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2.1 FOURIER SERIESANALYSIS

The Fourier representation of signals can be used to perform frequency
domain analysis of signals in which we can study the various frequency
components present in the signal, magnitude and phase of various frequency
components.

Conditions for existence of Fourier series:
The Fourier series exist only if the following Dirichlet’s conditions are satisfied.
« The signal x(t) must be single valued function.

« The signal x(t) must possess only a finite number of discontinuous in the

period T.

o The signal must have a finite number of maxima and minima in the period
T.

« x(t) must be absolutelyintegrable.
[ x(®)ldt < o

Types of Fourier series:
o Trigonometric Fourier series
o Exponential Fourier series

o Cosine Fourier series
TRIGONOMETRIC FOURIER SERIES

The trigonometric form of Fourier series of a periodic signal, x(t) with

period T is defined as

x(t) = ao +3 "p=1 an€0SN Qot +3 5zq by SINNQot ------- 1)

where ao, an, bn — Fourier coefficients of trigonometric form of Fourier series
1 to+T

ao—TI x()dt
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2 tot+T
an = T"- x( ) cosn Qodt
to
2 T
bn ?J- x( ) SiNn Qodt
to

EXAMPLE 1: Find the trigonometric Fourier series for the periodic signal x(t) as
shown in Figure

it
i $x0)

T 5 - -;g__lTl 3 5 7 9 't - i I >,
Solution:
T=3-(-1)=4and Q,=%"="_
To find roe
o find a, .
ao = [T x(t)de = T 1dt + [P -1dt]
Tt, 4 -1 1
L 11,13
=2 [[e]2y — 1[e]i]
= J;[Z - 2] E
4
To find a,

1

to+T 2
[ x(t) cos nfyt dt :Z[J

o |

[sm nﬂgt [sin nﬂgtr
nfly _1 nfly 1

3
cos nf)yt dt + J (—1)cosnf2yt dt]
1

2 2 1

1 2 . T . T . -
=_()Isinn_ —(sinn (- 1)) - (sinn  (3) —sinn )]
2 nm 2 2 2 2

(R SV
=[_][sinn _+sinn_-sin 3n +sinn ]
nm 2 2 2 2

. T
B —[3sm - (-sinn M) = i[SIn n_]
nm 2 2 ni >
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To find b,

t0+T

_j £ sinn Q.dt

5 3
N Z[j sinn Qotdt +[ —sinn Qotdt]
-1

1

1
1 3 —-CO0S n—Zt cos n= ¢
~ 1[[—COSnQOt] _—COSth 1= 1[[ ]
2 nQ, —a ]1 2

[ﬁ (COSn - cosn (—1))+
nm 2

NIl =

i (cosn 2(3) -cosn E)]
nr

nm T
= [0+ _(cos (2nmt - )-cosn )]
2 nm 2 2

=[1(cos n™ - cos n’)]=0
2

nrm

Trigonometric Fourier Series

(e o)

x(t)=ao+ > ancosnQot+ >

=1
n=1 5

b.sinnQ,t

T
nrtt
= Z—sm ( ycosnQ L= Z—sm (_)cosn
n= 1 n= 1
EXAMPLE:2 Obtain Fourier series of the following full wave rectified sine wave

shown in figure

Solution:

x(t) = x(-t); Given signal is even signal , so b, =0

2T
T=1and Q,= —=4
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To find a,
T 1
2 2
2 2
ag = P ’-l(f) dt = 1 “l(f) dt = fsinnt dt
0 0 0
1
. 2 T 2
_o_ COS 1t 2 ~ ~ -
[ T ]O=—n[c032—cosO]=
To find an

! 4 tsinmtt cosn2nt dt
an = —j2 (t) cosnQotdt = —j

N -

= 2J [sin((1 + 2n)mt) + sin((1 = 2n)xt)] dt
0

=

cos((1+2n)mt) cos((1-2n)mt) 2

:2[—
0
(1 + Zn)Tl' (1‘271)77: ]
cos ((1 + 2n)—n) cos (1 - 2n)™)
[ : 2 :
_ +
= 1+2n 1+2+E}
1-2n
2 1 1 2 1-2n+1+2n 4
= [ + ]: ]:
nl+2 1-2 7_[[ 1 -4n? (1 - 4n?)
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Trigonometric Fourier Series

o0
o0

x(t) =ao+ > ancosnQ,t+>  bnpsinnQt

n=1

n=1

P[0,0]
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EXPONENTIAL FOURIER SERIES

