independent of x in the expansion of [35——] .
X

ANSWERS
PART — A
2 0 -1 -5
1) x—O,E 2)x=+4,-4 3) one H-1 5+2 6) 10 2 3
4 2
8){3 3} 9) 16 10) 11th and 12th 11) 1 - 3x + 6x2 12) 1
13) 1 14) 2 15)2 16) 3
PART - B
1 10 2)x=4 3 3 > 2 gLt 5 08
_ o 1 =98
) ¥ Jx=4:y ] I T )=
6) 10C, x103 2r 7) 15C, x20 8) 1 +4x + 122
9) 1 10) 1 11)2 12)2
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PART - C
-9 30
1) (1,3,4) 2)(1,-1,2) 3) %{16 -7 5}
22 4 5
5 6 13 2 -1 -1
5) AB—{I 6 8];BA—{5 -1 2} 7) rank =2 8) rank = 3
-1 0 2 8 2 8
64 3
9) 11C, 32x°, 11C, e 10) 7C; [gj 11) 10C, 12) 10C, 2> 3%
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UNIT - III COMPLEX NUMBERS

2.1 ALGEBRA OF COMPLEX NUMBERS:

Definition — Real and Imaginary parts, Conjugates, Modulus and amplitude form, Polar form of a com-
plex number, multiplication and division of complex numbers (geometrical proof not needed) — Simple
Problems. Argan Diagram — Collinear points, four points forming square, rectangle, rhombus and paral-
lelogram only. Simple problems.

2.2 DE MOIVRE’S THEOREM
Demoivre’s Theorem (Statement only) — related simple problems.
2.3 ROOTS OF COMPLEX NUMBERS

Finding the nth roots of unity - solving equation of the form x" &+ 1 = 0 where n < 7. Simple problems.

2.1 ALGEBRA OF COMPLEX NUMBERS

Introduction:

Let us consider the quadratic equation ax? + bx + ¢ = . The solution of this equation is given by the

~-b++b% 4
formula x= 2—ac which/isimeaningful only when b” - 4a¢>.0: Because the square of a real
a

number is always positive and it cannot be negative. If it is negative, then the solution for the equation
extends the real number system to a new kind of number system that allows the square root of negative
numbers. The square root of — 1 is denoted by the symbol i, called the imaginary unit, which was first
introduced in mathematics by the famous Swiss mathematician, Leonhard Euler in 1748. Thus for any
two real numbers a and b, we can form a new number a + ib is called a complex number. The set of all
complex numbers denoted by C and the nomenclature of a complex number was introduced by a Ger-
man mathematician C.F. Gauss.

Definition: Complex Number

A number which is of the form a + ib where a, b € R and i* =— 1 is called a complex number and it
is denoted by z. If z=a + ib then a is called the real part of z and b is called the imaginary part of z and
are denoted by Re(z) and Im(z).

For example, if z= 3 + 4i then Re (z) = 3 and Im (z) = 4.
Note:

In the complex number z = a + ib we have,

(1) Ifa=0 then z is purely imaginary

(i1) If b= 0 then z is purely real.

(iii))z = a + ib = (a, b) any complex number can be expressed as an ordered pair.
Conjugate of a complex number:

If z=a + ib then the conjugate of z is defined by a — ib and it is denoted by 7z . Thus, if z=a + ib
then z=a—ib .
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Results:
() z=z
(i) a=Re(z)= """ &b=1,(2)="~

i)z +2z,=2z+2
1 2

(iv)z,—z,= 2 -2

(V) 7,2, = ;1 ;2

(vi) (i\ =2 where z,#0
LzzJ Z2

(i) 2" =(2)
Algebra of complex numbers:
(i) Addition of two complex numbers:
Letz =a+iband z, = ¢ + id be any two complex numbers then their sum is defined as
z,tz,=atib+tct+tid=(at+tc)+i(b+d)eC
z+z =2a Real number.
(ii) Difference of two complex numbers:
Letz =a+iband z, = ¢ + id be any two complex numbers then their difference is defined as
z,—z,=(a+ib)—(c+id)=(a-c)+i(b-d)eC
z—z =2ib Imaginary number,
(iii) Multiplication ofltwo compelx numbers:
Letz =a+iband z, = ¢ + id be any two complex numbers then their product is defined as,
z,z, =(a+ib)(c+id)
=ac+iad+ibc+i*bd
=(ac—bd)+i(ad+bc) e C
zz =(a+ib)(a—ib)=a’+b?
(iv) Division of two complex numbers:
Letz =a+iband z, = ¢ +id # 0 be any two complex numbers then their quotient is defined as
z, a+ib c—id |ac+bd| .|bc—ad
2z, c+id c—id:Lerdz} l[chrdJ

Modulus of a complex number:

If z=a + ib is a complex number then the modulus (or) absolute value of z is defined as /3% + b?
and is denoted by | z |. Thus, if z=a+ibthen |z |= \/a’+ b? .
Note:

(i) |z|=|z= Va>+ b’

(i) | 2= N2z = Va? + b?

(i) Re(z) < | z| and Im(2)< |z]|
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Polar form of a Complex Number:

y
Let (r, 0) be the Polar co-ordinates of the point P representing the complex .
number z = a + ib. Then from the fig. we get, @)
oM . PM b
cos9=—=i and sinf=——=— //\3}\
OP r OP r < b
=a=rcosOandb=rsin0 0
where r=+/a>+ b”> =|a+ib]| is called the modulus of z = a + ib. © a M o

Also, tan6= b =0=tan" (E) is called the amplitude or argument of z = a + ib and denoted by
a a

amp(z) or arg(z) and is measured as the angle in positive sense. Thus, arg(z) =0 = tan ™' (g) .

Hence z=a+ib =1 (cos 0 + i sin 0) is called the Polar form or the modulus amplitude form of the
complex number.
Theorems of Complex numbers:

1) The product of two complex numbers is a complex number whose modulus is the product of
their modulii and whose amplitude is the sum of their amplitudes

e, |z,z,|=|z||z,|
and arg (z, z,) = arg (z)) + arg (z,)

2) The quotient of two complex numbers is a complex number whose modulus is the quotient of
their modulii and whose amplitude is the'differénge of their amplitudes.

| Z | (Z] \
= wehre Z, # 0 and arg LZ_J = arg(z,) —arg(z,) .
2

12, |

Z

Zy

Euler’s formula:

The symbol e* is defined by € = cos 6 + i sin 0 is known as Euler’s formula.

If z # 0 then z=r (cos 0+i sin 0)=re®. This is called the exponential form of the complex number z.
Note: 1f z=re® then z=re ™ .
Multiplication and Division of complex numbers (Geometrical proof not needed)

Letz =r (cos0 +isin6)andz =r1,(cos0,+isinb,)

be any two complex numbers in Polar form then their product is given by

z,z,=171,[cos(0+0)+isin(0+0,)]
Also the division of the above two complex numbers is given by
Zl

. [cos(0,—0,) +isin (0—0,)] where z, # 0.

zZ, T,
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WORKED EXAMPLES
PART - A

Ile=2+3iandzz=4—5iﬁndzl+z2.

Solution:
Given: z =2+3i & z,=4-5i
z,+z, =(2+3i)+4-50)
=2+3i+4-5i
=2 +4)+3i-5i)

~frrm=6

If z, = 3 —4iand z,=— 2 + 3i find the value of2z1 - 322.

Solution:
Given: 21:374i &22:—2+3i
2z -3z, =2(3-4i)-3(-2+3i)
=6-8i+6-9i

= |2z, -3z, =12-17i

Express: (3 +2i) (4 +2i) in a + ib form.

Solution:
3+2i)(4+21) =12+06i+8i+4i2
=12+ 14144
=8+ 14i=a + ib form.
4. Find the real and imaginary parts of ﬁ
Solution:
Let z= o= 1 _><3_2%
3+21 3+21 3-2i
o 3-2
By -@)
_3-2
C9+4
_3-2i
13
Sl=2 2
13 13

3 )
~Re(z)= = & Im(z)= —
e(2) T m(z) T
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1
5. Find the conjugate of 1+i

Solution:

Letz=L.:L'x1—_%
1+1 1+1 1-1
1=

() -Gy

1
= |z=———

- i
..Conjugate:z=—+ —
jug: 23

6. Find the modulus and amplitude of 1 + i.

Solution:

Letz=1+1
Herea=1 & b=1

Modulus | z}= va> + b* = \J(1)> + (1> = I+ 1= 2

and amp (z)=/0 =tan ' (E) =stan " (3 —tan (1)
a
=0=45°

PART -B

i i i 4+ 51
1. Find the real and imaginary parts of 30

Solution:

4+5i:4+5ix3+2i
3-2i 3-2i 3+2i
12+ 8i+ 151+ 10i°

B -
C12+23i-10
==
2+23i

13

2 23

EMEE)

Letz=

z

2 23
S Re(z)=— & Im(z)=—
(z) T (z) 5
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in a + ib form.

2. Express the complex number —+ -
3-21 2-3i
Solution:
Let z= -+ ! -
3-2i 2-3i
1 3+ 2i 1 2+ 31
= X + +
3-21 3+21 2-31 2+3i
_3+2i N 2+ 31
3¥+2° 2243
3+ 21+ 2+ 31
13
_5+5i
13
z=i+ ii= a+ 1b form
13 13
3. Find the modulus and argument of the complex number 1—71 .
+1
Solution:
Letz=1_%= 1_%x1_%
I+1 1+1 1-1
B l—i—i+i’
1)? - @)
_1-2i1
1+1
_-i
2

z=—-1 wherea=0&b= -1

Modulus | z = \a> + b? = \/(0)2 + (1) =A1=1
Argument : tan0 = E= _—1=
a 0

0= tan '(c0)= 90°

e8]

The complex number —i = (0, — 1) lies IlIrd Quadrant.
Hence amplitude = 180° + 90° = 270°.
PART - C

: o d+i) (2-1)
1. Find the real and imaginary parts of the complex number i3

Solution:

_— (1+1) (2-1)
1+ 3i
2—i+2i-i’
1+ 31
_2+i1+1
C1+3i

Le
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_3+i 1-3i
1+3i 1-3i
3-9i+i-3i
INOREHS
3-8i+3
149
_6-8i
10
34
5
zZ= E—ﬂ= a+ ib form.
5 5

.. Re(z)= % & Im(z)= —%

1i—4  4i+1
2. Express the complex number -+ - in a + ib form.
3-21 2-31
Solution:
Let 7= 174'Jr 41+1'
3-21 2-3i

i-4 3+21 4i+1 2+3i
= X + X
3-2i 3+2i 2-3i 2+3i
3i—12+2i* -8 8i+2+12i%+3i

+

32+.2° 2%+ 3°
—5i—14/ "11i%10
= +

13 13
_6i-24

13

—24+6i 24 6i .
=———=——+—=a+ib form
13 13 13

1+ 3/3i

3. Find the modulus and amplitude of Broi
i

Solution:

14343
_\/§+2i
14331 AB-2i
~ B2 Boai
B 2i+9i- 6431
(B -y
3+ 7i+ 643
3+ 4
73+ 7i
-~
73+
7
z=+/3+1=a+1b form

Let z
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Herea=+/3 & b=1
- Modulus:|z|=+a’+ b> = /@) + (1)) =3+l = 4=2

Amplitude: 6= tan "' (E) =tan"' [L) =30°
a 3

4. Find the modulus and argument of the complex number 25; .
Solution:
Let z= S 1,
2-31
_5 —i y 2+ 3i
2-31 2+3i
_ 10+151—2i-3i’
@ -G
_10+13i+3
=~
_13+13i
K
_13(1+1)
13

z=1+1=a+i1b form

y

Herea=1 &b =1
P(2)
Modulus:|z|= Jalib'= \/(1)2 FMF=1+1= 2 )
Amplitude :0 = tan™' [E) =tan"' [lj = tan"' (1) ¢ ’ b
a 1 W

=0=45° 0

O a M X

Argand Diagram

Every complex number a + ib can be considered as an ordered pair (a, b) of real numbers, we can
represent such number by a point in xy-plane called the complex plane and such a representation is also
known as the argand diagram. The complex number z = a + ib represented by P(z) then the distance

between z and the origin is the modulus.ie|z | va’+ b’

Here the set of real numbers (x, 0) corresponds to the x-axis called real axis and the set of Imaginary
numbers (0, y) correponds to the y-axis called the imaginary axis.

Result:

The distance between the two complex numbers z, and z, is | z, — z, |. Thus, if z, = x + iy, and
z,= %, iy, then | 7, =7, b (%, =x,)’+ (v, = y,)" -
Collinear Points:

If A, B and C are any three points representing the complex numbers x, + iy , x, + iy, and x, + 1y,
respectively, are collinear then the required condition is, the area of A ABC is zero.

.1
1€. E[xl(yz — Y+ X (Y, —y)+ X5 (Y, —y,)]=0
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Lex, (y,=y) + X, (y;—y) + X, (y,-y,) =0 D
X, y 1
le.|x, vy, 1/=0 A
X; y, 1 C
Condition for square:
If A, B, C and D are any four complex num- B

bers representing the vertices of a square then  the
required condition is

D : C
(i) AB=BC=CD=DA
i.e four sides are equal. 1 1
(il)) AC=BD
i.e the diagonals are equal A : B

Condition for rectangle

If A, B, C and D are any four complex numbers represents the vertices of a rectangle then the
required condition is,

D C
(i) AB=CD and BC =DA. 1 1
i.e Opposite sides are equal. T 1
(il)) AC=BD

A - B

i.e the diagonals are.equal;
Condition for rhombus

If A, B, C and D are any four complex numbers represents the vertices of a rhombus then the re-
quired condition is

AB=BC=CD=DA
i.e four sides are equal.

Condition for Parallelogram

If A, B, C and D are any four complex numbers represents the vertices of a parallelogram then the
required condition is either,

mid-point of the diagonal AC = mid.point of the diagonal BD.
(or) The length of the opposite sides are equal. i.e AB = CD & BC = DA.
Note:
(i) To find length of the sides and diagonals of square, rectangle, rhombus and parallelogram apply
the distance formula.
1.€ distance: AB = \/(X1 — x2)2 +(y, — y2)2 etc.
(i1) To find the mid.point of the diagonals of the parallelogram apply middle point formula,

X +X, ity,
X, =T T <
(x,y) [ 5 5 }
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WORKED EXAMPLES
PART - A
1. Find the distance between the complex numbers 2 + i and 1 -2i.
Solution:
Letz =2+i&z,=1-2i
. Distance:z,z, = \/(2 1)+ (1+2)
=l|z,z,= J10

PART - B
1. Show that the complex numbers 1 + 2i, 3 — 2i and 6 — 8i are collinear.
Solution:
Given complex numbers are
A:1+2i=(1,2)
B:3-2i=(3,-2)
&C:6-8i=(6,—78)

Xy 1
Condition for collinearis |x, vy, 11|="0
X0y, 1
1 2 1
-2 1 31 3 2
LHS:|3 -2 1|=1 -2 +1
-8 1 6 1 6 -8
6 -8 1

=1(=2+8)-20B3-6)+1(-24+12)
=1(06)-2(-3)+1(12)
=6+6—12
=12-12
=0
.". The given complex numebrs are collinear.
2. Show that the complex numbers — 1 + 1, 3 + 2i, 2 + 2i and — 2 + i form a parallelogram.

Solution:
Let the given complex numbers are
A:—1+i=(-1,1)
B:3+2i=(3,2)
C:2+21=(2,2)
D:-2+i=(-2,1)

www.binils.com
Anna University, Polytechnic & Schools



38 + Engineering Mathematics-I

Mid—point of AC = | Xt X Mty | (ZIF2 120 1 3) )
2 2 2 2 T[22

Mid —point of BD = | >—2 2L | L 31 )
2 2 T[22

From (1) & (2), Mid-point of AC = Mid-point of BD.

= Given complex numbers form a parallelogram.

PART - C
1. Prove that the points representing the complex numbers 3 + 2i, 5 + 4i, 3 + 6i and 1 + 4i form a
square.
Solution: D(1, 4) . C@3, 6)

Let the given complex number be

A:3+2i=(3,2)
B:5+4i=(5,4) ,
C:3+6i=(3,6) AG.2) BG4
&D:1+4i=(1,4)

Now,

AB=\J(x, )+ (v, .0 =35y + 2 4) = (2 + (27 = AT 4= &

BC=J(x, = %,)+ (v, — v, =[5 -3’ + (4—6)'=/(2)" + (-2 = 4+ 4= 8

CD= (%, =x,)’+ (¥, = v,)" =B =1+ (6-4) =2y + (2F =4+ 4=8

and DA= \(x, - %, + (y, —¥,)* = J(1 =37+ (4-2) = (-2 + (2) = V4+ 4= 8

Also,AC = \J(x, —x,)* + (¥, —¥,)* = (33 + (2-6)* = (0)* + (-4)* = /16 =4

BD= \/(Xl _X2)2+(Y1 _Y2)2= \/(5_1)2+(4_4)2 = \/(4)2+(0)2 = \/Ez 4

Here the sides AB=BC =CD =DA = ./
& diagonals AC=BD =4
.". The given complex numbers form a square.
2. Prove that the points representing the complex numbers 2 —2i, 8 + 41, 5+ 7i and — 1 + i form a rect-
angle.

Solution: D(-1, 1) . CG.7

Let the given complex numbers be,
A:22i=(2,-2)
B:8+4i=(8,4)
C:5+7i=(5,7)
&D:-1+i=(-1,1)

A@2,-2) : B (8,4)
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Now, AB=/(x, = %,) + (¥, — ¥,)* = /(2= 8)* + (2= 4)* = \(=6)* + (-6)* = \36+ 36 = \/72

Now, BC=\/(x, —X,)*+ (v, = ¥,)* = (8 =5+ (4-7)* = /(3 + (-:3) =0+ 9= VI8

CD= (X, ~x,)* + (¥, — ¥,)* = 5+ 1+ (7 1) = {J(6)* + (6)* = /36+ 36 = /72

& DA=J(x, - %)+ (¥, ~¥2)’ = J-1-2) + (14 2)’ = (-3)° + (3" =0+ 9 =18
Also,AC = J(x, =X, + (v, = ¥,)* = (2 =5+ (2= 7)* = J(-3)* + (=9)* = /9+ 81= /90

BD = \J(x, = %,)"+ (¥, ~ ¥,)" = {8+ 1)’ + (4-1)" = /(9 + (3)’ = 81+ 9 = /90

Here the sides AB=CD = \/77
BC=DA= VI8
and diagonals AC =BD = J90

.". The given complex numbers form a rectangle.

3. Prove that the points 3 +4i, 9 + 8i, 5 + 2i and — 1 — 2i form a rhombus in the argand diagram.

Solution:
Let the given complex numbers be, PeL
A:3+4i=(3,4) B:9+8i=(9,38)
(5+2i= mlF2is(-1s
C:5+2i=(5,2) & D:-1-2i5(-1,52) AGA) C(5,2)
B (9, 8)

AB= \/(Xl _X2)2+ (Y1 _Y2)2 = \/(3_9)2"' (4_8)2 = \/(—6)2+ (—4)2 =+/36+16= \/5_2

BC=y(x, %)+ (v, —3,)* = (05 + (8-2) = (@) + (6" =16+ 36 = V52

CD= (%, ~%,) + (¥, — ) = {5+ 1) + 2+ 2)* = {(6) + (4)" = 36+ 16 = /52
& DA=J(x, =X + (3, — ¥ = 1 =37+ (24 = 47+ (67 =16+ 36 =52
Here the sides, AB=BC=CD=DA=./52.

.". The given complex number form a rhombus.
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2.2 DE-MOIVRE’S THEOREM

DeMoivre’s Thoerem: (Statement only)
(1) If ‘n’is an integer positive or negative then (cos 0 + i sin 6)" = cos n6 + i sin n6.
(i1) If ‘n’ is a fraction, then cos nf + i sin nf is one of the values of (cos 6 + i sin 0)".
Results:
1) (cosO+isinB)" = cosnO+ isinnO

2) (cosO+1isin0) " = (cosnb —isinnb)

1 .. ..
————— = (cosB+isin®) ' = cos®—isin0
cosO+1sin 0

1 .. ..
" ez(coseflsme)’l:cosO+1s1n6
cos0 —isin

5) sin®+icosB= cos[g—GJJr isin[g— j

Note:
1) (cos 0 +isin0,)(cos0,+isin0))=cos (0, +0,) +isin(0, +0,)
2) (cos® +isin0)(cos0,+isin6,)(cosO,+isin6)=cos(0,+6,+6,)+isin(0 +0,+0,)
3) (cos® +isin0 ) (cos0,+isin0)..(cosO +isin0 )
=cos (0, +0,+...+0)+isin(0 +0,+....+0)

WORKED EXAMPLES
PART - A
1. Ifz=cos 30°+1isin 30° what is the value of z*.
Solution:
7> =[cos 30°+isin 30°P
= cos 90° +1 sin 90°
=0+i(l)=1i
2. Ifz= cosg+ isinZ what is the value of 7%,

Solution:

8
s To.. T
Z" =|cos—+1isin—
2 2

= 0058(2) + isin8(£j
2 2

= cos4mn+ isin4n

=1+1i(0)=1
. : 1
3. Ifz=cos 45° —1 sin 45° what is the value of — .
z
Solution:
l — Z*1
z
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= [cos 45 — 1 sin 45°]!
= cos 45° + 1 sin 45°

| |
=—+i—=
V2 2

1
4. If — =cos 60°+ 1 sin 60° what is the value of z.
z

Solution:

[\]‘»—Al»—a

1 ..
= — = (cos60° + isin 60°) "'
c0s60° + isin 60°

c0s60° —isin 60°

1 .3

_—1—

2 2

cos30+ 1sin30

5. Find the value of — .
cos0 —1sin0O

Solution:
cos 30+ isin 30
“cosO—isin®
= (cos30+isin30)(cos O+ isin O)
= C0s(306+ 0)+sin(36.+0)
= cos40+ isin40

6. Simplify: (cos 20° + i sin 20°) (cos 30° + i sin 30°) (cos 40° + i sin 40°)

= (cos30+ isin30)(cos® —isin0) "

Solution:
(cos 20° + i sin 20°) (cos 30° + i sin 30°) (cos 40° + i sin 40°)
= cos (20° + 30° + 40°) + i sin (20° + 30° + 40°)
=08 90° + i sin 90°
=0+i(l)=i
7. Ifx=cos 0 +1isin 0 find X+l.
Solution: i

Given: x =cos 0 +1sin 0

= = c0s0 —1isin0O

S.X+—=co0s0+1sinO+ cosO —1isinO

M= M|

= 2cos0

8. Ifx=cosa+isinaandy=cosf +1isinp find xy.
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Solution:
xy =(cosa+1isina)(cosf+1isinfp)
=cos (o + B) +isin (o + p)
a
9. Ifa=cosa+tisinaandb=cosf+isinf} find b

Solution:

%: a(b)’

= (cos a+1sin a) (cos B +1isin )’
=(cos o +1isina) (cos f—1isinP)
=cos (00— B) + 1 sin (a.— P)
. T, T T .. T
10. Find the product of 3 cos§+ 1sm§ and 4[cos€+ 1smgj .

Solution:
T .. T T .. T
3[cos—+1sm—j X 4[cos—+1s1n—)
3 3 6
T m) .. (®m =™
=12 cos(—+ —j+1s1n(—+—j
3 6 3 6

=12 cos£+isinE
2 2

= 12[1+i(0)]= 12
PART - B

1. Ifx=cos 0+ 1sind find'the value'of: xm+Lm.
X
Solution:

Given: x=cos 0 +1sin 0
= x™=(cos O + i sin 6)™ = cos mO + i sin mO

also, Lm: (x™)"
X
= [cosmO+ isinm@]”

1 .
=> —= cosmO —isinm0

X

1 .. ..
XM —= cosmO+ isinmO+ cosmO —isinmO = 2cosmO
X

2. Ifa=cosa+isinoandb=cosfp+isinp find ab+ib.
a
Solution:

Given: a=cos o+ isin a
&b=cosP+isinf
ab = (cos o +1sin a) (cos p +1isin B)
= ab=cos (a+ )+ isin (a+ p)

and L: cos(a+ B)—isin(o+ B)
ab

coab+ Lb: cos(o+ B)+ isin(o+ PB)+ cos(o+ B)—isin(o+ B)
a
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3. Prove that (sin®+ icos0)" = cosn[%—@j + isin(g— 6] .

Solution:

We have sin0 = cos (g — 6]
&cosezsin[z—ﬁj
2
LHS: (g : n_ T inl T '
(sinB+1icos0) —{cos[z—ﬁ}rlsm(z—ﬁﬂ

T . T
=cosn[——6)+1s1nn[—— j
2 2
4. Ifx=cos3a+1isin3a,y=cos 3 +isin 3p find the Value\,f)?3 Xy .

Solution:

Given: x = cos 30, +1 sin 3a
& y=cos 3B +1isin 3B

xy =(cos 3a +1isin 3a) (cos 3P + i sin 3f)
=cos (3a.+ 3B) +1sin (3a + 3pB)

= xy=cos 3 (a+p)+isin3 (a+p)

Py = (xy)
= [cos3(a+ PB)+isin3(o+ B)]%
= cos%.3(oc+ B)+isin %.3(Ot+ B)

= cos(a+ B)+ isin(o+ B)

5. Ifa=cosa+isina,b=cosB—I-isinBandc=cosy+isinyﬁndthevalueof@.
c
Solution:

Given: a=cos o +isin a
b=cosP+isinf
&c=cosy+isiny
ab_ ab(c)”'
c
=(cos a+isina)(cos f+1isinP)(cosy+isiny)!
=(cos a+1isina)(cos B +isin ) (cosy—1isinYy)

:@: cos((x+ B—’y)+ isin(a+ B—Y)
C

PART - C

N (cos 20+ isin20)’ (cos 30 —isin30)*
Simplify: (cos30 +isin30)’(cos40 +isin40)~
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Solution:
(c0s20+ isin20)’ (cos30 —isin30)*
(cos30+ isin30)*(cos40+ isin40)~

4x-3

% (cosO+ isin0)

(cosB+isin0)

_ (cosO+isin0)
(cosB+1isinB)

2x3 —3x4

_ (cos0+isin0)°(cosH+ isin0)
(cosO+isinB)°(cosO+ isin0) "*

= (cosO+isin0)* "

= (cosO+ isin0)’

=cos0+1isin0

—14i(0)=1

(c0s20+ isin20)’(cos 40 —isin 40)’
cos30+ isin 360

2. Simplify : when 0= g .

Solution:

(cos20+ isin20)’ (cos 40 —isin 40)’
cos30+1isin30

_ (cos0+ isin0)™?(cosH+ isinO)

- (cosO+isin0)’

3x—4

_ (cos0+isin0)°(cosO+ isin0)
(cosO+isin0)’
= (cosO+isin0)* "

= (cosO+isin@) ?

= c0s90 —1sin 96 when 0= g

= cos9[£) — isin9(£j
9 9

= COoST—1sInT
=-1-i(0)=-1

- 4
3. Prove that [%} = cos80+1isin &0 -
sin®+ 1cos

Solution:

.. 4
cos9+1sm9j

.. .4
cosO+1sin® 1
sinO+1cos0O

LHS:[ - - -
sinO+1icos® 1

—(i)4[ cos0+isin0 T

isinO+ i’ cosO

_1[ cosO+isin0 T
—co0s0+1sin0
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cosO+1sin0

| —(cosO —1isin O)}

cos0+1sin0®

| (cosO+isin0) "

= (cose+1sm9) IT
4

[(cos 0+ isin0)’ ]

= (cos0+ isin0)*
= cos80+ 1sin80 = RHS

1+ cosO+isin® |"

4. Prove that [ } = cosnO+isinnd .

1+ cosO —1isin©O
Solution:

Let z= cosO+1sin®

1 ..
= —=c0s0 —1sin0
z

LHS:[H cose+%s%n9}
1+ cosO —1isin0

n

1+ z
1+l
z

1+ 7
z+1

L Z

3 _z(1+ Z) !
| (1+2)

= Zn
= (cosO+isinB)"
= cosnO+ isinnd = RHS

s Show th 1+ sinA+icos A “_COSH[E A]-i—iSinn(E )
’ ow that 1+ sinA —icosA 2 2 ’

Solution:

Let z=sinA+icosA

=z= cos(E—Aj + isin(E—A)
2 2

l: cos(E— ] —isin(E—Aj =sinA —icosA
z 2 2
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LHS[H smA+1cosA}

1+ sinA —icosA

| 1+z !
1+1
z

__1+z !
Tl z+1

z

3 _z(l+ Z) !
| (1+2)

= (@)
={cos(§A}+isin(g ﬂn
:cosn(g—A)Jrisinn[g— ]

6. Ifa=cosO+isin6,b=cos¢+isin ¢ prove that

(1) cos(0+ ¢)= %{ab+ i}

ab
m)muengigg}

Solution:

Givena=cos 0 +isin0

& b=cosdp+isind
Now, ab = (cos 0 + i sin 0) (cos ¢ + 1 sin )
=ab=cos(0+¢)+isin(O+) ... (D)

also, iz (ab) ' =[ cos(0+ )+ isin(0+ ¢)]
= L: cos(0+ ¢) —isin(0+ ¢)......... 2)
ab

S+ =

ab+ Lb: cos(6+ ¢)+ 1sin(0+ ¢p)+ cos(0+ ¢p) —isin(0+ )
a
= ab+ L: 2cos(0+ ¢)
ab
=cos(0+ ¢)= %{ab+ i}
m)%zum*

= (cosO+ isin0)(cosd+ isind)
= (cos0+ isinB)(cos ¢ —isin )
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= %: cos(0 — §)+ isin(@ — ¢).......(3)

-1

also, 2: (%j = [cos(0 — ¢)+ isin(0 — )]
=2 osO— ) —isin©—0) .....(4)
a

G-D=

%—Ez cos(0 — ¢)+ isin(0 — ¢p) — cos(0 — ¢p)+ isin(6 — )
a

3 b sisin0-9)
a

= sin(0 — )= %E—ﬂ

7. Ifa=cosx+isinx,b=cosy+isiny prove that

1) \/7+ T_ 2cos(xz y)

(i1) \/:\/7 2cos X y

Solution:

Given: a=cos X + i sin x

& b=cosly.t1isiny
(1) Now, ab=(cosx +isinx) (cosy +isiny)
=ab=cos(x+ty)+isin(x+y)

“Jab = (ab)’? = [cos(x + y)+ isin(x+ y)] 2
B X+y) .. (x+y
:@—cos[ 5 ]+1s1n( 5 ) ....... 1)

also, ﬁ= (\/E)f1 - [COs[X; Y)Jr isin[X; yﬂl

X; yj —isin["; yj ...... )
L)+ (2)=

1 [x+y) . (x+ yj (x+ yj .. [x+yj
Jab + = cos +isin| —= |+ cos| —= | —isin| —=
vJab 2 2 2 2

1 X+y
=+Jab+—= 2005( ]
‘Jab 2

(i1) %: a(b)"' = (cosx+isinx)(cosy+isiny)™
= (cosx + isinx)(cosy —isiny)
= %: cos(X —y)+isin(x —y)
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48

b \b

= \/%zcos(xgy)+isin[xgy] ........ 3)
also, \/gz {\/%j 71 = [cos[xgy) + isin[%} }1
= \/g:cos(xzy)—isin(xzy] ...... 4

~B)+d=

\/%-i- \E: cos[
3\/%4— \/gz 2COS[

b2 |
a (a) = [cos(x — y)+ isin(x — )] 2

X_y]+isin(x_y]+ cos(x_y] —isin[x_yj
2 2 2 2

x—y)
2

8 Ifa=cosa+isina,b=cosB+isinBandc=cosy+isinyﬁndthevalueofa——ib.
c a
Solution:
Given:

a=cosotisina
b=cos P +isinf

& c=cosy+isiny

Now,
a_ ab(c)'
c
= (cos o+ 1 sin a) (cos B+ i sin B) (cos y + i sin y)!
=(cos a+1sin a) (cos B +1isin B) (cosy—1isiny)
&: cos(a+ B—y)+isin(o+ B—7y) ...... )
c [ab }1
also, —=| —
ab c

= [cos(ow+ B—)+isin(a+ B-7)] "

- - cos(o+ B—7y)—isin(o+ B—7)
a

~(H)-2)=
ﬂ——z cos(a+ B—7y)+ isin(o+ B —7y)—cos(o+ B—v)+isin(a+ B—7)
c
B isin(a+ py)
c ab
1 R .
9. If x+ l= 2cos 0O prove that (i) x“+x—n= 2cosnb (i) x T 2isinnf
X
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Solution:
Given: X+ l: 2cos0
X
’+1
X =2cos0
X

x>+ 1= 2xcos0
x? —2xcos0+1=0
Herea=1,b=-2cos6 &c=1

_ —bt Jb? —4ac

B 2a

_ 2cos0+ \/(720056)2 —4x1x1

- 2x1

_ 2cosO++4cos’0—4
2

_ 2cosO+ \4(cos* 0 —1)
2

_ 2c0s0+ 4/4(—sin’ 0)

- 2

_ 2cos0£i2sin6

- 2

_ 2[cos0:t isinB]

2

S X

=x=cos0+x1sin0
Consider x =cos 0 +1sin 0

. x"=(cos O +1sin 0)" = cos nO + i sin nO

& an cosnd —1isinnO

X

. 1 .. ..
(i) x" + —=cosnO+ isinnO+ cosnb —isinnd
X

1
=x"+ —= 2cosnf
X

. 1 .. .
(ii) X" ———= cosnO+ isinnO — cosnO + isinnd
X

1 ..
=x" ——=2isinn0
X

n+2

10. Show that (1+1)" + (1—i)"=2 2 cos%“.
Solution:

Letl +i=r(cosO+isinB)=rcosO+isinb
Equating real & imaginary parts on both sides
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rcos =1 & rsinf=1
Now, (rcos 0)2 + (r sin 0)2 = (1)* + (1)?
= r’cos’0+r’sin?0=1+1
= 1’ (cos?0 +sin?0) =2
= r¥1) =2
=>rr=2 = =2

Also. rsin© :1
rcosf 1
=tan0=1
=0=tan '(1)
= 0= T
4

sLl+i= \/E[cos%+ isin%} ......... 1))

Similarly we can prove that

LHS: (1 +iy+ (1 -1

= {ﬁ(cos%%— isin%ﬂ + [ﬁ[cos%isingﬂ
= (\/E)n {cos§+ isin%} + (ﬁ)“ {cos%isin%}
= (ﬁ)ﬂ {cos%u isin%-k cos%—isin%}

n
2 nm
=222cos—

E+1 nrT
=22 cos—
4

n+2

=22 cos%z RHS

2.3 ROOTS OF COMPLEX NUMBERS

Definition:
1
A number o is called the n™ root of a complex number z, if ®" = z and we write ® = z" .

Working rule to find the n™ roots of a complex numbers:
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Step (I) : Write the given complex number in Polar form.
Step (II) : Add “2kn” to the argument.
Step (III) : Apply Demoivre’s theorem
Step (IV) : Putk=0, 1, ....... upto (n—1).
Hlustration:
Let z=r (cos 0 + i sin 0)

= z=r[cos (2kn + 0) + i sin (2kn + 6)] where k € |
1 1
~.z" = {r[cos(2km+ 0)+ isin(2kn+ 6)] }n
1 1

= r"[cos(2kn+ 0)+ isin(2kn + 0)]"

_rg [2kn+9)+iin[2kn+6)
B R G ° 0 )| whereK=0,1,2, o,n—1.

1
Only these values of k will give ‘n’ different values of z» provided z # 0.

To find the n™ roots of unity

1 =cos 0 +1sin 0= cos 2kxm + 1 sin 2k=n

- o i 2k
. n" roots of unity = 1’® = (cos 2km+ isin 2km)’®
B 2km) . . (2kn
= cos n +1sm n ) wherek=0,1,2, .............. ,n—1
The roots are,
fork=0; R, =co8 0% ifsin 0 A 1/+i0=\ = g*

2n .. 2n i
k=1, R,=cos—+isin—=¢ " = o (say)
n n

2
4n . . 4n & [ﬁ] )
k=2; R,=cos—+isin—=¢" =[e =
n n

_ _ 200z
s2(n l)n+ isin 2 =D e " =o"'

k=n-1; R, =co
n n

.". The n™ roots of unity are

2 .4n 2(n-Dn
0., n a0 —
eher,e ™ . ,€
ie, l, o, 0% ... , ™!

Result:

If ® is n" roots of unity then

1) o"=1
(i1) Sum of the roots is zero.
ielto+to+.... +o"'=0
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(iii) The roots are in G.P with common ratio ®.

(iv) The arguments are in A.P with common difference Z—TC
(v) The product of the roots is (—1)"!. n
To find cube roots of unity

Let x = (1)

= (cos0+ isin O)%

— (cos 2km+ isin 2km)”?

3 2km) . . (2km

= COS[ 37 IS =) where k=0, 1,2

.". The roots are
fork=0; R =cosO+isin0=1+i0=1

k=1 R,= cos2—n+ isinz—7T= ,l+ iﬁ
3 3 2 2
k=2; R,= cos4—n+ isin4—n= —l—iﬁ
3 3 2 2
1
The cube roots of unity are 1, — —+ iﬁ,———iﬁ.
2 22 2
Result:

2 .. 2
If we denote the second root R, = cos TT[JF 1sm?n by o then the other root ,

4T . 4w
R, =cos—+ 1s1n? becomes o’

Thus,R, = cosz—n+ isinz—nz —l+ iﬁz ®
3 3 2 2
4 . . 4 1 .V3

R, = cOS—+ isin— = —— — i = @’
3 3 2 2

.". The cube roots of unit are 1, , ®°
Note:
If @ is cube roots of unity then (i) ®* =1, (ii) | + © + ®*=0
Fourth roots of unity
Let x = (1)
— (cosO+ isin 0)*
— (cos 2kn+ isin 2km)*

= cos[%} + isin(zlanj wherek=0,1,2,3

.. The roots are,
fork=0; R =cosO+isin0=1+i0=1
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k=1, R,= cosg+ isingz 0+i()=1= o (say)

k=2; R,=cosn+isinn=-1+i(0)= -1= o’

k=3; R,= cos%{ﬁL isin%z 0+i(-)=-1=o

The fourth roots of unity are 1,1, —1,—1 (i.e.) 1, o, ®?, .
Note:

(i) The sum of the fourth roots of unity is zero. i.e 1 + ® + ®* + ©* =0 and ©* = 1.

(i1) The value of ® used in cube roots of untiy and in fourth roots of unity are different.
Sixth roots of unity

Let x = (1)/6
= (cos0+ isin O)%
— (cos 2kn+ isin 2kr)6

B 2kn) . . (2km
= COS{ ) IS 7 where k=0, 1,2,3,4,5
.".The six roots are
fork=0; R =cosO+isin0=e"=1
2n .. 2m i
k=1, R,=cos—+isin—=¢ ® =
6 6

9

4 n mvém i%” B
; R3=cos—+1s1n?=e = o
6n .. 6m i~
3; R4=cos?+1sm?=e § =’

k

8
1

k=4; R,= cosg—n+ isinm=e ¢ = o
6 6

10n . .1 i
k=5; R6=cosﬁ+1sm%:e =@’

26 dn o 6n o n0n
.". The sixth roots of unity are ¢'°,e ¢ ,e ¢,e ¢,e ¢,e ©
ie, 1, ®, 0% @°, o*, ©’.
Note:

The sum of the sixth roots of unity is zero.i.e | +® + o’ + ®* + o*+ 0’ =0and 0® =1
Note: 1 =cos 0 +1isin0

—1=cosm+isinm

) T .. T
1= cos—+ 1sin—
2 2
. 3 .. 3¢;
—1= cos—+ 1Sin—
2 2

WORKED EXAMPLES
PART - A
1. If o is a cube roots of unity, find the value of ®* + ®° + ®°.
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Solution:
If ® is cube roots of unity then ®* = 1.

Cotto’tet =0’ .ot ot el o
=)o+ 1)+ 1))
=0+ +1
=l+to+w*=0

2. Simplify: (1 + ®) (1 + ©?) where o is cube roots of unity.

Solution:
(1+o) 1+ =l+0+o+o
=[l+o+o’]+e’
=0+1

=1

3. Solve:x2—1=0
Solution:
Given: x>~ 1=0
x* =1
x= (1)’2 = [cos 0+ isin 0] 2
— [cos 2k + isin 2kx] 2

= cos (Zanj + isin[%} wheré k= 0,1

4. Find the value of (i)" .

Solution:
Let x = (i)
T .. T 5
=|cos—+isin—
2 2
I
= {cos(2kn+ g] + isin[2kn+ gﬂ

T

1 m) .. 1
= cosg(anJr E] + 1sm§(2kn+ 2) where k=0, 1,2,

5. Find the value of (—1)% .
Solution:
Let x = (—1)%
= (cosT+ isin TE)%
— [cos(2kn+ )+ isin(2kn + m)] ¢

1 1
= cos§(2kn+ )+ ising(an+ n) wherek=0, 1,2
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(—1+i\/§\3
2 ) '

6. Find the value of L

Solution:

fl+i\/§_f_1 3

We have +i— =cos 120° +1sin 120°
( \/_\3 2 2
L1+21 3J — (c0s120° + isin120°)’

= ¢0s360° + 1sin360°

=1+1i(0)

=1

PART - B
1. Find the cube roots of unity.

Solution:

Let x’ be the cube roots of unity.

re.x*=1
x= (1)
= (cos0+ isin 0)%
= (cos2km+ isin 2kn)%

= cos%+ isinZkTTE where 'k = 0,1,2

Fork=0; x=cos0+isin0=1+i0=1

k=1, x= cosz—n+ isinz—TE

3 3
k=2; x= cos4—n+ isin4—n
3 3

2. Find all the values of (i)% )

Solution:
VA
Let x=(1)"3
( no ch e
=|| cos—+isin—
L 2 2
B 2 %
T .. T
= [cos—+1sm—j
2 2 }
- %
= c052(2)+isin2(ﬁj
L 2 2

. . 1
[cosT+ isin n]A
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— [cos(2kn+ )+ isin(2kn + )¢

2kn+m) .. (2kn+mw
= cos| —5— |+ isin| — where k=0, 1,2

.. T
when k=0; x=cos §+1sm§

k=1 x= cos3—n+ isin3—TE
3 3

k=2; x= coss—n+ isinS—Tr
3 3

3. Solve:x*+16=0
Solution:
Given: x>+ 16 =0
x’=-16=16x-1
x= (16)2(~1)’>
=4[cosn+isinn]%

= 4 cos(2kn+ m)+ isin(2kn+ m)] 2
4 (2kn+nj .. (2kn+n)
I e I A Gt where k =0, 1

when k=0; x=4 cos£+isinE
2 2

k=1 x=4 coss—n+ isins—n
2 2

4. Tf o is the cube roots of unity then prove that (1 — ® + ®?)° + (1 + © — ®?)° = 32.
Solution:
If ® is the cube roots of unity then ®*=1and 1 + ® + ®*=0.
LHS:(1-o0+ o’ +(1+o-w?)’
=(l+e*-0)y+(1+o0-o0?
=(-o-0)+(-o’-o?)
= (- 20)° + (207
— (-2 0 + (- 2) (0
=-320"-320
=-32 (0’ + o)
=32 (- 1)=32=RHS
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PART - C
1. Solve:x’+1=0

Solution:
Given: x’+1=0
x =-1
x=(-1)"7
= (cosT+ isin n)%

=[cos(2kn+ 7))+ isin(2kw+ n)]%

2kn+m) .. (2kn+®
= COos 7 + 1sin 7 wherek=0,1,2,3,4,5,6,

.". The values are

T .. W
when k=0; x =cos —+ isin—
3n .. 3n

k=1, x=cos—+1isin—

S .. 5m

k=2; x= cos7+1s1n—

k=3; x= cos77n+ isin7—n

k=14; x= 00597n+ isin9—Tc

k=5; x= cos&+ isin&

1 1
k=6; x= COS%‘F isinﬁ

2. Solve:x*—1=0
Solution:

Given: x°—1=0

x°=1
x= (1)’
= (cos0+ isin O)%
= (cos2km+ isin an)%

- cosTn+ isin% wherek =0, 1,2,3., 4,5
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.". The values are,
when k=0; x=cos 0+isin0
k=1, x= cosz—n+ isin2—7T
6 6

k=2; x= cos4—n+ isin4—7t
6 6

k=3; x= COS%-‘F isin6—TE

8t .. 8n
k=4; x=cos—+isin—

k=5, x= cosl.%+ isinlO—Tt

3. Solve:x®+x>+x*+1=0
Solution:
Given: x*+ x> +x*+1=0
XE+HD+H1E+1)=0
X+ E+1)=0
X+1=0 ;x*+1=0

Case (i)
x*+1=0
x=(-1)5

1
= (cosm+ isin n)é

— [cos(2kn+ )+ isin(2kn + )] *

2kn+mw) .. (2kn+mw
= CoS 5 + isin — where k=0, 1,2, 3,4

The roots are,

T .. T
when k=0; X =cos —+ isin—
3n .. 3¢

k=1, x=cos?+1sm—

k=2; x= coss?n+ isinS—TE

m .. 7
k=3; x=cos?n+1s1n—7E

k=4; x= cos9?n+ isin9—TE
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Case (i1) :
x*+1=0
x= (1)

1
= (cosm+ isin n)A

— [cos(2kn+ 7)+ isin(2kn+ )] *
2kn+m) .. (2kn+®
= cos| =—— | +isin| =——| where k=0, 1,2

T .. T
when k=0; x = cos §+1sm§

k=1, x= cos3—n+ isin—TE
3 3

k=2; x= coss—n+ isins—n
3 3

\Va

ind all the values of Ll+ 1£J and also prove that the product of the four values is 1.
Solution:

Let a+ib= %-ﬁ-i?: r(cosO+1isinf) ........ 1))

Here a = 1 & © b= ﬁ

2 2
Modulus:
> (Y]
=+a’+b’ = (lj + £ = l+§:\ﬁ=1
2 L 2 J 4 4
Arugument:

9=tan1(—]—tan1 Z =tan~ (\/_)_

a

-.(1) becomes,

1 .3 [ T n)
—+1—=1| cos—+ 1sin—
2 2 3 3

(1 ( n)%
:>L2+ 1—J cos—+ 1sin 3
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1

= {[cos§+ isingY}4
= {cosS(%} + isin3(§] }%

1
=[cosT+ isin n]A

_ [cos(2km+ )+ isin(2kn+ )]

2kn+m) .. (2ka+mw
= COs 1 +1s1n 4 where k=0,1, 2,3

.". The values are,

T .. T
when k= 0; R, = cos—+ isin—
3t .. 3m

k=1;R, = cos—+ isin—

k=2;R;= cos%t+ isin5—7t
k=3;R,= cos7—n+ isin7—Tr
4
Product of the four values

R, xR, xR, xR

4

[ T .. n)[ 3n .. 371)[ St .. Sch( T . . 775]
=|cos—+isin— || cos—+isin— || cos—+isin— || cos—+ isin—
4 4 4 4 4 4 4

[n 3t Sn 775) .. (n 3t 5w 7n]
=cos| —+ —+ —+ —|+1isin| —+ —+ —+ —
4 4 4 4 4 4 4 4
6nm . . l6x
= CcoS——+ 1sin—
4 4
= cos4n+isin4n

= 1+i(0)=1
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AN

10.

11.
12.

13.

14.

EXERCISE
PART - A

Ifz =—1+2iand z,=-3 +4ifind 3z, - 4z,.
Ifz, =(2,3)and z= (5, 7) find 4z, + 3z,
Ifz =(-3,5)andz,=(1,-2)find z, z,.
Ifz=1+iandz,=1-ifindz/z,

Ile=2+iandzz=1+iﬁndzz/zl.

Express the following complex numbers in a + ib form.

(1) ﬁ (i1) ﬁ (ii1) (4+ 51)(5+ 71)

Find the real and imaginary parts of the following complex numbers

1+1

(i ﬁ (i) —— (i) —— (i)

2+3i 1-3

Find the complex conjugate of the following:

1 2-3)7+1L) (1) 1;11 (iii) E (iv) ﬁ

Find the modulus and argument (or) amplitude of the following:

() B+i G)—1+i (i) /3 =i

(vi) —%—i? (ii)'1 Y13

1
(V) k-3 (V) 3

Find the distance between the following two complex numbers

(1)2+3iand 3 -2i (i) 4 +3iand 5 - 61

State DeMoivre’s theorem.

Simplify the following:

(i) (cos O + i sin 0) (cos 0 + i sin 0)*
(ii) (cos ¢ +1 sin §)* (cos ¢ + i sin ¢)°
(iii) (cos 6 — i sin 0)* (cos 6 + i sin 0)’

Find the value of the following:

@ cos 50+ 1sin 50 i c0s 30+ 1sin30
c0s30 —1sin 30 c0s20 —1sin 20
..., c0s100+1sin1060 .  cos40+isin40
(iii) — (iv) —
cos70+1sin70 cosO+1sin 0O
(cos@+isin0)° (vi) cos 60+ isin 60

(cos@+isin0)* v (cos® —isin0)*

(i1)2-3iand 5+ 7i

Simplify: [cos£+ isinﬁj [0053—n+ isin3—n] (coss—n+ isins—n]
8 8 8 8 8 8
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15.

16.

17.

implif (cos£+isin£](cos£+isinﬁj(cos£+isin£]
Stmplify: { €053 3 2 2 6 6

. 2n .. 21 2n .. 27
Find the product of 5 cos?+1sm? and 2 cos?+1sm? .

Find the product of (cos%Jr isin%] and [cosg+ isingj .

17.(a) If z =s[cosf+isinﬁ] and 2. =3[ cos 2T+ isin 2 | find Z.Z
M 1 6 6 2 COS?'FISIH? 1 2

18.
19.

20.

21.
22.
23.
24.
25.

26.

27.

If x =cos 0 +1sin 0 find X*l.

X

Ifa=cos 6 +1isin 0, b=cosd +1ising find ab.

Ifa=cosa+isina,b=cosfp+1isinf find E
a

Ifa=cosx+isinx,b=cosy+isinyfind \/ab .

If o is the cube root of unity find the value of 1 + ®* + w*.

If o is the fourth root of unity find the value o* + ®° + ©° + ®’.
If o is the six root of unity find the value of ®* + ®* + ®°.

Solve: x2+1=0
Find the value of () ()2 ()M (i) (1)
(C1-if3Y |

Find the value of
\A7

PART - B
Express the following complex numbers in a + ib form.
1 L 2+31 L 1+ .4+ 31

o1
(1) er: (i1) 2 (iii) Qi (iv) T

Find the real and imaginary parts of the following complex numbers

1+ 2i L (20 L 2+
e n)——— 11
1-1 (i) 1+1 ( )1+4i

(1)

Find the conjugate the following complex numbers

13 LA+ ] 1
i)—  (lll)——+—
11+ 121 ( )l—i ( )2—i i

(1)
Find the modulus and amplitude of the following complex numbers

@) ? (ii)g+ i? (i) 24 2431 (iv)—~/2 +/2i
—i

Show that the following complex numbers are collinear.

(1) 1+3i, 5+1, 3+2i

()4 +2i, 7+51, 9+7i

(i) 1+3i, 2+7i, —2-9i
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10.
11.

12.

Show that the following complex numbers form a parallelogram.
(i) 2—-21,8+4i,5+7i,—1+i

()3 +1,2+2i,-2+1,—1

(i) 1 -2i, -1 +4i, 5+ 8i, 7+ 2i

If x = cos 6 + 1 sin 0 find the value of

. 1 .. 1 1 . 1 1 . 1
(1)X“+X—n (ll)Xm—X—m (III)XSJFF (IV)XS+F (V)XZ—X—2 (vi) x -5

1
Ifa=cosx +isinx,b=cosy+isiny find ab_E'

If x =cos 2a + 1 sin 2a, y = cos 2 + 1 sin 23 find /Xy .
Ifx=cosa+isina,y=cosf+isinf find x™ y".

Find the cube roots of 8.

Find the all the values of (—1)% .

PART - C
Find the real and imaginary parts of the following complex numbers
. . \3 s 3 .
D i Cu) o i ) T [:] (iv) ——+ ——
1+ 31 (1+1)(2-1) I+1 4+31 3-4
(Vi) >t — (viii) g 2
3+41 5-2i 3+ 21 s5-4
14343 1
(ix) ; (X) ——
J3+2i 1+ cosB+1sin®
Express the following complex numbers in a + ib form.
. _ . . . . . 2
) 1+1) . 2i) (ii) (1+1) (14‘- 2i) (iif) (1+1) (3-|—2 i)
(1+ 3i) (1+ 41) (2-1)
. 3 i 2+ 3i . 7-51
(iv) T (V) — (vi) .2
4+31 3-4i -1 (2+ 31)
Find the conjugate of the following complex numbers
L (1+1)(2-1 L (1+1) (241 ooy 11 L 3+1 5-i
() TDCD - DD gy Ly L ) 2L
(2+1) (3+1) 3+ 21 2+ 51 2-3i
Find the modulus and argument of the following complex numbers
1443 Lo2-i 103
O Wz W5
.+ 1)1+ 21) i-3 NES!
V) ————= — 1) —
PR Wi
Prove that the following complex numbers form a square.
(1)9+1,4+131,-8+8i,—-3—-4i (i) 2 +1,4 + 31,2 + 51, 31
(i) — 1,31, 3 +2i,2 -1 (iv)4+5i, 1 +2i,4-1,7+2i
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6. Show that the following complex numbers form a rectangle.

(i) 1 +2i,—2+5i,7i,3+4i (i) 4 +3i, 12+ 91, 15+ 51,71

(iii) 1 +1, 3 + 51, 4 + 4i, 2i (iv)8+4i,5+7i,—1+1,2-2i
7. Show that the following complex number form a rhombus.

(1) 8 +5i, 16 + 111, 10 + 31, 2 — 3i (i) 6 +4i,4 +5i,6+ 31,8 +1i

(i) 1+1,2+1,2+2i, 1 +2i

8. Simplify the following using De Moivre’s theorem
(cos20 —isin20)*(cos40+ isin40)

(cos30+ isin30)*(cos 50 —isin50)~

(c0s20 —isin20)*(cos 30+ isin30)*

(cos30+ isin30)*(cos 50 —isin50)

(iii) (cos20 —isin20)’ (cos30+ isin30)

(cos 40+ isin40)*(cos 50 —isin 50)°

(i)

(i)

. . 2 - . . 3
(iv) (cos36+isin30) (.C(?S493 1sin40) when 0= T
(cosB+1isin0B) 9
_ . . 3 . . 5 2
) (cosx_.ls.mx) (5COS3X+ 1s.1r?3x) : when x = 2%
(cos2x —isin2x)’(cos5x + 1sin 5x) 13
.. (cos50 —isin50) (cos20 —isin20)” 27

when 0 =

(vi)

(cos@+isin0)’(cos30+isin30)
9. Show that _MT vy
' | sin® +icos0

r .. 3
10. Show that M = c0s30+ isin30
| 1+ cosO —isin 0

[ . x|

1+ sin—+ 1cos—

11. Prove that 8 81 _1.

.m. T
1+ sin——icos—
8 8

ab ¢
12. Ifa=cosa+isina,b=cosB-I-isinBandc=cosy+isinyﬁndthevalueof?JrE.

13. If x =cos 3a + i sin 30, y = cos 3 + i sin 3 prove that
: 1 . 1 .
(1) J/xy+——=—==2cos(a+ B) (i) /Xy ——=—== 2isin(a+ B)
3[Xy 3[Xy

14. If x=cosa+isina,y=cosP+isinf,z=cosy+isinyandifx+y+z=0show that
(i) cos 3o+ cos 3B +cos3y=3cos(a+P+y)
(i) sin 300+ sin 3 +sin 3y=3 sin (a + B + )
15. If x=cosa+isina,y=cosP+isinf andz=cosy+isinyandifx+y+z=0prove that

l+ l+ l:()
X y z
1 1 " oyt
16. If x+ —=2cos0 and y+ —= 2cos¢d show that y_m+ o 2cos(mb —no)
X y

www.binils.com
Anna University, Polytechnic & Schools



Complex Numbers e« 65

m_n

1
17. If x =cos a. + 1 sin a, y = cos B + i sin B prove that x"y" + = 2cos(mo+ nf).
X
3 n . n n+ nm
18. If ‘n’ is a positive integer, prove that (1+ iW3)"+ (1-iV3) =2 1cos?,

19. If ‘n’ is a positive integer prove that (\/§+ i)" —(\/5 —i)"=2"" cosn?TE .

20. Prove that (1 + cos 0 + i sin 0)" + (1 + cos 6 — i sin 0)" = 2™ cos" [%j COS[?} .
21. Solve: x*+1=0

22. Solve: x°+1=0

23. Solve: x*+1=0

24. Solve: x*—1=0

25. Solve: x°—1=0

26. Solve: x’—1=0

27. Solve: x> +x*+x*+1=0

28. Solve: X8 —x°+x3-1=0

29. Solve: X’ +x*+x*+1=0

30. Solve: x’ —x*+x*—-1=0

ANSWERS
PART - A
(1) 9-10i (2)(23,33) 3)7-1 ®1 (5 Sl (6) (1) A5 (ii)§+ i (iii) — 15+ 53i
’ 5 25 25 55
(7) (1) Re(z)= %, Im(z) = % (i1) Re(z)= %, Im(z)= %
_ 3 _ -1 . _ _
(iii) Re(z) = To’ Im(z)= 0 (iv) Re(Z)=0, Im(z)=1
NS . - . T .. —5+i
®) (1)Z=47-i (i) Z=2(1-1) (i) Z=1i (iv) Z= T
(€))
(i)r:2;6=% (i) r:ﬁ;ezf% (iii)r=2;0=—%

(iv) r=2;0= —g (V)r=1; 9:% (vi) r=1; e:% (vii) r=2; 0= —g
10) ()~26 ()82  (iii)+109  (iv) V13
12) (i)cosB—isin® (ii) cos 11¢p +isin 11¢ (iii) cos 30 +1isin 30
13) (i) cos 80 + 1 sin 80 (ii) cos 50 + 1 sin 50 (iii) cos 30 + 1 sin 30

(iv) cos 30 +1sin 30 (v) cos 40 +1sin 40 (vi) cos 100 + 1 sin 100

14) — 1 15) -1 16) 5(-1-iy/3) 17)i  17(a)- 15 18) 2i sin 0
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19) cos (0 + ¢) +isin (0 + ¢) 20)cos (B—a) +isin(f—a)

X+y) .. [(X+Yy
21)cos > +lsmT 22)0 23)0 24)-o0-0 -’

25) x= cos[zkn;L n) + isin[anzJr n) where k=0, 1

26) (i) cos£+isin£, coss—n+isin5—7E
4 4 4 4
.. .. 2n .. 2:; 4t . . 4¢m
(i1) cos 0+ isin0, cos—+ isin—, cos—+ isin—
3 3 3
T .. T 3n .. 3¢m
(ii1) cos—+ isin—, cos—+ isin—
2 2 2
27) 1
PART -B
. . 11+ 101 =11 A+ 7
1) (1)1 11 111 v
) (1) (i1) T (ii1) 5 (iv) 5
2) (i) Re(2)= 1 | (Z)—i
27 " 2
.. 1 -9
n) Re(Z)y=—, 1 (Z)=—
(i1) Re(Z) 2 n(Z) 5
6 7
i) Re(Z)=—, 1 (Z)=—-——
(ii1) Re(Z) T w(Z) 7

hz=12 VYV VYV VYV = hJL
3) () Z= 3 (11+12i) ()Z=-1 (i) Z= 5
4) ()r=1,0=o (ii)r=§,9=45°

T -
iii)r=4; 0=— (iv)r=2, 0=—
(i) r 3 iv)r=2

7) (1) 2 cosnB (ii) 2isinmO  (iii) 2 cos30  (iv) 2 cos50 (v)2isin20  (vi) 2i sin 80
8) 2i sin (x —y) 9)cos (x+y)+isin(x—y) 10) cos (ma + nf) + i sin (ma + nf)

.. 2n . . 2 n . . 4
11) 2[cos0+ isin 0], 2[cos?n+ 1sm?n}, 2|:COS?TC+ 1sm?n}

2n . . 2¢m 4 . . 4¢m 6n . . 6m
12) cos—+1sin—, €os——+1siIn—, COS——+ 1sin—
3 3 3 3 3
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PART - C
. 4 3 . -7 1
1) (1) Re(z)= 3 Im(z)= 3 (i1) Re(z) = PR Im(z)= )
(iii)Re(z)= 0, Im(z)=1 (iv) Re(z)= %, Im(z)= —2—65
(V)Re(z)=1, Im(z)= % (vi)Re(z)= ? Im(z)= —%
(vii) Re(z)= %, Im(z)= % (viii) Re(z) = % Im(z)= %
(ix) Re(z)= \/5, Im(z)=1 (x) Re(z)= %, Im(z)= —%tan%
(ii) % (iii) %—i
(i) 23 24i ) 17 2+67i (vi) —1
3 9i N3 4 _ 1 5
3)()Z—2—5+2—5 (11)Z—5 . (i) Z= 13+13
(iv )Z—;—;—%l (v) Z=1-i
4) ()|ZE2, 0=tan"'(1-+3) ()IZI—@ 0= tan '(17)
(iii) | Z = +/2, G—tnlkﬁ U (i )|Z|=\/7 0=thn_' = (0)
(V)|Z|=\/§,6=tanl[lj (Vi) |ZE1,0= =
2 2
8) (i) cos 196 — i sin 196 (i1) cos 150 —i sin 1560 (ii1) cos 1076 —1i sin 10760
(iv) -1 W1 (vi)l
12) 2 cos(a+B—7y)
T

T .. T 3 .. 3xn Sn .. 5m T . .
21) cos—+isin—, cos—+ isin—, cos—+isin—, cos—+ isin—
4 4 4 4 4

T .. W 3n .. 3m Sm .. 5w Tn .. I=n Oon .. 9n
22) cosg+1sm§, cos?+1s1n?, cos?+1s1n?, COS—+ 1SIn—, COS—+ 1SIn—

T .. T 3 .. 3xn St .. 5m m .. ¢
23) cos—+isin—, cos—+isin—, cos—+isin—, cos—+isin—,
6 6 6 6
11w . 1n

on on
cOS—+ 1sin—, cos——+ isin—
6 6 6

21 21 4r 4r 6m .. 61
24) cos0+ isin0, cos7+1sm— cos—, 1sin—, cos—+ 1sin—

4

2n 2n 4 47 6m 61 8n 8n
25) cos0+ isin0, cos?+1sm? cos—, isin—, cos—+ isin—, cos—+ isin—

4 4

.. 2 .. 2w .. 6w .. 61 8t .. 8= o9 .. 9n
26) cos0+ isin0, c057+ 1sin—, cos—, isin—, cos—+ isin—, coS—+ isin—, cos—+ isin—
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27) Case (i) oS+ isin—, cos 3n+ isin 3 cos 97t+isin o
1 > 5 . 5 I —
e 30T 3 7 7

. T, . T 3r .. 3m
Case (il) cos—+ isin—, cos—+ isin—
2 2 2 2

) . 2n . . 21 dn . . 4¢n
28) Case (i) cos0+1isin0, cos?+1sm?, cos?+1sm?

.. T .. T 3t .. 3nm St .. 5m
Case (i1) cos—+ isin—, cos—+ isin—, cos—+ isin—,
5 5 5 5 5 5

m .. In On . . Om
cosS—+ isin—, cos—+ isin—
5 5 5 5
29) cos(ZkT n]+isin[2kn+nj, k=0,1,2,3.
cos(szH_nijisin(zkn-HE , k=0,1,2
3 3
30) cos[zkn+n)+isin(2kn+nj, k=0,1,2,3
4 4
cos[zkn;L n]+isin[2kn3+ n]’ k=0,1,2
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UNIT - 111|

TRIGONOMETRY

3.1 COMPOUND ANGLES

3.1 Expansion of sin (A + B), cos (A = B) and tan (A £+ B) (without proof). Problems using above
expansions.

3.2 Trigonometrical ratios of multiple angles of 2A and 3A and sub-multiple angles.
Simple problems.

33 Trigonometrical ratios of sum and product formulae. Simple problems.

Introduction:

Trigonometry is one of the oldest branches of Mathematics. The word Trigonometry is derived from
the Greek words ‘Trigonon’ and ‘metron’ means measurement of angles. In olden days Trigonometry
was mainly used as a tool for studying astronomy. In earlier stages Trigonometry was mainly concerned
with angles of a triangle. But now it has its applications in various branches of science such as survey-
ing, engineering, navigations etc. For the study of higher mathematics, knowledge of Trigonometry is

essential.
Trigonometrical ratios:

There are six Trigonometrical ratios sines, cosine,
tangent, cotangent, secant'and cosecant shortly written
as sin 0, cos 0, tan 0, cot 0, sec 6 and cosec 0.

The side opposite to angle 6 (Theta) is called
opposite side. The side opposite to 90° is called
Hypotenuse. The other side is adjacent side.

sinf = Opp cosech = ——= Hyp
Hyp sin® Opp
cosO= a—dJ secO= ! = H_yp
Hyp cos® adj
tan0 = % cotb= ! = a—dJ
adj tan® opp
Note:
tan0 = sin® and cotb = 098 0
cosO sin©

Fundamental trigonometrical identities

1) sin%0 + cos?0 = 1 2) 1 + tan’0 = sec’0

Opposite side
(Opp)

C

adjacent side (adj)
Fig.3.11

3) 1 + cot’0 = cosec?0
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70 e+ Engineering Mathematics-I

Trigonometrical ratios of known angles

6 |0 30 45 60 90
sinf | 0 L ﬁ 1
2 2 2
cosO |1 ﬁ 11 0
2 2 2
1
tan0 [0 — 1 B o
V3
Signs of Trigonometrical ratios
90°
Quadrant Quadrant
II I
90+ 0 90-0
180 -6 360+ 0
180° 0 (or) 360°
Quadrant Quadrant
i v
180+ 6 270+ 0
270 -0 360 -6
. -0
F lg.3.12 270°
Quadrant Signs of ratios Remember
1 All are +ve All
I Sin 0 and cosec 0 = sing are tve; Other ratios are — ve. Silver
111 tan 0 and cot 0 are + ve; other ratios are — ve. Tea
v cos 0 and sec 6 = are + ve; other ratios are —ve. Cups
cos0 -
Table 3.11

Trigonometrical ratios of related or allied Angles:

The basic angle is 0 and angles associated with 0 by a right angle (or) its multiples are called
related angle or allied angles. Thus 90 + 6, 180 + 6, 270 + 0, 360 + 0 are known as related or
allied angles.

Trigonometrical ratios of any Angle
Working Rule for 180 = 0 and 360 = 0
1. Determine the sign.

2. Change of ratio-Do not change
Refer Fig.3.12
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Ratio Falls in Quadrant Sign Change of ratio
180° (or) 360° Refer Fig.3.12 | Refer Table 3.11 | (Do not change)
1) sin (180 —0) IT (Silver) sin 0 is + ve + sin 0
2) tan (180 + 0) I (Tea) tan 0 is + ve + tan 0
3) sec (360 —0) IV (Cups) sec 0 is +ve + sec 0
4) tan (180 —0) II (Silver) tan 0 is — ve —tan 0
5) cos (180 + 6) III (Tea) cos B is—ve —cos 9
6) cosec (360 —0) | IV (Cups) cosec 0 is —ve —cosec 0

Working Rule for 90 + 0 and 270 = 0
1. Determine the sign
2. Change of ratio as follows:
sin 6 will change as cos 0 and cos 6 will change as sin 0
tan O will change as cot 0 and cot 6 will change as tan 0
sec O will change as cosec 0 and cosec 0 will change as sec 0

Ratio Refer Fig.3.12 Referable 3.11 Change of ratio
90° (or) 270° Quadrant Sign
1) sin (90 — 6) 1 (AlD) sin 0 is + ve + cos 0
2) cosec (90 + 0) II (Silver) cosec 0 is + ve + sec 0
3) cot (270 -0) 11T (Tea) cot 0 is +ve + tan 0
4) sin (270 + 0) IV (Cups) sin0 is — ve —cos 0
5) tan (270 + 0) IV (Cups) taf 6 is — ve —cot 0
6) cos (270 0) IT(Tea) cos 0 1= ve —Isin
Examples:
it I
1) sin180° = sin(180+ 0)= —sin0° =0 2) cos180° = cos(180+ 0)= —cos0° = -1
i )i \/g
3) tan225° = tan (180+ 45)=+tan45° =1 4) sin120° = sin (180 — 60) = +sin 60° = >
s 1 itk 1
5) c0s120° = cos (180 — 60) = —cos60° = ) 6) cot210 = cot(180+ 30)=+cot30° = T= V3
&

il 1
I — [ -
7) sin 270° = sin (180+ 90) = —sin90° = 1 8)c0s240= cos(180+ 60)= —cos60 5

v i
= §in(270+ 0)= —cos 0= —1 — 008 (270—30)= —sin30= _%
. RN
9) sin 600 = sin 240 = sin(180+ 60)= —sin 60 = ——— 10) cos 720 =cos0=1
(Remove multiangles of 360°) (Remove multiangles of 360°)

Note:

— 0 falls in Quadrant IV where cos 0 and sec 0 are + ve. Therefore cos (— 0) = cos 0 and sec (— 0) =
sec O ;sin(—0)=-sin0;tan (—0)=—tan 0 ; cot (—0) =—cot 0 ; cosec (— 0) =— cosec 0.

Compound Angles:

If an angle is expressed as the algebraic sum or difference of two or more angles, then it is called
compound angle.
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Formulae:

1) sin (A+ B)=sinAcos B+ cos Asin B
2) sin (A—B) =sin A cos B—cos Asin B
3) cos(A+B)=cos AcosB-sinAsinB
4) cos (A—B)=cosAcosB+sinAsin B
tan A+ tan B
l-tanAtanB
tan A —tan B
I+ tanAtanB

5) tan(A+B)=

6) tan(A —B)=

Results:

L.

Prove that sin (A + B) sin (A — B) = sin’A — sin’B
sin (A+B) = sinAcosB + cosAsinB =x +y (say)

X y
sin (A—B)=sinAcosB — cosAsinB =x-y
X y

LHS=sin(A+B)sin(A-B)=(x+y)(x—y)=x>—y?

= (sin A cos B)? — (cos A sin B)? sin’B + cos’B = 1
M .0
= sin2A cos’B — cos?A sin’B cos’B =1 —sin’B

12 — 2 —
= sin’A (1 —sin’B) — (1 — sin*A) sin’B SIN‘A = cos"A =

2A — 1 _ in2
= sin?A — sin?A sin?B — sin?B + sin?A sin’B cos’A =1 —sin’A
= sin’A — sin’B = RHS

Prove that cos (A '+ B) cos (A +B)'= cos’B - sin’A = ces’A — sin’B.
cos (A+B)= cosAcosB — sinAsinB=x -y

X y
cos (A—B)= cosAcosB + sinAsinB =x +y
X y
LHS = cos (A + B) cos (A -B) sin*A + cos*’A =1
=x-y) xty)=x -y cos’A =1 —sin*A
= (cos A cos B)? — (sin A sin B)? sin’B = cos’B =1
= cos?A cos’B — sin’A sin’B sin’B = 1 — cos’B

= (1 —sin?A) cos’B — sin’A (1 — cos’B)

= c0s’B — sinA cos’B — sinA + sin’A cos’B " 5
sin’B + cos’B =1

= cos’B — sin’A = RHS cos’B = 1 —sin’B
= (1 —sin’B) — (1 — cos?A) sin?A = cos?A = 1
=1-sin’B -1+ cos’A sin?A = 1 — cos?A

= cos’A —sin’B
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3.1 WORKED EXAMPLES
PART - A
1. Find the value of sin65° cos 25° + cos 65° sin 25°.
Solution:

sin65° cos 25° + cos 65° sin 25°
= sin (65° + 25°) =sin 90° =1
2. Find the value of sin 40° cos 10° — cos 40° sin 10°.

Solution:

sin 40° cos 10° — cos 40° sin 10°
= sin (40° —10°) = sin 30° = %
3. Find the value of cos 50° cos 40° — sin 50° sin 40°.

Solution:

cos 50° cos 40° — sin 50° sin 40°
=c0s (50°+40°) =cos 90° =0
4. What is the value of cos 70° cos 10° + sin 70° sin 10°?

Solution:

cos 70° cos 10° + sin 70° sin 10°
= cos (70° — 10°) = cos,60%.= %

tan20° + tan 25°

5. Find the value of .
1—tan20° tan25°

Solution:
tan 20° + tan 25°
1—tan20° tan 25°
=tan (20° + 25°) =tan 45° =1
tan135° —tan 75°
1+ tan135° tan 75°

6. Find the value of

Solution:

tan135° — tan 75°
1+ tan135° tan 75°

= tan (135° — 75°) = tan 60° = /3
PART - B

sin (A + B) formula

sin (A — B) formula

cos (A — B) formula

cos (A + B) formula

tan (A + B) formula

tan (A — B) formula

1. Find the value of cos (60°— A) cos (30° + A) — sin (60° — A) sin (30° + A).

Solution:

cos (60°—A) cos (30°+ A) —sin (60° — A) sin (30° + A)
=C0S X COS y —sin X sin'y

=cos (x+y)=cos90°=0
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2. Find the value of sin 15°.
Solution:

sin 15° = sin (45°-30°)
= sin 45° cos 30° — cos 45° sin 30°

1 B
22 2
BT B
22 22 A2

3. Find hte value of cos 75°.
Solution:

cos 75°= cos (45° + 30°)
= c0s 45° cos 30° — sin 45° sin 30°

1 31
"R 22
31 B
22 22 22

sin(A+ B)+sin(A-B)
cos(A+ B)+ cos(A —B)

tan A .

4. Prove that
Solution:

sin A cos B +icosiAsinB +5sin A cosB = cos Arsin B
cos A cos B~ sin A sin B4 cos A ces B+ sin AsinB
B 2sin AcosB
2cosAcosB
sin A
= = tan A = RHS
cosA

5. Prove that sin (A + B) sin (A—B) + sin (B + C) sin (B - C) + sin (C + A) sin (C—-A) =0.

LHS=

Solution:
LHS =sin (A+ B) sin (A—B) +sin (B + C) sin (B—C) +sin (C+ A) sin (C—A)
= sin’A — sin’B + sin’B — sin’C + sin’C — sin’A = 0 = RHS

1
6. IftanA= % and tan B = 3 find the value of tan (A + B).

Solution:

tan A+ tanB

tan(A+ B)= ———
l1-tan AtanB
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Find the value of tan 105°, with out using tables.

Solution:

tan 105° = tan (60° + 45°)
tan 60° + tan 45°
1—tan 60° tan 45°

B J3+1 B J3+1

T1-Bx1 1-43

Prove that tan 20° + tan 25° + tan 20° tan 25° = 1.

Solution:
200 + 259 =45°
tan (20° + 25°) = tan 45°
tan 20° + tan 25°
1—-tan20° tan25° B

Cross multiplying, tan 20° + tan 25° = 1 — tan 20° tan 25°

tan 20° + tan 25° + tan 20° tan 25° =1

PART - C
o 1 . 1 T
If A and B are acute and if sin A= —— and sinB=— prove that A+ B= —.
10 Js 4
Solution:
Given: sinA ! and/sin B ]
ven: = A A=
VIO A5,
cosA=+/1-sin* A | cosB=+/1-sin’B
2 2
G
J1o J5
10 5
10-1 5-1 . 1 . 1
== =,|— sSinA=— | sinB=—
\" 10 Vs J1o 5
9 3 \/Z 2 3 2
=, = =,]-=—F— coOsA=— | cosB=—
& J10 5 5 J10 J5
sin (A+ B) =sin A cos B+ cos A sin B
2.3t
Jio V5 V10 s
_2 .3
J50 /50
5 5 5

" 050 V25x2 52

sin(A+ B)= L: sin45°

2
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1
2. IfAand B are acute and if cos A= = and cos B = %, prove that A— B = 60° = g

7
Solution:
Given:
1
cosA=—= and cosB= 2
7 14

sinA=+1-cos’A |sinB=+/1-cos’B

49 196

 [49-1 ~ [196-169
49 V" 196
T 27 [9x3 4
\49 49 V196 V14x14 sinA =
43
7

33

sinB= ——
14

e

cosB=E
14

33

= COSA=
14

cos (A-B) =cosAcosB+sinAsinB
1 13 43 33
X —+——X——

7714 70 14

13 11243
==+

98" 98
1343649 1

98 98 2

\]|>—A ~J

cos(A—B)= %: cos 60°

180° _n

A-B=060°=

3. IfA+B=45° prove that (1 +tan A) (1 + tan B) = 2 and hence deduce the value of tan 22 %O .

Solution:
Given: A+ B =45°
Taking tan on both sides
tan (A + B) = tan 45°
tan A+ tan B _q
I-tanAtan B
tanA+tan B=1—tan A tan B
tanA+tanB+tanAtanB=1 ... (D)
LHS =(1 +tan A) (1 + tan B)
=]l+tanB+tan A+tan Atan B
=1+ 1 using (1)
=2=RHS
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PutA= 221" B=221" Thena+B=2214"+ 221/ =450

(1 +tan 22% ) (1 + tan 22% )=2
(say) x X
x2=2

x=+/2

1+ tan22%= \/E
/_ /5

mmé;ﬁl

n
4. If A and B are acute angle and if tan A = el and tan B = show that A+ B = % .
n

1
2n+1°
Solution:

Given: tan A= a2 and tan B =
n+1 2n+1

tan(A+ B) = tan A+ tan B
l-tanAtanB
n 1
7_{_
(n+1) (2n+1)
n 1
1- X
(n+1) (2n+1)
n(2n+ 1)+ I(n+ 1)
B (n+1D(2n+1)
T (n+D2n+1)—nx1
(0% D(2n% 1)
_ Un’+n¥n¥l
2n°+n+2n+1-n
_2n°+2n+1
S 2n’+2n+1
tan(A+ B)= 1= tan45°

180°

A+B=45= 2
4

5. Iftan A—tan B =p and cot B — cot A = q, show that cot (A—B) = L
p

Q| —

Solution:
RHS=1,1
P q
1 1
= +
tanA —tanB cotB-—cotA
1 1
= +
tan A — tan B 1 B 1
tanB tan A
IR S
tanA—tanB  anA—tanB
tan A tan B

_ 1+ tanAtanB tan(A — B
tan A —tan B an(A - B)=
= cot(A—B)

tan A —tanB

1+ tanAtanB

cot(A — B) = 1+ tan Atan B
= RHS tan A —tan B
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3.2 MULTIPLE AND SUB-MULTIPLE ANGLES

Trigonometric ratios of multiple angles of 2A in terms to that of A.
1. Prove that sin 2A =2 sin A cos A

We know that

sin (A + B) =sin A cos B + cos Asin B
PutB=A

sin (A + A) =sin A cos A + cos A sin A
sin 2A =sin A cos A+ sin A cos A

lsin2A = 2sin Acos Al Formula for sin 2A

2. Prove that cos 2A = cos’A — sin?A = 2cos’A—1 = 1 — 2sin’A.
We know that
cos (A+B)=cos Acos B—sinAsinB
PutB=A
cos (A+A)=cos Acos (A)—sinAsin (A)

|0052A= cos’ A —sin’ A|

Formula for cos 2A  .............. (1)
= cos’A 3 (I —/cos?A)
=cos’A — 1 +coS’A

cos2A = 2cos’ A—1|

Formula for cos2A  ............... (i1)
=2 (1-sin*A) -1
=2-2sin’A—1

|0052A= 1—2sin’ A|

Formula for cos 2A  ................ (iii)

3. Prove that tan2A = & .
1-tan” A

Solution:

We know that
tan(A+ B)= tan A+ tan B
1-tan AtanB
Put B= A

tan A+ tan A

tan(A+ A)= ——M
l1-tanAtan A
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Prove that
a) sin? A= 1—cos2A
2
1 2A
b) cos’ A= 1+ CoS2A
2
1+ cos2A
Solution:
1-cos2A  1-(1-2sin’ A
(a) RHS= 0(2)5 = ( 2s1n using formula for cos 2A — (iii)
A —J+2sin* A Zsin’ A
2 z
=sin’ A= LHS
2
(b) RHS= " CZS 2A_1+(2 Cozs A-l) using formula for cos 2A — (ii)
2cos’ A
=S A cos’ A= LHS

(c) Formula for cos 2A — (iii)

1—-cos2A 1—(1-2sin* A)

1+ cos2A, . A+2c0s’ A -1
WY Y 28in2 A X sint A
~ 2cos’A Zcos’A
_sin®A

—=tan’ A= LHS
cos

RHS=

To express sin 2A and cos 2A in terms of tan A

Prove that
(a) sin2A = 220A
1+ tan” A
1—tan’ A
(b) cos2A= a—nz
1+ tan” A
Solution:
2sin A
2tan A
(a) RHS= = —COSA
1+ tan” A sin” A
1+ 3
cos” A
2sin A 2sin A
_ COsA _ _CosA
cos’ A+ sin’ A 1
cos’ A cos” A
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_ 2sinA y cos’ A

cosA 1
= 2sin A cos A Formula

=sin2A=LHS  |sin2A=2sinAcosA|

| cancelling cos A|

SUB-MULTIPLE ANGLES

If A is any angle, then A/2 is called sub-multiple angle.
Prove that

a) sinA = 2sin(%)cos(%)
b= eos (35) (%)
= 2cos’ (A4 )1
= 1-2sin’(84)

a) We know that
sin 2A =2 sin A cos A
Divide the angles on both sides by 2

sin [%Aj = 2sin(4/ Jeos(44)
sin A= 2sin(4/ Joos(44)

(b) We know 'that
cos 2A = cos?A —sin’A
=2 cos’A -1
=1-2sin’A
Divide the angles on both sides by 2

cosA = cos’ [%} —sin’ [%j .............. (i)

= 2cos’ [%] R (ii)

=1-2sin’ [%j .............. (iii)

Prove that
A I-cosA
(a) sin? (_) _ 1CosA
2 2

(b) cos” [é) 1+ cosA
2 2

,(A) 1-cosA
(c)tan”| — | = ———
2 1+ cosA
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1- 125in2(Aj
1-cosA 2

(2) RHS=— ===

= sin’ (é) = LHS
2

1+ ZCosz(Aj -1
1+ cos2A_ 2
2

(s )
=—=" = cos’ (E] = LHS

2

1—|1-2sin® [Aj
l1-cosA 2
I+ cosA 1+ 2cos? (A) -1
2
1—1+ 2sin® (Aj 2sin’ (Aj
2 2
2cos’ (A) 2c0s? [A]
2 2
= tan’ (%j = LHS

(b) RHS=

RHS=

using Formula (iii)

using Formula (ii)

using Formula (iii)

using Formula (i1)

A
To express sin A, cos A, tan A in terms of tan (?)

Prove that

2tan(Aj
2
1+ tan? [A]
2
— tan? [A]
2
1+ tan 2(A]
2
2tan[A]
N2
1 — tan? [A)
2

a)sinA=

b) cosA =

c) tanA=
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We have already proved that

sin(2A)= A
I+ tan” A
1-tan’ A
cos(2A)= Lz
I+ tan” A
2tan A
tan(2A)= ———2
1—tan” A
Divide the angles on both sides by 2 on the above three results.
Then we get,
2tan(%]
a)sinA= A
1+ tan’ (—)
2

Multiple angles of 3A
Prove that

|sin 3A = 3sin A —4sin’ A| Formula

We know that

sin (A+ B)=sin A cos B+ cos A sin B

Put B=2A

sin (A +2A) =sin A cos (2A) + cos A sin (2A)

sin 3A =sin A (1 -2 sin?A) + cos A (2 sin A cos A)
= sin A — 2sin*A + 2 sin A cos’A
=sin A—2 sin’A+ 2 sin A (1 — sin’A)
=sin A — 2 sin’A + 2 sinA — 2 sin’A
sin 3A =3 sin A — 4sin’A
Prove that

lcos3A = 4cos® A —3cosA| Formula

We know that

cos (A+B) =cos Acos B—sinAsin B

Put B=2A

cos (A+2A)=cos Acos 2A —sin A sin 2A

cos 3A =cos A (2cos?’A— 1) —sin A (2 sin A cos A)

=2 cos’A —cos A —2 cos A sin’A
=2 cos*’A—cos A—2 cos A (1 —cos’A)
=2 cos’A—cos A—2cosA+2cos’A

=4 cos’A—-3cos A o
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3tanA —tan’ A
Prove that tan3A = otanA—tan A

1-3tan” A
Solution:
3
tan3A — 3tan A tzzm A
1-3tan” A
We know that
tan(A+ B)= tan A+ tanB
1-tanAtanB
Put B=2A
tan(A+ 2A) = tan A+ tan 2A
1-tan A . tan2A
tan A + 72 tan ?
_ 1-tan” A
1—tan A x 72tan;A
1-tan” A
tan A(1—tan” A)+ 2tan A
_ 1-tan® A
1—tan’ A —2tan* A
1—tan® A
_ tanA—tan’ A+ 2tan A
1-3tan’* A
_ 3tanA—tan’ A
1.~ 3tan? A
3.2 WORKED EXAMPLES
PART - A
1. Find the value of 2 sin15° cos 15°.
Solution:
We know that sin 2A =2 sin A cos A
PutA=15°

sin (2 x 15°) = 2in 15° cos 15°
sin 30° =2 sin 15° cos 15°

1
2 sin 15° cos 15°=sin 30° = E
2. Find the value of 2 sin 75° cos 75°.

Solution:

2 sin 75° cos 75° =sin (2 X A)
=sin (2 x 75°)
=sin 150° = sin (180 — 30)

1
=+5in30°= =
Sin 5
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3. Find the value of cos?15° — sin?15°.
Solution:

We know that
cos’A —sin*A = cos 2A
PutA=15°
cos?15° —sin?15° = cos (2 x 15°)

3

=cos 30°= ==
2

4. Find the value of 1 — 2 sin?22 % .
Solution:

1 — 2 sin?A = cos 2A
. o o 1
1-25in222 V)" =cos (2 x 22 14") = cos 45" = —

NG

5. Prove that %: l
1+ tan“15° 2
Solution:

We know that
2tan A .
Lz: sin2A
1+ tan” A
Put A=15°
2tan15°

. —%in2(1%5°
1+ tan?15° (5%

=sin30° = 1
2

6. Find th 1 fﬂ
.+ Find the value of 1= -5

Solution:

We know that
1—tan* A
1+ tan* A -
1-tan*15°
1+ tan*15°

in2A

7. Prove that _Smen tan A .
1+ cos2A

cos2A

=cos(2x15)=cos30= g

Solution:

sin2A

LHS= ——
1+ cos2A

e Acoca Formula
_ _2SINACOSA sin2A = 2sin Acos A

1+ 2cos’ A1 ,
cos2A=2cos" A—1
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Z sin Acos A
,Z cos’ A

in A -

_ S |cancelhng COosA

cos

=tan A= LHS

Prove that ﬂz cot [éj .
1-cos 2

Solution:

- Formulae
LHS= _sma sin2A = 2sin AcosA

I-cosA .
cos2A=1-2sin" A

Dividing angles by 2

A
2Sln( )cos( j A= 2ginA A
- 5 sin A = 2sin Acosé

(1 2sin? ‘;j cosA=1-2sin? ‘%

S}

1—1+ 2sin®

2
Prove that [sin% — cos%] =1—sinA -

Solution:

A AY
LHS= (SIHE_COSEJ |(a —by=a’+b*— 2ab|

.o A (A (A A
=sin“"| — |+ cos"| —|—2sin| — |cos| —
2 2 2 2

=1-sinA sin®0+ cos’0=1
2sin%cos%= sinZ(%)
= RHS =sinA
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10. Find the value of 3 sin 20° — 4 sin®20°.

We know that

sin 3A =3 sin A — 4 sin’A

Put A=20

sin (3 x 20°) = 3 sin 20° — 4 sin320°

3 sin20° — 4sin*20° = sin (3 x 20°)

3

=sin 60° = —
2

11. Find that value of 4 cos*10° — 3 cos10°.

We know that
4 cos3A-3cosA =cos3A
4 c0s310° — 3 cos10° = cos (3 x 10°)

3

=cos 30° = -
12. Find the value of 3 sin 40° — 4 sin*40°.
Solution:
We know that

3sinA—4sin3A  =sin 3A
3 sin 40° — 4 sin*40° = sin (3 x 40°)
=sin 120°
= sin/(1802 ~60°)
= sin 60° = g
PART - B
1. Prove that tan A + cot A =2 cosec 2A.
Solution:
LHS =tan A + cot A

sin A N COSA sin? A+ cos’ A

cosA  sinA  sinAcosA
1 2

=— =— [Multiply and Divide by 2

sinAcosA 2sinAcosA
2

= — ‘.'sin2A=2sinAcosA|
sin2A

= 2cosec 2A | o — = cosec A

sin A
= RHS
2. Prove that SinA+ sin2A = tan A -
1+ cosA+ cos2A
Solution:
Formula

LHS= SinA+ sin2A sin2A = 2sin AcosA

I+ cos A+ cos2A 5
cos2A=2cos" A1
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sin A+ 2sin A cos A sin A is common in Nr.
/1/+ cos A+ 2cos> A A cos A is common in Dr.

_ sinA[l+ 2cosA]
cos A[l+ 2cosA]
sin A

= cancelling 1 + 2 cosA
COsA

=tanA = RHS
3. Prove that cos*A — sin*A = cos 2A.

Solution:
LHS = (cos’A)? — (sin’A)? a?-b’=(a+b)(a—b)
= (cos*A + sin’A) (cos*A — sin*A)
=1 (cos 2A) = cos 2A = RHS

PART - C
1. Prove that [-cos2A+ STH 2A =tanA .
1+ cos2A+ sin2A
Solution:
. A Sin2A Formulae
LHS= -_S08=AF s sin 2A = 2sin A cos A

1+ cos2A+ sin2A . 5
cos2A =1-2sin; A=2cos”" A—1

_ 1-(1%2sin® A)# 2sin/A cos A
/1/+ 20052A—/]/+ 2sinAcos A
B /I/—/1/+ 2sin® A+ 2sin Acos A

2cos’ A+ 2sin Acos A
_ 2sin A(sin A+ cosA) 2sin A is common in Nr
208 A(cos A + sin A) 2cos A is common in Dr
= sinA = tan A= RHS
COsA

2. Prove that

1-cosA+sinA tan(éj
1+ cosA+sin A 2)

Solution:
sinA=2 sin(%)cos(%)

LHS= % CosA= 1—2sin2(%)
= 2cos’ (‘%)—1
1- [1 —2sin’ (%)J+ 2sin(%)cos(%)
1+ [2cos2 (%)71J+ 2sin(%)cos(%)
1—1+ 2sin’ [é) + ZSil’l(é) cos(éj
2 2 2

1+ 2cos? (é] + 2sin[é] cos[é]
2 2 2
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2 sin (%) is common in Nr

2cos(%) is common in Dr
_2sin(By ) sin(B5)r cos(B))
2eo (35 (B (35

Sm(/ ) tan(A/ )= LHS
“(ay) 02

1
3. IftanA= 5 and tan B = % show that 2A + B = r

Solution:

1
Giventan A= — tanB = l

2tanAZ

Formula for tan2A = ————
1-tan” A

tan2A =

tan A+ tan B

1-tanAtanB
PutA = 2A on both sides

tan2A + tan B

I-tan2AtanB
3.1
7+7
=4 7 ysing (1)
3 1
I-=x—=
4 7

2144 25
28 _ 28

T 28-3 25
28 28
25 28
T8 25

tan(A+ B)=

tan(2A+B)=

tan(2A+ B)= 1= tan45°

2A+B=45= 180 =

:
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4. 1If sin0 =% find the value of sin 30.
Solution:
. . 3
Given: sinf=—

We know that
sin30 = 3sin® —4sin’ O

Q-4

_2_4(2]_2_@
5 125) 5 125

_225-108 117
125 125

1
5. IfcosA= 5 find the value of cos 3A.

Solution:

1

Given : cos A = 5

cos3A = 4cos’ A—3cosA
3
Y (3
3 3

:4[Lj_1=i_1
27 27

4273
27 27
6. Prove that &: sinA .
1+ 2cos2A
Solution:
3 Formulae
LHS= —2%  |6in3A = 3sin A — 4sin’ A
1+ 2cos2A .
cos2A=1-2sin" A

B 3sin A —4sin’ A
1+ 2(1-2sin* A)
B sin A(3—4sin’ A)
© 1+2-4sin’A
B sin A(3—4sin’ A)
~ (3-4sin’A)
=sinA = RHS

|sinA 1S common in Nr|
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7. Prove that 4 sin A sin (60 + A) sin (60 — A) = sin3A.

Solution:

LHS =4 sin A sin (60 + A) sin (60 — A)

=4 sin A [sin?60 — sin’A]

3

_ X —=

3

2

AW

. 3
3 s1n60=§
=4sin A Z—sin2 A}
- sin® 60=
2
_ -
_ dsinA #}

= sinA[374sin2A]
= 3sin A — 4sin’* A= RHS

in3A A
8. Prove that sin3 —COS3 =

sin A COsA

Solution:

sin3A _ cos 3A
sinA  cosA

LHS=

B (3sin A —4sin’ A) B (4cos® A —3cosA)

sin A

cosA
_ sinA[3—4sin’ A] cosA[4cos*A —3]

sin/A

cosA

=[3—4sin” A]—[4cos’ A —3]
=3—4sin> A—4cos’ A+ 3

= 6—4(sin’ A+ cos’ A)

=6-4(1)  |sin’A+cos’A=1]

=6-4=2=RHS

9. Prove that

cosA
Solution:

LHS=

sin A

cosA
Formulae

sin3A = 3sin A —4sin’ A
cos3A = 4cos® A —3cosA

sin A

cos’ A —cos3A N sin® A+ sin3A B

cos’ A —cos3A . sin’ A+ sin3A 3

3

Formula:
sin (A + B) sin (A — B) = sin’A — sin’B

B cos’ A —(4cos A+ 3cosA)+ sin® A+ 3sin A —4sin’ A

cosA

sin A

_ cosAfcos’ A —4cos’ A+ 3] . sin A[sin> A+ 3—4sin’ A]

cosA
=3-3cos’ A+ 3—3sin* A
=6-3(cos’ A+sin’ A)
=6-3(1)=6-3=3=RHS

sin A

| cos’ A+sin’ A= 1|
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10. Prove that cos 20° cos 40°cos 80° = %

Solution:

LHS = cos 20° cos 40° cos 80°
= cos 80° cos 40° cos 20°

= cos(60° + 20°)cos(60° + 20°)cos 20°

= [cos® 20 —sin® 60]cos 20°

= [cos2 20— %} cos20°

2
_ (4cos”20-3) 03 20°

= %(4cos3 20° —3c0s20°)

Formula :
cos(A+ B)cos(A —B)
=cos’B-sin’ A

3
2

3

sin 60° = —3sin2 60=—x—

2

AW

1
= Zcos 3A[. cos3A=4cos’ A—3cosA]

= lcos(3 x 20)= lcos60: 1
4 4 4

=l= RHS
8

1
X_
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3.3 SUM AND PRODUCT FORMULAE

We know that

sin (A + B)=sin A cos B+ cos A sin B (D)

sin (A—B)=sin A cos B—cosAsinB 2)

cos (A+B)=cos Acos B—sinAsinB 3)

cos (A—B)=cos Acos B+sinAsinB 4)
Adding (1) and (2), we get

sin (A+ B) +sin (A—B)=2sin A cos B ®)]
Subtracting (2) from (1), we get

sin (A+B)—sin(A—-B)=2cosAsinB (6)
Adding (3) and (4), we get

cos (A+B)+cos(A—B)=2cosAcosB (7
Subtracting (4) from (3), we get

cos(A+B)—cos(A—B)=-2sinAsinB ()
If we put,

A+B =C (1)

A-B=D (i1)
then
(i)+ (ii) = 2A = CHAD S/ AL C;D

(i)—(ii):>2B:C—D:>B:CTD

Then the results (5), (6), (7) and (8) will become

D -D
sinC+ sinD=2sin[CJr jcos[c ] 9)
2 2
sinC—sinD:2cos[C+ D)sin(C_Dj (10)
2 2
cosC+ cosD=2cos[CJr D]cos(CD) (11)
2 2
cosC—cosD=—2sin(C;Djsin[C;Dj (12)

The above results are known as sum and product formulae (because their LHS is sum & difference
and RHS is product). These formulae can be remembered by the short way

S+ S=2SC

where
S-S=2CS )

S=sin
C+C=2CC

C=cos
C-C=-2SS
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3.3 WORKED EXAMPLES
PART - A
1. Express the following as sum or difference:
(1) 2sin2A cos A (ii) 2 cos 5A sin 3A (iii)) 2 cos 3Acos 2A  (iv) 2sin 3Asin A
Solution:

(1) 2 sin 2A cos A 2SC=S+8S

Subtract

Add
=sin(2A+ AHsin(2A-A)
=sin3A+ sin A
(i1) 2 cos5A sin3A 2CS=S-S

Subtract

= sin (SAlfd3A)— sin(5A —3A)
=sin7A+sin2A
(iii) 2 cos 3A cos 2A
=cos (3A+2A) +cos (3A—-2A)
=cos 5SA+cos A
(iv) 2 sin 3A sin A C-C=-2SS
=[2sin3Asin A]
=—[cos BA+A)—cos (BA—-A)]
=—[cos4A —cos 2A] = cos 2A — cos 4A

2. Express the following as product

1) sin 4A + sin 2AY (i1) Sin'SA'& sin 3A iil) cos 7Aut.cos 3A” \_iv) cos 4A — cos 2A

Solution: Formula-(9)
1) sin 4A + sin 2A S+S=28C

. (4A+2A 4A —2A
= 2sin 2 cos >

. (6Aj (2A]
= 2sin| — | cos| —
2 2

= 2sin3AcosA

Formula—(10)

ii) sin 5A —sin 3A S—-S=2CS
[5A+ 3Aj . [5A—3A]
=2cos 2 sin 2

= 2sin [%) cos [%) = 2cos4Asin A

E

Formula—(11)

iii) cos 7A + cos 3A C+C=2CC

TA+ 3A 7TA —3A
= 2cos 5 cosS 2

= 2cos (%} cos [%) = 2cos5Acos2A
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Formula—(12)

iv) cos 4A — cos 2A C-C=-288S

. (4A+2A) . (4A-2A
:—2sm[ 2 )sm[ 2 j

. [6A] . [ZA)
= -2sin| — |sin| —
2 2

= —2sin(3A)sin(A)

3. Write sin 5A — sin 7A in product form.
Solution:

sin5A —sin7A S—-S=2CS

SA+7AY . (5A-TA
= 2cos 5 sin 2

(12A] _ [—ZA)
=2cos| — |sin| ——
2 2

= 2cos(6A)sin(—A)

- sin(—0) = —sin 0
as (—0) is Quadrant-IV

=2cos6A(—sinA)
= —-2cos6Asin A
4. Write the product 2 cos 4A cos 6A as sum or difference of trigonometric function.
Solution:

2cos4Acosb6A C+C=2CC

= cos(4A+ 6A)+ cos(4A —6A)

cos(—0)=+cos0

= cosl10A + cos(-2A) .
as (—0) is Quadrant-IV

= cos10A+ cos2A

PART -B
1. Prove that sin 50° — sin 70° + sin 10° =0

Solution:

LHS = |sin 50° + sin10°| —sin 70° S+ S=2SC

= 2sin(50 10 \cos(50 —10 j—sin70°

(6

= 2sinL 40")

5 J —sin70°

0°\COS(
2 )%

I

= 25in(30°) cos(20°) —sin (90° — 20°)

=2x %cos 20° — cos20° |change of ratio for 90°
= ¢0s20° — cos20°

=0=RHS
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2. Prove that cos 20° + cos100° + cos140°=0

Solution:

LHS= |cosl40° + c0s100° |+ cos20° C+C=2CC

(140°+100°)  (140° —100° ) X
S| ——— | cos —)+cos20

=2co

4 (s}
0 \+c0s20°
2 )

= 2005(2400\ cos(
“rees e

= 2¢08120° cos20° + cos 20°

)i
1 c0s120° = cos(180° — 60°)
=2x——c0s20° + c0s20° 1
2 = —cos60= >

= —¢0s820°+ co0s20°
=0
3. Prove that cos A + cos (120°+ A) + cos (120°—A) = 0.

Solution:

LHS= cos(120° + A)+ cos (120° — A) + cos A

120°+ A+120° - A 120°+ A—(120° - A)
=2cos cos + cosA
2 2
240° 120°+A 1204 X
= 2cos > cos 5 + cosA

= 2c0s(120°)cos (%} + cosA

=2x —%COSA+ COSA

= —coSA+ cosA

= 0= RHS
4. Prove that M: tan(A + B)-
cos2A+ cos2B
Solution:
i —si S—-S=2CS
LHS= sin2A —sin2B
cos2A+ cos2B C+C=2CC

(2A+ 2B] ) (ZA - 2B)

2¢cos sin

B 2 2

B 2A+ 2B 2A - 2B
2cos( 7 j cos[ 5 ]

_ 2co0s(A+ B)sin(A - B)
2cos(A+ B)cos(A —B)
= tan(A — B)= RHS
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PART - C

ai
1. Prove that (cos a + cos B)? + (sin o + sin p)*= 4cos’ [TB) .
Solution:

LHS = (cos o+ cos B)’ + (sin o+ sin B)’
|C+C=2CC| [s+S=2SC]|

Formulae

= {2cos[%ﬁj cos[%ﬁﬂz + [2sin[az B) cos[a; Bj T
= 4cos’ (%Bj cos’ (%Bj + 4sin’ [Oh; Bj cos’ (oc; Bj

4cos’ (OLTB) is common for both the terms

=4cos’ [GTB] {cos2 [%ﬁj +sin’ [ Oh; Bﬂ

= 4cos’ [%ﬁj x1 [ cos’0+sin’0=1]

= 4cos’ (%B) = RHS

\ 4 aPb’
a’+ b’

2. Ifsinx +sin y = a and cos'x/+cos ¥ = b. Prove that tan® [X ; y)

Solution:

Givena=sinx +siny b=cos x + cosy

= [sinx+ siny]’ + [cos x+ cos Y]

Formula |S +S =2S(C| IC +C=2CC]
2 2
= 2sin[x+y]cos(ﬂ) + 2c0s[x+y]cos[x_y)
2 2 2 2
= 4sin’ (H—y) cos? [ﬂj + 4cos? (H—y) cos’ ( X yj
2 2 2 2

40052[X

= 4cos? (ﬂ] sin? (uj + cos’ [uj
2 2 2

=4cosz[xgij1 |- sin20+ cos’ 0= 1|

y] 1s common to both are terms

a’+ b’ = 4cos’ (—X ; yj
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C4-a’-b> 4-(a’+b)
@+b) (@ +b)

4 —4cos’ [Xzyj ) ,4{1 —cos” (X;yﬂ
so(*Y) oo’
sin’ (x;y)

—~ 272 |:l1-cos’0=sin0)
cos? (XY]
2

tan’ [X—zyj = RHS

3. 2ab

If sin x + sin y = a and cos X + cos y = b prove that sin (x +y) = pEa
a“+

Solution:

a’+b>=4cos’ [%} [Refer Example 2]

2ab =2 (sin X + sin y) (cos x + cos y)

S+ S=2SC C+ C=2CC
=2[2$in(xzy) cos( ]} 2cos[ j [ yj
2 2 2
2ab 2,8/sin[x+ ) [ ) ( ]
2+b2 -
: /490/[( )
= 2sin[x+y)cos[x+yj
2 2
= 2sin0cosO = sin20 where 0 = X; y

- sin{lx (X;”}

= sin(x+ y)= LHS

RHS=

\ . sinA+sin2A+sin3A tan 2A
. Prove that cosA+ cos2A + cos3A '

Solution:
$+8=25C
sin2A
LHS= CtC=2CC

cos2A
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2sin[3A+ Aj s[3A Aj+ sin2A

2cos[3A+ Aj s[3A )+cos2A

2sm[ jcos[ j+ sin2A

2cos (49) cos [2?) + cos2A

_ 2sin(2A)cos A+ sin 2A sin2A is common
2c0s2A cosA+ cos2A cos2A 1s common

sin2A[ 2¢cosA + 1]

 cos2A[ 2e05A + 1]

=tan2A = RHS

EXERCISE
PART - A
V3
1

1. Show that cos (—330°) cos 420° =

1
Show that cos 780° sin 750° = Z
Find the value of sin 40° cos 20° + cos 40° sin 20°.
Find the value ofisin 702 cos /10°2- cos 70*sin 10%

Find the value of cos 75° cos 15° + sin 75° sin 15°.

A

Find the value of cos 75° cos 15° — sin 75° sin 15°.

tan 22° + tan 23°
1—tan22° tan23°

' tan 65° — tan 20°
8. Find the value of 1+ tan 65° tan 20°

9. Find the value of 2 sin 15° cos 15°.
10. Find the value of 2 cos?*15° —1.
11. Find the value of 1 — 2 sin?15°.

7. Find the value of

2tan 22 /
12. Find the value of ——2 %

1—tan 22/

13. Prove that ﬂ: COtA .
1—-cos2A

14. Prove that (sin A + cos A)* = 1 + sin 2A.

15. Prove that &: cot[éj .
l-cos A 2

16. Find the value of 3 sin10° — 4 sin’10.
17. Find th value of 4 c0s*20° — 3 cos 20°.
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18.

19.

20.

8.
9.

10.

11.

12.

13.
14.

Find the value of

3tan 20° — tan’ 20° /

1-3tan” 20°
Express the products as a sum (or) difference
1) 2 sin 4A cos 2A ii) 2 cos8A cos 6A iii) 2 sin3A cos 6A  iv) 2 sin 5A sin 3A
Express the following sum (or) difference as product
i) sin 10A + sin 4A ii) sin 5A —sin 3A iii) cos 10A + cos 4A  iv) cos 10A — cos 4A
PART - B

Prove that cos (30° + A) cos (30°—A) —sin (30°+ A) sin (30°—A) = % .

Prove that cos (45°+ A) cos (45°— A) + sin (45° + A) sin (45° — A) = cos 2A.
Prove that sin A + sin (120° + A) + sin (120°—A) = 0.

1
Iftan A= % adn tan B = T find the value of tan (A + B).

sin(A — B) N sin(B-C) N sin(C—-A) 0
sinAsinB  sinBsinC sinCsin A
IfA+ B+ C=180° prove tan A + tan B + tan C = tan A tan B tan C.

Prove that

Iftan A= % , find the value of tan 2A.

Iftan A= %, find the value of sin 2A and cos 2A.
Prove that cot A — cot 2A = cosec 2A.

If tan [%] = % findithewalueofitan A.

A) 3
If tan [5) = g find the value of sin A and cos A.

If sin A= —, find sin 3A.

|~

Ifcos 0= % , find cos 36.
If tan 6 = 3, find tan 30.

Prove the following:

15.
16.
17.
18.

sin 10° + sin 50° — sin 70° = 0.
sin 78° —sin 18° + cos 132°= 0.
cos 80° + cos 40° — cos 20°=0.
cos 52° + cos 68° + cos 172° = 0.

Prove the following:

19.

20.

21.

22.

sin3A —sin A
————=—cot2A.
cos3A+ cosSA

sin7A —sin5A _ tanA -
cos7A+ cosSA

in3A + sin A

sin3A + sin — tandA

cos3A+ cosA

cosB—cosA (A+ B)
—————=tan
sinA —sinB 2
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PART - C
. 3 12 o .
1. IfsmA=_,cosB=Eﬁnd1)sm(A+B) i) cos (A + B).
5
171

8
2. IfsinA= ﬁ, sin B= % prove that sin (A + B) = E

3. IfsinA= %,cosB= % find cos (A — B).

4. If A+ B =45° prove that (cot A—1) (cot B—1)= 2. Deduce cot 22%0 .

5. Iftana= % and tan § = %, show that tan (2a + ) = 3.

1+ cos2A +sin2A

= cotA
6. Provethat = 2+ sin2A ‘

1+ cosA+sinA cot[é]
1—-cosA+sinA 2/

sin30 cos30
+ =

sin®  cos0

sin3A + sin® A
9. Prove that ——————=—cotA.
cos” A —cos3A

7. Prove that

8. Prove that 4c0s20.

10. Prove that sin 20° sin 40° sin 80° =

11. Prove that cos 108 ¢os/50%sin 70%=

=5

12. Prove that sin 10° sin 50° sin 70° = g

sin2A+ sin5A —sin A

= tan 2A
13. Prove that c0s2A + cos5A + cos A '

coS2A + cos5A+ cosA B
sin2A+ sin5A —sinA

15. Prove that sin A+ sin3A+sin5A+sin7A _ tandA

cosA+ cos3A+ cos5A+ cos7A

14. Prove that COt2A

Prove the following:

. . A+B
16. (cos A+ cos B)? + (sin A — sin B)? = 4 cos? >

. ) . (A+B
17. (cos A — cos B)? + (sin A + sin B)? = 4 sin? 5

18. (cos o —cos B)* + (sin o —sin B)* = 4 Sinz[a; B)

X — 4
19. If sin x + sin y = a and cos x + cos y = b, prove that sec’ [ y) -

2 a’+b’

. . - 4
20. If sin x —sin y = a and cos X — cos y = b, prove that secz(X yj: —=
2 4—(a"+b")
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ANSWERS
PART - A
3 3 1 1 3 J3
3)) — 4 — 55— 60 7Nl 1 9 — 10) — 1) — 12) 1
) S H )3 00 DI®L 9= 10 ) )
16)% 17)% 18)\/5 19) 1) sin 60 +sin 20 (ii) cos 140 + cos 20
(iii) sin 9A—sin3A  iv) cos 2A —cos 8A 20)1) 2 sin 7A cos 3A  (ii) 2 cos 4A sin A
(ii1) 2 cos 7A cos 3A  iv) — 2 sin 7A sin 3A.
PART - B
4 3 4 5 15 8 44 -117
4$H1 7)) — 8) —and— 10) — 11) — and — 12) — 13) ——
) )3 B gandg ) 5 )17 ) 125 ) 125
9
14)3
PART - C
. 56 .33 77
1) (1) — 1) —Z 3) —
YO ) ) <
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UNIT - IV |

INVERSE TRIGONOMETRIC RATIOS AND
DIFFERENTIAL CALCULUS-I

4.1 INVERSE TRIGONOMETRIC FUNCTIONS:

Definition of inverse trigonometric ratios — Relation between inverse trigonometric ratios. Simple
problems.

4.2 LIMITS
Definition of Limits. Problems using the following results:

x"—a" - sin 0 tan 0

=na"  (ii) %E%Tz 1 and (iii) &I{}T: 1 (6 - in radians) (results only).

(i) lim

X—a X — a
Simple Problems.

4.3 DIFFERENTIATION

.. . .. . u
Definition — Differentiation0f x";sin:X, €os Xs-tan X,-08€cC X8€C X, 60t Xlog X5 6%, u + v, uv, uvw, — (v
# 0) (results only) Simple/problems /using the above results, v

4.1 INVERSE TRIGONOMETRIC FUNCTIONS

Definition:
A function which is the reverse process of a trigonometric function is called the inverse
trigonometric function.

The domain of a trigonometric function is the set angles and the range is the set of real numbers. In
case of inverse trigonometric function, the domain is the set of real numbers and the range is the set of
angles.

Inverse trigonometric function of sin x is denoted as sin'x. Similarly cos'x, tan 'x, sec 'x, cot 'x and
cosec 'x are the inverse trigonometric functions of cos x, tan x, sec x, cot x and cosec x respectively.

Examples:

We know that

sin30° = l Sosin’! [l) =30°
2 2

cos0°=1 scos ' (1)=0

1
tan30°= — .. tan’ (—) = 30°
V3

cot45°=1  ..cot '(I)=45°

& -
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2 2
sec30°=—~= ..sec’ (—j =30°
3 Vg
cosec90° =1 .. cosec ' (1)=90°
If x =sin 6. 6 = sin"'x.
sin'x is an angle.
There is a difference between sin'x and (sin x)!. sin"'x is the inverse trigonometric function of

. . 1. . . . . 1
sin 0 where as (sin x)! is the reciprocal of sin x. i.e, (sinx) =

= COSE€C X .

Sin X
Principal Value

Among all the values, the numerically least value of the inverse trigonometric function is called
principal value.

Examples:

1) sin 30°= %, sin 150° = %, sin 390° = l

\S]

sinr” [l] =30°, 150°, 390°, ...
2
The least positive value is 30; which is called the principal value of sin™! (%j .
1 1 1 1
2) c0s60° = —, cos 300°= —, cos (-60°) = —, cos 420°= —
2 2 2 2

cos” G) = 60°, 300, 11608, A= 0

The principal value of cos™ [%] is 60°.

Function Domain Range of Principal value of 6
sin'x  —l<x<l1 —Tp<<T)

-0 277 /2
cos'x  —1<x<1 0<0<n

tan'x  (—o0,00) —% <0< %
cot'x  (—o0,00) —% <0< %

-1 _ T
sec'x (-1, I)except0 0<0O< n,O;tA
- _ - T
cosec ' x (=1, 1) except 0 A< 0<7/,.0%0

Properties
Property (1) :
(a) sin! (sinx) =x
(b) cos™! (cos x) =x
(¢) tan! (tanx) =x
(d) cot! (cotx) =x
(e) sec! (secx)=x
(f) cosec™ (cosec x) = x
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Proof:

(a) Letsinx =y (N
. ox=sinly
= sin' (sin x) [from (1)
" sin! (sin X) = x
Similarly other results can be proved.
Property (2):
(a) sin (sin! x) =x
(b) cos (cos!x)=x
(¢) tan (tan' x) =x
(d) cot (cot! x)=x
(e) sec (sec'x)=x
(f) cosec (cosec™! x) =x
Proof:

(b) Letcos'x=y

Then x =cosy

(1)

= cos (cos'x) [From (1)
. cos (cos'x) =x
Similarly other results can be proved.
Property (3):

Proof:
1
(c) Let tan™ (;) =y (D
1
. —=tany
X
X tany - ooty
L y=cot'(x) —Q)

1
From (1) & (2), tan™ [;j = cot ' x)
Similarly other results can be proved.
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Property (4):

(a) sin! (—x)=—sin!x
(b) cos! (x)=m—cos'x
(¢) tan! (-x)= —tan!'x
(d) cot! (—x)=-rcot!'x
(e) sec!(x)=m—sec!x

(f) cosec! (—x) = —cosec! x
Proof:
(f) Lety=cosec! (—x) (1
.cosecy =—X
1.e., X =-—cosecy

=cosec (—y) [’ cosec (-y)=cosec (2m—y) =—cosec y]
i.e., cosec’'(x)=—y

=—cosec'(—x) [From (1)
.. cosec!(—x) = — cosec!(x)

(e) Lety=sec!'(—x) (D
’ secy =—Xx
ie., X =—secy

=sec(m—y) [sec(m—y)=-secy

ie., sec'x =m—y

Ty =m—sec'x

From (1) & (2), sec”'(—x) = — sec'x

Similarly other results'can be proved.
Property (5):

2)

sin'x + cos'x =

N3 oA

tan”'x + cot'x =

ORI}

sec”'x + cosec'x =
Proof:

Let 6 = tan'x — (D)

. x=tan 0

= cot [g— j [ cot(90° —0)= tan 0]

T
= 7 tan ' x [From (1)
1 1 Y
J.tan X+ cot x= 5

Similarly other results can be proved.
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Property (6):
Ifxy <1, tan"'x + tan'y = tan"' [ﬂ\
1—xy
Let A=tan'x Sox=tanA —(1)
Let B=tany Soy=tanB ——(2)
Now,
tan(A+ B)= tan A+ tan B
l-tanAtanB

Xty

1—xy
- (A+B)=tan" (—X+ y\

1—xy
. - 1 4 ( X+ y\
Le, tan” x+tan  y=tan L—J [From (1) & (2)
1—xy

Property (7):

sin”'x + sin”'y = sin™! [X \/1—y2 + y\/l—xz}

Proof:
Let A=sin"'x Sox=sinA (1)
Let B=siny S.y=sinB (2)

sin(A+ B)=sin/A cos B+ cos AsinB

< sin AN1sin” B+ §/1sin? A sinB
=xyl-y +1-x"y
A+B=sin" [qul—yz + yxll—xz}

ie, sin'x+sin'y=sin"' [xdl —y 4+ yvl- X2:| [From (1) & (2)
Property (8):

cos 'x+cos ' y=cos [xy—\ll—xzsll—yq

Proof:
Let A= cos 'x SoX=CcosA (1
Let B=cosy S.y=cosB )

Now, cos (A + B)=cos A cos B —sin Asin B

= cos A cos B —/1—cos’ A1 —cos’ B
ie, A+ B=cos" [Xy—m ﬂ]
From (1) & (2)

cos 'x+cos ' y=cos™ [xy —N1=x" \1-¥y° ]
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WORKED EXAMPLES
PART - A
1. Find the principal value of

(i) sin [%] (9 cos” (gJ (i n (%j

(iv)cot '(=1)  (v)sec ' (-2) (vi)cosec™ (%}
Solution:
(i) Let x =sin"’ [L)
V2
c.sinx = %
ie, sinx = sin45° { sin45° = %}

(J3)
(ii) Let x =cos™ kﬁ)
2
3
S.COSX = —=
2
cosx = cos30° { cos30= g}
Sox=30°
(3)
s.cos”! LQJ =30°
2

(iii) Let x =tan [—%]

1

Stanx= ——4=

NG

1
= —tan30° ~tan30=—
-5

ie,tanx = tan’(-30°) [. tan(-0)= —tan0]
Sox=-30°

1
s tan™ [—— =-30°
\B]

www.binils.com
Anna University, Polytechnic & Schools



108 e« Engineering Mathematics-I

(iv) Let x=cot '(-1)
socotx= -1

= —cot45°
ie.,cotx = cot(—45°)
Sox=-45°
soot ' (—1)=-45°

(v) Let x =sec”(-2)
s.secx = -2
= —sec60°
ie.,secx = sec(120°) [ sec(120) = sec(180 — 60) = —sec 60
Sox=-120°
~sec(=2)=120°

(v) Let x = cosec' (%]

2
;. COSEC X = —=
3
1 1 2
= cosec 60° [~ cosec60= ——=———=—"F
sin 60 (\/5 / 2) NG}
SoX=60°

2
. cosec”’ [—] =60°
NG

2. Prove that tan'x + tan™ [l) _r
X 2
Solution:
1
LHS= tan"' x+ tan™ (—)
X

=tan 'x+cot '(x) [Byproperty 3

:E [By property 5
PART - B
1. Prove that sin'(V1-x")=cos 'x .
Solution:
Put x =cos 0 0=cos'x — (1)
Now, LHS = sin~ ‘:/1 X )
=sin (\/1 —cos 6)
=sin' (\/1 —sin’ 6)
= sin"'(sin0)
=0 [By Property 1
=cos 'x [By (1)
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1 2 11
2. Prove that tan™' [—] +tan”' (—j =tan"’ (_j '
3 5 13

Solution:
((x+y)
We know, tan 'x + tan''y = tan*IL z y}
1—xy
, (1,2
tan 1[ ]than (_]: tan ' 3 5
5 -1 2
3°5
((5+6)
_ -1 1
= tan L—ls_zJ
15
. [11]
=tan | —
13
PART - C
(1 x2)
1. Show that 2 tan"'x = cos™ k J
1+ x
Solution:
Letx=tan 0 Jo0=tan'x
2
R.HS=cos~ Ll X j
g (1-tan0)
L1+ tan 6)
= cos ' (c0s20)
=20
=2tan 'x=LHS
—x2)
2. Show that tan~ L J 3tan 'x .
-3x
Solution:
Letx=tan 0 SoO0=tan'x — (1)
2
LHS= tanl{ XX j
| 3tan® —tan” 0
= tan —
1-3tan“ 0
= tan ' (tan30)
=30
=3tan 'x [From (1)
=RHS
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3. Show that 2tan™' (g) = tan! [E)
3 15
Solution:

LHS= 2tan" (%]

= tan"' (%j + tan”' [2]
3 3

(2,2)
= tan' —3232
-2.2
33
4
= tan' —934
L 9

1(4 9)
=tan | —x—
3 5

= tan ' (%} = RHS

4. Evaluate tan{cos1 [%ﬂ

Solution:
Let cos™ i) oUW ML
17
C.cos0= i
17
AB*= AC*-BC*=17" -8
=289 —-64= 225
LAB=+/225=15
S tan0= AB_IS
BC 8

.0=tan" (E]
8

From (1) & (2), cos’ [%j e (%5)

o 2]

15
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4.2 LIMITS

Mlathematical quantities can be divided into two (i) constants and (ii) Variables
The quantitity which does not change in its value is called constant.
Constants can be divided (i) Absolute constants and (ii) Arbitrary constants

Absolute constants are those which retain in values at any time and at any place.

Examples:
—11
Numbers 5, -7,3, — , 7, e, \/5 , \/5 ) eeerreeeeaans etc. are absolute constants.
Arbitrary constants are those which are constants in a particular problem but changes from problem
to problem. They are represented as a, b, ¢, f, g, h, ............. etc.
Examples:

(i) ax+by+c=0 —a,b,c

(i) x*+y*+2gx+2fy+c=0—1, g h........ ex.

Variables are those which vary in their values. They are represented asu, v, w, X, y, z, 0, ........
Variables can be divided into two (i) Independent variable and (ii) Dependent varaible.

In the equation y = x%x is the independent variable and y is the dependent variable depending on x

For example, if x takes the value 2, y takes the value 4. If x takes -3, y takes 9 ........ etc.

The relation or equation or connection between two variables is called a function and is denoted as
f(x).

Example: y = f(x) =x>.0r sin x.

The value of f(x) at x = afis\f(a)/and is called the functional value/of f(x) atx = a.

If for every function, if the functional value at every point of its domain exists, there is no need to
study Limit chapter and from that the famous CALCULS.

2

0
For example, f(x) = X 24 at x =2 i.e, f(2) does not exist, since f(2) = 0 the indeterminant quan-
X p—

o0

tity. Similarly there are two more indeterminant quantities — and oo — oo.
o0

2

But, as x approaches 2, f(x) = X 24 will approach 4.

X 1 1.5 1.9 1.99 | 1.999 | 1.9999 | ...... —2
y= x*—4 3 35 39 399 | 3.999 | 3.9999 | ...... — 4
Xx—2

2
Hence the approachment value 4 of the function X 77 asx approaches 2 is called the limit value

of the function.

Definition of Limit:

When the variable x approaches a constant a and if the function f(x) approaches a constant /, then
[ is called the limit value of f(x) as x approaches a and is denotd as

Ltf(x)=1

X—a
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Results :
D L)+ g(0]= Lt f(0)* Lt g(x)
2) in:[a[k f(x)]= kxI:)taf (x), where k is a constant
3) Lt [f(x).g(0)]= Lt f(x). Lt g(x)

Lt f
AP CIREL
gx) ] Lte®x)

, provided Lt g(x)= 0
Formulae:

n n

X —a

1) Lt
Xx—>a X —a
2) Lt sin® 1

0

X—a

=na""', for all values of x.

3) Lt tan 0

X—a

=1, 0 in radians
Now,

Lt smnez t[smne .n}

0—0 e 00

tann0®

Similarly, eLtO

WORKED EXAMPLES
PART - A

3x%+2x+1

1. Evaluate eﬁom .

Solution:

3x7+2x+ 1 3(0)*+2(0)+1
0505x> + 6x+7  5(0)°+ 6(0)+ 7

3x% + 4x

2. Evaluate =5 -2

Solution:

2
Lt 33X+ 4)2( Lt x(3x —4)
x>05x —7x° x20x(5-7X)

3.0-4
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3. Evaluate: eLt0 sin 79
Solution:
Lt sin’70 Lt [sm 70 ‘7]
00 e 00 76
7Lt sin760
-0 70
- 7.1
: 7
PART - B
| Lt x*+x-2
1. Evaluate: X_)l—xz " 4x+3
Solution: CHx_2 1+1-2 2.2 0 _
= = = —— |Indeterminent

Lt =
o1x” —4x+3 1-4(1)+3 4-4
x*+x-2 Lt (x+2)(x-1)
olx? —4x+3 sl (x-1(x-3)

_ L X+ 2
x>lx —3
2 3 _ 3
1-3 =2 2
10 10
2. Evaluate 1t X W ’
x->2 X =2
Solution:
10_210 n__ .n
Lt X -10.2"" [By F1 Lt =—2 = pa"']
x—2 X — x—>a X —@a
=10.2°
=10x512
=5120
Jxa
3. Evaluate Hta <x—a -
Solution:
_ hooh
Lt*/; */gthX a
X—a X—a X—a X—a
=l.a%71
2
:la_%
2
Lt
Z.alz 2\/5
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sin 5x
4x

4. Evaluate into

Solution:

Lt sin 5x _ l Lt sin 5x _ l Lt sin 5x 5
x>0  4x 4 x>0 x 4 x>0 5x

By E
_lXSLtsinSX y .29
4 x>0 5x Lt&ZI
x—0 e
5
ER
4 4
tan” 5x
5. Evaluate XI;tO X2
Solution:
2 2
Lt tan 25x Lt [tanij
x—0 X Xx—a X
_L [tanSx.S}
x—0 5x
By E
_ Lt(taHSijxzs e 0
0\ 5x Lt tan 1
050 0
2
951k [tanSx)
x—a 5x
=25.1"=25
PART - C
x’ —243
1. Evaluate Lt ———.
x»3 x° -0
Solution:
5 5 5
th : 243=L x2 3
x=>3 x° -0 x=3 x“ -9
5 5
Lt x -3 )24 32
-3 x-3 x°-3
5 5 2 2
Lt x -3 /x -3
=3 x—3 x-3
5 5
Lt3X ;
x=3 X —
= 52 [By R4
Lt
x»3 X —3
_ 53" 53¢
2371 23
—§><33—§><27=E
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Lt 4k
2. Evaluate: =, A
Solution:
x%—4% _x%—4% x—4 |
Lt = Lt X

X~>4X%_4% x—4 X—4 X%—4%_

AN
= Lt

x4 x—4 x—4

T4k
X4
x—4 X*4

% o_ah
X4
x=>4 x—4
7

FERKAINE
3

o' ek

3
><§><4%+%=Z4%
2 2

sin 80
3. Evaluate ejo tan 30 -

W Wi |w|—

Solution:

Lt sin 80 L [smS@ N 30 }

050tan30 00| 80 tan 30

sin 80 / tan 30
= Lt
6—0| 80 30

8
X_
3
8
><_
3
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4.3 DIFFERENTIATION

Lety =1(x) (1) be a function of x.
Let Ax be a small increment in x and let Ay be the corresponding increment in y.
Sy + Ay = f(x + Ax) —2)
2)-(1) Ay=f(x+Ax)—1(x)
Ay f(x+ Ax) —f(x)
TAX Ax

Taking the limit as Ax — 0,
Lt ﬂ: Lt f(x+ Ax)—f(x)

Ax—>0 AX  Ax—0 AX

Lt Ay is called the differential coefficient of y with respect to x and is denoted as dy .

Ax—0 AX dx
by _ Lt f(x+ Ax) —f(x)
’ dx Ax—0 AX

List of formulae:

) di(x“) =nx"", n areal number
X

d 1 d o d4 1
@) —(Vx)= o D) (4) §-(ogx)=—
(5) i(sin X)= COSX (6)i(cos X)= —sinx

dx dx
(7 i('[an X)=sec’ X ®) i(Cot x) = —cosec’x

dx dx

9) i(sec X)=secXtanx (1 O)i(cosec X)= —Ccosec X cot X
dx dx

Results:

1) If u and v are functions of x,
i(ui V)= d—ui av
dx dx dx

2) i(ku): kd_u, where k is a constant.
X dx

3) 4 (any constant) =0
dx

4) Product Rule of Differentiation
If u & v are two functions of x,

d dv.  du
—@v)=u—+v—
dx dx  dx
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dw du dv
5) [/—(uvw)=uv—"mr"r vW—+ wu—
dx dx dx dx

6) Quotient Rule of Differentiation

, where u, v and w are function of x.

If u & v are functions of x,

du dv
V——u—
d (Ejzu

2
\%

WORKED EXAMPLES
PART - A

o
<
—

1. Find &L if (i)y:F (i)y=x>+2 (iii)y:L

Jx
(Vi) y=9vx + x>

Wy=vx W y=_—
Solution:

()y=—5=x*
d
e

(i) y = x> +2

.dy _d

d d
L —(xX*+2)= —(x)+ —(2)=pB3x*+0=3x"
dx dx(X ) dx(x) dx() X 3

d 4 2
= — = —2 [
dx ) X

X3

1 1 -1
(i) y= == —7=x %
X 2

1
(v) y=——=cosec x
sin X

d d
R A (cosec x) = —cosec x cot X
dx dx

(vi) y= x4+ x*

W 4 x)= 9L (W) <L)

"dx X

1

2%

=9+2X

2Vx

=9 + 2x
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PART -B
I Find & ify- 2420 L
dx X x 4
Solution:
y= %*l— g+ 1 3x 74+ 2x '+ 1
X x 4 4
g: i(:;);z + 2X71 + l) = 3(—2)X73 + 2(—1)X72 +0
dx dx 4
_6_ 2
X3 X2

2. Find dy if y=e*sin x.

dx
Solution:
y =e*sin X
ﬂ: i(ex sinx)= "ud—V+ Vd—u"
dx dx dx dx

cdo .od
=e &(s1nx)+ s1nx&(e )
=e" cosx+ sinx.e*
3. Find & ify=x? e*sin x.
Solution:
y =x?e*sin X
dy d dw du dv,,

—==—(x’e"sinx)="uv—-+ VW —+ wu
dx dx dx dx dx

= x’e" i(sinx)Jr e” sinxi(xz)Jr sinx.x? i(eX)
dx dx

= x’e* cosx+ e* sinx.2x + sinx . x’e*

4. Find &Y jf y= X
X
Solution:
_ COSX
Jx
\ du —-u av
dy _ “dx " dx
dx v:

\/;i(COSX) - cosxi(\/;)
dx dx
(x)

1
\/; —SinX)—CoSX.——
_ ( : N

X
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PART -C
1. Find dy if y=(x?>+ 3) cos x log x.
Solution: dx
y=(x>+3) cos x log x
%: %[(x2 +3)cosxlogx]= "uvc(ii—‘:vL ij—z+ wug—:"

=(x*+ 3)cosxi(log X)+ cosxlogxi(x2 +3)+ logx(x* + 3)i(cos X)
dx dx dx

=(x"+ 3)cosx.l+ cosxlogx . 2x+ logx . (x* + 3)(~sinx)
X

2
- M+ 2XCOSX10gX*(X2+ 3)sinxlogx
X

3 tan
X Xﬁdd—y

2. Ify= , fin .
y e*+1 dx
Solution:
_ X’ tan x
Y= e*+1
du dv
V——u—
dy  “dx  dx
dx v2

(e + l)i(x3 tanx) — (x’ tan x)i(e" +1)
_ dx dx

(e*+1)’

(" + l){x3 di(tan X)+ tan x;(x3)} —x’tanx.e*
X X

(e +1)7°
_ (e"+D[x’sec’ x+ tanx.3x’]—x  tanx . ¢*
@ +1)

1+ x+ x°
3. Find & jf y= 225X
dx l-x+x
Solution:

B I+ x+x2
1—x+x2
du dv

— —u—

ﬂ_ de dx

2
dx \

(I-x+ xz)i(l+ x+x3)—(1+ x+ xz)i(lfx+ x%)
dx dx

(1-x+x%)°
(1—x+ x>)(1+ 2x) — (1+ x+ x*)(~1+ 2x)

- (I—x+x°)
_1+2x—x—2x2+x2+2x3+1—2x+x—2x2+x2—2x3
(1-x+x%)°
B 2-2x’ 3 2(1-x%)
(I-x+x*) (I-x+x°)
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EXERCISE
PART -A
1. Find the principal value of

(i) sin”! {?} (ii) cos™' (0) (i) tan'(/3)  (iv) cot ' (—/3) (v) sec™ (%j
(vi) cosec™ (—/2)  (vii) sec(-1)  (vii) cos’l(—%) (ix)sin'(-1) (%) tan'(-1)

T

. 1
2. Prove that sin' x+ sec [—] =3

X

3. Prove that sec”' x+ sin™ (l] - g

X
. pX’+qx+r
4. Evaluate: =5 2 pe 1o
5x —8x’
5. Evaluate: =, %2 _3x
Lt sin90
6. Evaluate : 0 0
tan 50
7. Evaluate : Lt
00 0
X%+ 2x

8. Evaluate : Lt
valuate : Lt Ax %

9. Find dy ify=3x‘s 7.
dx
1
10. Find dy if y=—.
dx X
11.Findd—yif}’: .
dx cotx
12. Find j—y if y = 8e* — 4 cosec x.
X
13. Findj—y ify=3logx—4+/x.
X
Lody oo 1
14. Find I ify x% .
8
15. Find & if y= =
dx X

PART - B
1. Prove that cos™' (ﬂ) = sin 'x.
2. Prove that cosec™ (m ) = cot 'x.
3. Prove that sec”' (m ) = tan'x.

1
4. Prove that tan™ [ij +tan (—j _I
4 7) " 4
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10.

I1.

12.

13.

x* —3x+2
xo1x* —5x+ 4

2

X +4x -5
Lt——
=l X"+ x+4

Evaluate :

Evaluate:

Evaluate : Lt

Evaluate:

Evaluate : (55" 5y

Evaluate : Lt

x—0 X
X
tan ()
Evaluate : Tt 3
x—0 X

Find dy ify=x*—4x*+7x —11.

dx

2 1 3
. Fil’ld d—y ify= X3+—2_—+_.
dx X x 2

.Findj—y ify= ok /- 3¢+ 7isinx - 8 cos x + 11
X

16.

17.

18.

19.

20.

21.
22.

23.

24.

25.

Find d—yifyz Jx log x.
dx

Find dy if y = x? cosec x.
dx

Find dy ify=(x*-4)tan x.
dx

Find & ipy= X=7
dx X+3

Find g—y if y = +/x log x cosec x.

X

Find v/x ify =x3 cot x log x.

Find & jfy= ¢ .
dx sin x
. ody . tan x
Find == ify =
dx Y x*
Find Y jpy = 12COSX
dx 1+ sinx

4
Find d—yify= —+ 7cosx —9logx+
X

dx cosec X
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10.

I1.

12.

13.

14.

Show that sin™ (1 2x 2] =2tan 'x.
+x

Show that tan'[ 2x 2) =2tan 'x.
—X

Prove that sin”! (3x — 4x¥) =3 sin! x.

Prove that cos '(4x* —3x) = 3 cos'x.

(x-y)

Prove that tan"'x — tan™' y = tan™! L

1+ xy/°

PART - C

Prove that sin"'x —sin”' y = sin™ (X\/ 1-y* - yx/ 1-x? )

Prove that cos'x —cos™' y = cos™ (xy—i— VI-x*1-y? ) '

Show that 2 tan™! [%} = tan™" (3] .

4
Show that tan™ I - cosx =X .
1+ cosx 2

Show that 2 tan™ (%] = tan ' (ﬁ] )

7
Evaluate : cos| sin™ [ij
13

Evaluate : cos| sin/' (i) +sin"! (Ej
5 13

Evaluate the following:

. x> -6 . x"—4°
@ in}6 x’ -6 (i) XI:>t4 x’ -4
sin 70 tan 60
(v) Lt 1
60 sin 20 6-0 tanl10

Differentiate the following w.r.t. X.
(1) y=(3x>+2x+1)e* tan x.

2sin X+ 3cosx

i) y=

() y 2cosx+ 3sinx

v) y=cosx—SlnX

+7

___e'sinx

(vii) ¥ 1

) x’e*

i =

(ix) 'y (x+2) tanx

(vii) Lt

1 _ 3 11 ) X32 o 232
o &4 (iv) Lt 7w
Xll _ 311
sin90 1—-cosx
(viii) Lt -
6-0 tan 70 x-0  XSinX

() y=02x+1)(3x-7) (4-9x).

x>+ 3
v =
(iv) 'y X COS X
. \/;+logx
(Vl) - X 3
€ +X
Jx+e
(vill)) Y=—7—
X’ sin X
X+ tan X
X =
)y e* —sinx
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14. (1) (3x*>+2x+1)e*sec’x +e*tan x (6x +2) + tan x (3x*> +2x + 1) e*

M) 2x+ 1) Bx-7)(=9)+Bx-7)(4-9x).2+#49%) (2x+ 1) 3
(iii) (2cosx+ 3sinx)(2cosx —3sinx) — (2sin X+ 3cos x)(—2sin X + 3cos x)

(2cosx+ 3sinx)’

(iv)

X cos X(2x) — (x” + 3)(—x sin X+ cos x) (v) —sinx— {(x + 7)cosx : sin x. 1}
x” cos’ X (x+7)

1 1
ex+x3[ +j—\/;+lo x) (e* + 3x’
( ) 2Jx  x ( gx)( ) (vii) (x*+1)(e* cosx+secx.e*) —e* sinx.2x
(ex + X3 )2 (XZ + 1)2

(vi)

1
x® sinx(+ e"]— \/;+ e*)(x® cosx + 3x? sinx
dx ( X )

(viii)

x®sin® x
(x+2) tanx (x’e* + 2xe* ) — (x°e*)[(x + 2)sec’ x + tan x . 1]
(x+2)* tan” x

(ix)

(x) (e* —sinx)(1+ sec’ x) — (x+ tanx)(e* — cosx)

(e* —sinx)’
ANSWERS
PART - A
1) (1) 60° (i1) 90° (111) 60° (iv) —30° (v) 30° (vi) —45°
(vii) — 180° (viii) 120° (1x)y=90° (x)=245°
ptq+r =5 3 3
4) atbic 5) 3 6)9 75 8) -2 9) 12x 10) -
2 12 456
11) sec* 12) 8ex + 4 cosec x cot x 13) ———= 14) —x—— 15) =755
X \/; 7 X
PART - B
5) 1 6)2 7)6.3° 8) z 9) 169 10) 12 1) ! 12) 1 13) 3x>—8x + 7
3 ' 13 5 2 3
14) 3x* _13+L2 15) T—?ae +7cosx+8sinx  16) £+ logx . 1
X X X 2\/;
18) (x*~4) secx + 3x*tanx  19) 10 20) —/xlogx cosec xcotx+ logx cosec x . ! + cosec X . %
(x+ 3y 2\/§ , X
21) x’ COtX+cosxlogx.?axz+10gx x(cosec’x) 22) Sinxe” — ¢’ cosx lex COSX 23) X see x—;[anx.4x
sin” x X
24) (1+sinx)sinx — (1 — cosx)cosx 25) —iz—7sinx—2+ sin X
(1+ sinx)? X
PART -C
12 16 L1 512 ... 1 215 7
11) T 12) o= 13) (1) 0 @ )— (i B (iv) ) 5
6 9 1
(vi) T (vii) 7 (vii) >
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DIFFERENTIAL CALCULUS-II

5.1 DIFFERENTIATION METHODS

Differentiation of function functions (chain rule), Inverse Trigonometric functions and Implict
functions. Simple Problems.

5.2 SUCCESSIVE DIFFERENTIATION

Successive differentiation up to second order (parametric form not included). Definition of differential
equation, order and degree, formation of differential equation. Simple problems.

5.3 PARTIAL DIFFERENTIATION

Definition — Partial differentiation of two variables up to second order only. Simple Problems.

5.1 DIFFERENTIATION METHODS

Function of Funtions Rule:

If 'y' is a function of 'u' and 'u' is a function of 'x' then the derivative of 'y' w.r.t 'x' is equal to the
product of the derivative of 'y’ w.r.t 'u' and the derivative of 'u' w.r.t 'x'.
d
ol & &
dx du dx
It is called function of function rule. This rule can be extended which is known as 'Chain rule'.
Chain rule:
If 'y' is a function of 'u' and 'v' is a function of 'v' and 'v' is a function of 'x' then.
dy dy-du dv

dx du dv dx
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WORKED EXAMPLES
PART -A
Find d—yif
dx
) y=02x+5)7 2)y= Jsinx 3)y=cos’x 4)y=e™
6) y = sin mx 7) y=sec\/; 8) y=cos (2-3x)

Solution:
1) y=(02x +5)
y=u’whereu=2x+5

d_y: 3u’ d_u: 2

du dx
dy dy du
dx  du " dx
=(3v) (2)
=6(2x+5)
2) y=~+fsinx
y= Ju where u = sin x
dy 1 |du
EZZﬁ o COSX
:11_7};: (ﬁ) (cosx)
_ COSX
~ 2sinx
3) y=rcos'x

y = u* where u = cos x

ﬂz 4u’
du dx

d_y = 4u’ (—sinx)
dx

= —4sinx cos’ x
4) y - etanx
y = e* where u = tan x
d
_y: eu
du dx
d
LA (e") (sec” x)
dx

tan x

=e™*sec’ x

u .
—= —SInx

du )
—=sec” X
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5)y =log (sec x)
y = log u where u = sec x
dy 1 |du

— | —=secXx tanx
dx

du u

gy = (l] (secxtanx)
dx \u

1
= (secxtanx)
secx

= tanx
6) y =sin mx

y = sin u where u = mx

d_y: (cosu) (m)
dx
= m cos mx
7) y=cos (2 - 3x)
y = cos u where u =2 — 3x

R - )
—=—sinu | dx
du

=-3
j—i: (~sinu) (-3)
= 3sin(2 - 3x)

8) y= sec/x

y =sec u where u = Jx
du 1

dx: 2J/x

d
_y: secu .tanu
u

dy = (secutan u)(
dx

)

1
= .sec\/; . tan\/;
N

Note:

1. d_x (e™) = me™

2. —— (sin mx)=m cos mx
Ix ( )

3. 7 (cos mx)=—m sin mx
ax )

4. — (tan mx) = m sec’mx
Ix ( ) sec
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5. =~ (cot mx) =—m cosec? mx
dx
6. = (sec mx) = m sec mx tan mx

7. Ix (cosec mx) = —m cosec mx cot mx

PART - B

Differentiate the following w.r.t 'x’.
) @¢-3x+1¢  2) cos(e™) 3) e
Solution:
1) y=02x*-3x+ 1)
y =u’ where u=2x*-3x + 1
du dx
dy 2
—=Bu")(4x-3)
dx
= 3(2x> - 3x+ 1)>(4x - 3)
2) Lety=cos (™)
y = cos u where u = e*

ﬂz —sinu d_u: 5e>
du dx

dy_ (—sinu)(5¢’™)
dx
= —5¢”* sin(e™)
3) Lety= esin’

y = ¢* where u = sin’x

d .
& e" | u= v’ where v = sin x
du
du v
—=2vV | —=cosx
dv X

dy_dy & dy

dx du dv dx
= (e")(2v)(cosx)
= 2¢"" *sinx cosx

sin? x

=sin2x.e

4) Lety =log (sec x + tan x)

y =log u where u = sec x + tan x

4) log (sec x + tan x)
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du )
1 | —=secx.tanx+ sec” X
— | dx
u

dy_
du
= secx(tan X+ secx)

d 1
% = [E] [secx(tanx + secx)]
1
= ﬁ .secx(tan X+ secx)
secX+ tan X

= secx
5) Lety = cosec’(5x+1)
y =u® where u = cosec (5x + 1)

ﬂz 3u’

1 u= cosec vwhere v=>5x+1
u

du dv
—=-—cosecvcotv |—=15
\% dx

d
LA (3u®)(—cosec v cot v) (5)
dx
= —15 cosec’(5x+ 1) . cosec (5x + 1) cot (5x + 1)

= —15 cosec’ (5x + 1) cot(5x + 1)

PART -C
Differentitate the following w.r.t x.
1) y=sin (e* log x) 2).(x2 # 5) € Asin x 3) y& (R cosx)}
4y y=1lo [I_COSX) 5 y= X 6)y =e* +sin (x2+ 5
)Y 8 1+ cosx ) y= 1+ x° )y=eh+sinx )

7) y=x%*log(secx)
Solution:
1) y=sin (e* log x)

y = sin u where u = ¢* log x

du 1 .
—=c¢"—+logxxe
d dx X
Y~ cosu (using product rule)
u

X[l )
=¢"| —+logx
X

dy _ (cosu){ex [l+ 1ogxﬂ

dx X

= cos(e” logx) [e" [l+ log xj }
X

2)y=(x*+5)e*sinx

u=x*+5|v=e™ W = sin X
du dv dw
—=2x | —=e?) | —=cosx
dx dx 2) dx

= D
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dy dw du dv
—=uUV—+ VW—+uw—
dx dx dx dx

= (x"+5)e ™ cosx+ e 7 sinx(2x)+ (x* — 5)sin x(—2e**)
3) y=(xcos x)’

y =u’ where u = x cos x

ﬂ= 3u® d_u= x(—sinx)+ cos x(1)
du dx
(using product rule)
= —Xsin X+ cosx
d .
Y o (Bu?)(xsinx+ cosx)
dx
= 3(xcosx)’(—xsin X+ cosx)
I—cosx
4) y=log
I+ cosx
1-
y=logu where u = cosX
1+ cosx
dy 1 ]du_ (I+cosx)(+sinx)—(1-cosx)(—sinx)
du u|dx (1+ cosx)’

(using Quotient rule)
dy _ (l] {sin x(1+ cosx)+ sinx(1 - cos x)}

dx \u (I cos XY
_[1+ cosxj 2sinX
1—cosx/| (1+ cosx)’
2sinx 2sinx

- (1+ cosx)(1—cosx) T 1-cos’x

_ 2sinx
sin’ x
2
sin X
5 |1+ X’
)y 1+ x’
y:\/a whereuzl_X3
dy 1 1+ x°
du 2y | du_ (+x)3xP) - (1-x7)(3x%)
dx (1+x°)?
3y —(1+x)-(1-x%7)
(1+x*)’
_ —6x*
(1+x*)’
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by (1) o
dx 2w/ (1+x°)
1 { —6x’ }
- / _x3 |1+ %)
) 1 x3 ( )
1+ x
_ -3x’ /1+ x’
1+ x’)y N1-x

6) y=e*+sin (x> +5)

j—yz e™ x 4+ cos(x” + 5) x (2x+ 0)
X

= 4e™ + 2x cos(x” + 5)

7) v =x%log(secx)

u=x° v=eX w = log(secx)
d
d_u: 3x? d—V: e ¥ (-5) v _ secX . tanx
dx dx dx secx
— _§e ¥ = tanx
dy dw du dv
—=UV—+F VW —+ UW —

= x’e ™ tanx+ e ** log(sec x)(3x%)+ x’ log (secx)(—5¢ ")

5.1.2 DIFFERENTIATION OF INVERSE TRIGONOMETRIC FUNCTIONS

If x = sin y then we get a unique real value of x to the given angle y. But if x is given y has many
values.

We can express y interms of x as y = sin'x "Inverse sine of x". The Quantities sin 'x, cos'x,
tan'x, cot 'x, sec'x, cosec'x are called Inverse Trigonometric Functions.
Differential co-efficient of sin'x:

Lety =sin'x

=siny=x

Differentiating w.r.t x

dy
cosy.—=1
Y dx
dy 1
dx cosy
B 1
J1-sin’y
i.e.,i(sin’1 X)= !
dx 1-x°
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Similarly we get

(1) c;ix(cos’1 X)=

1-x
. d 0
—(t —
(@) dx (tan™x) 1+ x?
. d 4 -1
— t —
(ii1) ™ (cot™ x) T

d -1
(iv) —(sec' x) =
dx xvx* -1
-1

d
(v) —(cosec 'x) =
dx xvx* -1

Find dy if
dx
(i) y=sin"'Vx
(i) y= cos ' (2x)
(iii) y = tan "' (log x)
Solution:

(i) y=sin"'v/x

dy_ sin”' u where 1 =/x
dx
dy 1

du 1

du e | dx 2Vx
dy [ 1 )1
dx L\/l—uz)[%/;)

1 1

[17(\/;)2 2Jx
S S
Ji-x 24x
1
NS
(i1) y = cos!(2x)
y = cos™'u where u = 2x
dy__ -1 |du_
du Jl—u? | dx B
dy -1
dx  J1- u’
-1

2

2

:

WORKED EXAMPLES
PART - A
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(iii) y =tan"'(log x)

y = tan"'u where u = log x
dy 1 du 1
du 1+u? ldx x
ey
dx Uru?/\x
3 1
- x[1+ (log x)*]
PART - B
Findd—yif
dx

(i) y = sin"!(cos x) (i) y=cos!'(2x +3)

Solution:
(i) y = sin"!(cos x)
y = sin"'u where u = cos x
1 |d
du 1— u2 dx
dy _ (1 .
sinx
dx L\/I u’ ) ¢ )
= ;(— sin’x)
VJ1—cos® x

—sinx
= = —1

Vsin® x
(il)) y=cos'(2x +3)
R ST P
dx  \J1-(2x+3)? dx

L

J1-(2x+3)?
~ -2
J1—(2x+ 3)?
(iii)) y=cos'(2x*—1)
d_y_ _—1 i(
dx Ji-@x2 -1y dx
S S

J1 —(2x2 -1)°
-4x -4x

= —sinXx

2x%)

(iii) y = cos!(2x?

—1) (iv) y=sin!(3x — 4x3)

Tm@e o1 i bl - A
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ALITER
y =cos '(2x*-1)
Putx=cos 6
y =cos' (2 cos?0—1)
= cos—1(co0s20)

(iv) y = sin"'(3x — 4x%)
dy _ 1
dx 1-(3x —4x°)’
ALITER

Putx =sin 0

.(3-12x%)

y =sin"! (3 sin0 — 4 sin’0)
= sin"'(sin30)

y =30
y =3sin'x x=sin 0 = 6=sin"'x
dy 3
dx 1-x?
PART - C
. L(1-x2)
(i) y = cos 1L1+ sz

. ) 2x ]
-1

11) y = sin

Dy (1+ x*

2xX
iii =tanl( )
(ii1) y —

(iv) y=(1 +x*)tan ' x

Solution:

1-x2)
1+ XZJ

(i) y=cos' (

Let x =tan 6 = 6 = tan 'x

(1-tan®0)
=C0S | ————

k1+ tan” 0
= cos ' (cos20)
=20
y=2tan"'x
1

dy_, 1
dx I+ x

y
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2x
i) y= sinl( j
iy 1+ x?
Letx =tan 0 = 0 = tan"'x
3 sinl[ 2tan6 )
y 1+ tan’ 0
= sin'(sin 20)
=20
y=2tan"'x
1
_,

dx 1+ x?

2xX
iii =tan1[ ]
(i) y —

Letx=tan 0 = 0 =tan"'x

—tanl[ 2tan® j
Y 1—tan’0

= tan ' (tan 20)
y=20
y=2tan'x

1
oo, 1
dx I+ x

(iv)y=(1+x")tan'x

dy_ (1+x%) ! +tan ' x(0+ 2x) (using product rule)

dx 1+ x
=1+ 2xtan'x

2

5.1.3 IMPLICIT FUNCTION

If the variables x and y are connected by a relation f (x, y) = 0 then it is called an implicit function.
i.e If the dependent variable (y) cannot be expressed explicitly in terms of the independent variable

Example: ()x*+y*—4x+y+12=0

2 2
(i) =+ =1
a

b2 are implicit function
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PART -B
1. Find g if
dx
(1) x2+y*+2y=0 (i) x2 + y? = a? (iii) xy=c¢c?
Solution:

(i) x*+y*+2y=0
Differentiate w.r.t x

2x+ Zyd—y+ 2d—y= 0
dx dx
ﬂ_ﬁ. d_y: 0

+
X ydx dx

dy
+1)—=-—
(y )dX X

dy —x
dx 1+ y
(i) x2+y?*=a?
Differentiate w.r.t x
dy

2x+2y—=—=10
y dx
dy
Xx+y—=0
Y dx
dy -
dx
dy _—x
dx vy
(iii)) xy =¢?
Differentiate w.r.t x
X. j—y+ y(1)= 0 (using product rule)
X
dy
* dx Y
dy_-vy
dx x

(iv) Jy+x=+a

Differentiate w.r.t x

1 1 dy 0
2\/7 \/7 dx
Multiply by 2

1 1 dy
—+—= =0
Jx \/§ dx

1 dy —1
f dx  Jx

dy_y
dx  Jx
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PART - C
1. Find dy if
dx
(1) cosx+siny=c (il) x’siny = ¢ (i) y =a + xeY
Solution:

(1) cosx+siny=c
Differentiate w.r.t X

. d
—s1nx+cosy.d—y=0

X
cosy.gz sin X
X
dy _ sinx
dx cosy

(i) x*siny=¢
Differentiate w.r.t X

d . .
x* cos y.d—y+ siny(2x)=0 (using product rule)
X

x” cos y.ﬂz —2xsiny
dx
dy _ —2xsiny
dx . x’cosy
dy -2
—=—tan
dx x y
(i) y = a + xeY
Differentiate w.r.t X
d_y: 0+x ey.ﬂ+ e’
dx dx
d
Y xe? dy =¢
dx dx
dy
—(1-xe")=¢
i ( )
dy__ ¢
dx 1-xe
2. Find & if
dx
(1) x*+y*=3axy (i) x*+y*—4x+6y—5=0 (iii) x? + y* =xy

(iv) ax? + 2hxy + by* + 2gx + 2fy + ¢ =0
(1) x*+y*=3axy
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Differentiate w.r.t X

3x7+3y° jy 3a [xg—y+ y(l)}
X

Divide by 3 (using product rule)

dy dy
X+ y —L=a|lx—2+
Y dx [ dx y}

dy dy

2 2
Y dx dx Y

2

d
(v ~ax) 2= ay - x

dy _ay—x’

dx y’ —ax
(i) x*+y*—4x+6y—5=0
Differentiating w.r.t x

dy

2x+ 2yd—74+6 =0
dx d

X

TN AN S
dx dx

—(2y+ 6)=-2x+4
dx
dy  —2x+4  2(-x+2)

dx 2y+6  2(y+3)
—X+2

y+3
(iii) x2 + y* = xy
uv rule

Differentiating w.r.t X,

dy _dy
2x+2y—=x—+y(l
e y(d)
2yd—yfxd—y: -2x
dx dx

—(2y—x): y—2x
dx
dy y-2x
dx 2y-x
(iv) ax? + 2hxy + by* + 2gx + 2fy + ¢ =0
Differentiate w.r.t x

2ax + 2h[x.d—y+ y(l)}r b(2y).g+ 2g(l)+ 2f.ﬂ+ 0=0
dx dx dx

Divide by 2

dy dy
ax+h +h +b +eg+f—=0
AR yd & i

g(hx+ by+f)=—-ax—hy—g
dx

dy -ax-hy-g
dx  hx+by+f
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1. Ify=¢*find

5.2.1 SUCCESSIVE DIFFERENTIATION

If y = f(x) then j—y: f'(x) is a function of x or constant which can be differentiated once again.
X

d_y: f'(x) is the first order derivative of y w.r.t x.

dx
ﬂ_i(d_y) is th d order derivati f t
. dx\dy) 18 the second order derivative of y w.r.tx

1.e the derivate of ﬂ W.I.t X.
dx

ﬁz i(ﬂ\ is the third order derivative of y w.r.t x and so on.

dx?*  dx{dx?

Notations of successive derivatives

d

oy =y'=f'(x)=D(y)

dx

&y

dx?

dn n n n
Y=y, =y =f"(x)=D(y)

dx

=y,=y"=f"(x)=D(y)

WORKED EXAMPLES
PART - A

2

dy
dx? -

Solution:

2

dvy

2. Ify=sin 3x find 75 .

dx?

Solution:

gz 3cos3x
dx

d’y .
ol = 3(-3sin3x)

= -9sin3x
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PART -B
1. Ify=acosnx +b sinnx find y,.
Solution:
y, =a(-nsinnx)+b (ncosnx)
=n (—asin nx + b cos nx)
y, =n[-a(+ncosnx)+b (-nsinnx)]
=n’ (a cos nx + b sin nx)
3 3 d2y
2. If y=Ae*+ Be ™ find PR
Solution:
dy _ A(3e*™) + B (-3¢ )
dx
=3 (A.e®™*—Be™)
d2y 3 3
= 3[A(3e™) — B(-3e™)]
=3[3Ae™*+3Be™]
=9 [Ae™* + Be™]
3. If y =tan x find Y,
Solution:
dy - sec’x
dx
'y
% =2 (sec X) x sec X tan X
= 2 sec’x tan x
PART - C
1. If y = x* cos x prove that x?y, —4xy, + (x*+6) y = 0.
Solution:
y =x’cosX
y, = x2 (- sin x) + cos X (2x) (using product rule)
=—x?s8in X + 2X coS X
y, =-—X*(cosx)+sinx (- 2x) + 2x (- sin x) + cos x (2)

=—x%¢cos X — 2x sin X — 2x sin X + 2 cos X
=—-x?cos X —4x sin X + 2 cos X
X%y, —4xy, + (x*+6) y = x> [- x> cos X —4x sin X + 2 cos X]
—4x [-x? sin X + 2x cos X] + (x% + 6) (x% cos X)
=—x*cos x — 4x3 sin x + 2x% cos X + 4x? sin X — 8x? cos X + X* cos X + 6x> cos X
=0
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2. If y = e*sin x, prove that y, -2y, + 2y = 0.

Solution:
y =e*sinx
y, =€*(cos x) +sin x (e) (using product rule)

y, =€‘cosx +y (D)
Differentiating w.r.t x
y, =€ (-sinx)+cosxe* +y,
Y, ==y (y,—y)ty, from(1)
Y, ==Y Ty, -y Ty,
=—2y+2y,
y,—2y,+2y=0
3. If y =acos (log x) + b sin (log x) prove that x’y, + xy, +y = 0.
Solution:
y =a cos (log x) + b sin (log x)
Differentiating w.r.t

y, = a[—sin(log X).l:|+ b[cos(log X). l}
X X

1
Yi=

T x
xy, = —asin(logx)+ bcos(logx)

[—asin(logx)+ bcos(logx)]

Differentiating w.L.t X

Xy, + y,(1)= —acos(logx) . %+ b[sin(logx) . i]

Xy,+y,= ?l[a cos(logx)+ bsin(log x)]

X[xy,+y,]= -y
xzy2 +xy,+y=0

5.2.2 DIFFERENTIAL EQUATION

Definition: An equation containg differential co-efficients is called differential equation.
Examples:

dy
. —+y=x
dx Y

2. x=F+i1=0
dx
2

3. ad—}21+ bd—y+ cy=d
dx dx

Order of the differential equation:
The order of the highest derivative in the differential equation is called order of the

differential equation.
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Degree of the differential equation:

The power of the highest derivative in the differential equation is called degree of the differential
equation.

Example:
(1) 7((12—3'] +5[d j5+7y=sinx
dx

Order — 2, degree —2
Formation of Differential Equation:

A differential equation is obtained by differentiating the function f (x, y) = 0 as many times as the
number of arbitrary constants, followed by elimination of arbitrary constants.

PART -A

1. Find the order and degree of the following differential equations.

(d’y) 2y dy
(1) Ld J 2—+7y 0

2
(ii) [d_y) + xﬂ: k
dx dx

dy d%
111 1+—:
(iif) dx  dx?

Solution
(i) order = 3, degree = 4
(i1) order =1, degree = 2
dy d’y
i) |1+ —=—
(i) dx dx’
Squaring on both sides
dy ( dzy\
1+
X
(-5
Order -2, degree — 2.
2. From the differential equation by eliminating the constant.

(i) xy=c (i) Vx++y=+a

Solution:

() xy=c
dy .
X. d—+ y.1=0 (using product rule)
X

dy
x—+y=0
dx y

(i) Vx+.y=+a
1 1 dy
2«F 2\/7 dx
Multiply by 2
1 1 dy

R

\/7dx
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PART -B
From the different equation by eliminating the constants.
L
(i) y=ax+b (i) y=me™ (i) 37! (iv) y* = dax
Solution:
(i) y=ax +b?

dy
—=a(D+0
™ a(l)
&y
dx?
(i) y=me® —)
dy=m.(565")

=0

dx
g_ 5m(e’™) from (1) me™ =y
dx

dy
2 _5
dx Y

x_y
(i) S+ =1

Differentiating w.r.t X

l+l gzo
a b dx
2
0+19Y g
b dx
2
Yo
dx

y

2y.—=4a(0

Y 0)
dy [(y") ) y’

2y~ =42 =4ax, >—=a
dx L4XJ k s 4x J
dy vy’

oy =L

ydx X
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5.3 PARTIAL DIFFERENTIATION

Functions of two or more variables:

In many applications, we come across function involving more than one independent variable. For
example, Area of the rectangle depends on its length and breadth, volume of cuboid depends on its
length, breadth and height.

Hence one variable u depends on more than one variable.
ieu=f(xy)  v=0(¥72)
Definition of partial differentiation:

Letu = f (x, y) then partial differentiation of u w.r.t x is defined as differentiation of u w.r.t x treating

y as constant and is denoted by g_u
X

LOu_ (A% Y) —f(xY)
aX Ax—0 AX

Similarly partial differentiation of u w.r.t y is defined as differentiation of u w.r.t y treating x as con-

stant and is denoted by ou .

oy
.3_11 lim f(x,y+ Ay)-f(x,y)
) ay Ay—0 Ay

Second order partial derivatives:

In General, ou and Vi are function of x'and y. Theywcan be'further dfferentiated partially w.r.t x
and y as follows?X oy

()i(au\ (&)
Voxlax) o

(H)i(au\ ([ &u
x\ay)~ LaxayJ
o (ou) ( &u )

(1) _Lax) L@y OXJ

(W)i(au\ (&u)
k@yJ L@yzj

2 24
For all ordinary functions {aa g j [aa - ]
X oy y 0X
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WORKED EXAMPLES
PART - A

1. Find ou and ou for the following:

0x oy
(i) u=x+y
Solution:
)u=x+y
ou_,
0X
ou_,
dy
i) u=x*+y?
a—u=3x2
ox
G_uz 3y*
dy

(ifi) u=e*

ou

- ex+y 1 — ex-%—y
ox @

ou e ()=¢e
dy

(iv) u=ex*¥
6_u
0Xx
Ju

(i) u=x*+y* (i) u=e*"Y

— e2x+3y (2) — Ze2x+3y

7 er+3y (3) — 362x+3y

PART - B

(i) Find ou and g_u for the following:

0x y

(1) u=x3+4x%y + 5xy* +y*
(il)) u=S5sinx+4tany

(iii) u=y?sec x

(iv) u=sin 4x cos 2y

Solution:

(1) u=x3+4x%y + 5xy* +y*

ou
X
ou
oy

—=3x"+8xy+ 5y’ +0

—=0+4x>+10xy+ 3y’
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(i) u=5Ssinx+4tany

6_u: S5cosx+ 0
0x

0
U0+ 4sec’y

oy

(iii) u=y?sec x

ou ,

— =y secxtanx
ox

0

au_ secx.2y

(iv) u=sin 4x cos 2y

6_u: 4cos4x.cos2y
0x

8_u: 2sin4xsin 2y
dy

2

0%u

2. Find P and a_yz for the following:

(i) u=x>+y?
Solution:
() u=x+y’
Ju

—=3x+0
X
2
0 121=6x
o0x
oy 3y*
dy
2
0 121=6y
oy

(il) u=x’tany
ou )
—=3Xx"tan
P y

2

u
—= 6xtany
X

0

B XPsec’y
dy

0’u
oy’

(i) u=x’tany

=x’(2secy.secy tany)

=2x’sec’y.tany
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: 0’u
and ——— for u = x%".
0x0y 0yox

3. Find

Solution:
u=x%*%
ou
X

2
a u _ i(@\ _ 2X ) (SGSy): 10X65y
0yox GyLGX

ou_
oy
o’u 0 (ou)

axay = a—xkg) =10xe™

=2xe™

5x%e™

PART - C

2

1. Ifu=log (x’+y? find

Solution:

ox*’

u=log (x’+y?
ou__ 1
ox x’+y3

2 3 3 2 2
0 121 = (x+y )(6X3) (3;x2 Va¥. ¥ (using quotient rule)
19):¢ xX"¥y)

(3x%)

B 6xy’ —3x*
S X+y)

www.binils.com
Anna University, Polytechnic & Schools



Differential Calculus-IT

147

3. Ifu=x3+3x% + 3xy*+y? prove that xa—u + ya—U1 =3u.
0x dy
Solution:
U=X +3X°V+3XY° Y e, (A)
8_u= 3x° + 6xy+3y*+ 0
0x
ou ) )
x—=x(3x"+ 6xy+ 3y”)
ox
du 3 2 2
X—=3X"+6X"y+3Xy" = e, )
0x
u=x"+3x’y+3xy’ + y’
ou_ 0+ 3x” + 3x(2y)+ 3y’
ay
=3x’+ 6xy+ 3y’
ya—uz y(3x* + 6xy+ 3y°)
dy
=3’y + 6Xy° +3y° e, 2)
H+2)=
du ou 3 2 2 2 2 3
X—+y—=3x"4+6x"y+3xy +3x"y+ 6xy + 3y
ox "0y
= 3% 9%y 4 Oy at 3y’
=3(x*3x Wy H3xy* * yd)
= 3uusing (A)
EXERCISE
PART - A
1. Find dy if
dx
(1) y=02x+5) (i1) y=+/ax+Db
(iii) y =sin 2x (iv) y = cos’x
(V) y = sin®5x (vi) y=tan/x
(vil) y =sin (cos x) (viii) y = cos (log x)
(ix) y=log (2x +3) x) y= e
2. Find dy if
dx
(i) y=sin"'(2x) (i) y=cos'(x?) (ili)) y=tan'(vx)  (iv) y=cos'(e)
3. Find g—y from the following equations
X
(i) y*=4ax (i) 2x>—y*-9=0 (iii)) x*+xy=0(iv) xsiny=c
4. If(H))y=2x"—-4x>+3
d2
(ii) y =sin’x (i) y =x + cos x find d—}; .
X
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5. From the differential equation by eliminating the arbitrary constants from the following equations.

(i) y=ax+b (i) y*=4ax (i) y=mx

1
(iv) ¥y= mX+E (v) x*+y*=a’ (vi) y=cx +¢?

6. Find 2% and 2% ifu=x*+ 5x’y + v,

0x oy
7. Ifu=e Y find ou and 6_u
ox oy
8. Ifu=tan (ax + by) find 6_u
ay
ou
9. Ifu=tan (ax + by) find x
X
PART - B
1. Find dy if
dx
(i) y=cosec’(5x + 1) (ii) y =tan (x’log x)
logx 3
(iii) y=cos[ f } (i) y—cCOs X
2. Find dy if
dx
(i) y=+/x tan'x\/ (i) y= X Hean'(x2) | (i) [y/= (sitg'x)? (iv) y = cos'(4x’—3x)
2 2 — dy
3. Ifx*—y*=5y—3xfind —=.
dx
2y Qi dy
4. Ify*=xsiny find —=.
dx
. . dy
5. Ifsiny=xsin(a+y)find —=.
dx
d’y ., dy
6. Ify=ae*+be™ that X §+2&:xy.
cosX
7. Ify= . prove that xy, + 2y, +xy =0.
8 Trusx 2%y + Iyt y find LY and L8
- Ifu=x*-2xy +3xy* +y’ find 7> an oy
ou 0°u
9. Ifu=xfind i %
10. Ifu= x>+ y2 show thatxg—u +yg—u =u.
X y
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PART - C
Find Y if
dx
1+ sin2
(1) y=¢*log x sin 2x (i) y= w
1-sin2x

(iif) y= Sindogx) (iv) (3x*—2) cot x . log sin x.
X
Find dy if
dx
(i) y=cos” (1-x) (i) y=xsin'(tanx) (i) Y= S—ﬁ
y L1+ XzJ y 1 _ X2
If y = x* sin x prove that x’y, —4xy, + (x> + 6) y = 0.
2 2
Verify that Ou = Ou for the following functions:
0x0y 0yox
2 2
@u=—-L  (iu=xsiny+ysinx (iii)uzlog(x +y")
y X L Xy
o ol
Ifu=x*+4x% + 3x%* + y* find x2—13+ yz—lzl.
ox oy
. Ifu=log (x2+ yz) show that xa—u +y6_u =2.
ox oy
ANSWERS
PART -A
a
. + sy . . o
(i) 6(2x+5) (i1) Yt b (i) 2 cos 2x  (iv) —3 cos*x sin x
(v) 10 sin 5x cos 5x (vi) ! sec’ \/x (vii) — [cos (cois x)] sin x
24x
1 . . 2 2
(viil)) ——sin(logx) (ix) (x) 2x e*
X 2x+3
. 2 .. 2x 1 . —e"
(1) m (i1) —ﬁ (iii) 2\/;(1+ X) (iv) N
2 —
G dy_2 Giy Y _ 2% iy XY (v) 20y
dx vy dx vy X X
(1) 40x*—8 (i) 3 sin x [2 cos*x — sin’x] (ii1) — cos x
d’y dy dy dy  dx
i)—5=0 il) y* = 2xy — i) y=x—= (iv)y=x—2+—
M) 2 (i) y orm (iii) y . (iv)y o dy

dy . dy [dyy
v)x+ty— =0 Vi) y=x—=+ —
(v) ydX (vi)y ol em

3x2 + 10xy, 5x% + 3y?
2x e, 2y e
a sec’(ax + by)
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PART - B
1. (i) 15 cosec® (5x + 1) cot (5x +1)  (ii) x (1 + 2 log x) sec? (x* log X)
—(1+logx) . (logx
(iii) 2 sin » (iv) — 3 cos’x sin x e
. .. 2x L. 2sin'x . -3(4x” -1)
2. () L tanx+ x (i) 3%+ — (iii) = (iv) - -
2% 1+ x? 1+ x 1-x J1-(4x* —3x)
2 i i
e L any 5, sin@ty) 8. 6x— 4y, 6x + 6y
2y+5 2y —Xcosy cosy—xcos(a+y)
9. yxl, y(y - x?
PART - C
o 3x . sin 2x . 4cos2x
1. (i)e [2log xcos2x+ 3log xsin 2x + J (i1) —(1 ~sin2x)’

(iii) cos(logx) —sin(logx)
2
X

(iv) 12x (3x*—2) cot x log (sin x) + (3x? — 2)? cot’x — (3x* — 2) log (sin x) cosec’x
2 (i) % sec’ x (iif) V1-x* —xsin'x
5 o 2
I+x VJ1—tan®x

10. 6 (2x* + 4x3y + 2x%y? — xy? + 2y%)

2. (i)

1-x)"
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