The exponential form of Fourier series of a periodic signal x(t) with period

T is defined as,

oo

x(t) = Z c, eln ot

n=—oo

The Fourier coefficient C.can be evaluated using the following formulae

Cp = x(t)e Mot gt

e
ol ——

EXAMPLE 3: Find exponential series for the signal shown in figure

X(t)
E P

d 1 2 3

v

Solution:

Lo, _ 22
T=100=7="=2m
Consider the equation of a straight line

y—» X —Xx1

Ya—¥Y1 Xz2—X1

(1)

L ___.al,]

P[0,0]

Consider points P,Q as shown in figure
Coordinates of point P = [0,0]
Coordinates of point Q = [1,1]

On substituting the coordinates of points P and @ in equation
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x(lt)__oo = t1__00=> x(t) =t
x=t,y=x(t)
To find C,
1T 1 (!
co = ?J‘U x(t)dt = Ifu (t)dt
R |
=131 =3
To find

x(t)eIniot gt

3")
I
N =
N||""]L—_‘ﬁb.3|h-] 9

1 1 g~in 2mt 1 E—anﬁt
=—f teIn2mt gy — f
1J, —jnZR’ —jnzzrr

—j2nn e~Jj2nnt
—]21m [—j2(27m)2 0
E—ann e-jﬂZ‘JT 1
=] LI My
n2mw n-4m n-4qr
_ N 1 I |
" n2m n24xl nz-‘-hrz__ n2m
c :—j
" on2m
_J -
1= 21’ Cz2 = 4
Jj J j
e e e =
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Exponential Fourier Series

(*a]

x(t) = Z ¢, el™ ot

n=—od

j J J J J

| B i B 1 . _ |
x(,t)=+---——e ,rﬁrrt__e jdmt — 2 e j2mt +_+_E}2?Et +_e;4-:'rt _l__gjﬁrrt 1L

om 47 2T 2 2 41 6

_1 L jimt _ ,—j2mt L jémt _ —jdmt J_ jemt __ ,—jont
—2+2H[ e ]+4n[€ e ]+6n[€ e ]-I—

1 1 r;zm _ E_,—j}rrt

"2 w| Dy

1 Ejil-ﬂr _ e—;‘4m 1 E,jE-:'rt _ e—jﬁi‘?t
2 T

B e T e

1 -1y 5 1 4 1 p
=—+(— t——— t—— t
> + ( - )sm T o sin 4 371'5111 T

1 1 1 1
= ———[sin 2nt + —sindnt + —sin 6wt + ]
2 m 2 3

COSINE FOURIER SERIES

Cosine representation of x(t) is

(e o)

X(t) = Ao + ZAn COS(nQot + en)

n=1

Where Ay is dc component, A, is harmonic amplitude or spectral amplitude and 6,
is phase coefficient or phase angle or spectralangle

EXAMPLE 4: Determine the cosine Fourier series of the signal shown in Figure

X(t
/\TA AR

1 e 2m 3mt g
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Solution:

The signal shown in is periodic with period

2T
T=2mrand Q@ = —=1
2T

The given signal is sinusoidal signal,

s x(t) = Asin Qe

ﬂ_2:11:_211_1 A1
Here, T 2m T
S x(t) = sint
To find a,
1 T
()
ao=Tf0x tdt
= H'tdr:—l[ t]“—l + 0—12—1
—znusm =5l cos D_ZH[ cosm + cos ]_ZTT[]_
To find an

2 fr 2 1. if*
Ui = ?fo x(t) cosnytdt = ﬂjo sint cosntdt = ﬂ_l; [sin(1+ n)t + sin(1 —n)t]ldt

1 [_ cos(1+n)t cos(1 —n)tr

T on (1+n) [i—n) 0

1| cos(1+n)m cos(l—n)n_l_ 1 N 1
C2n (1+4+n) (1—n) 1+n 1-—n

1 1 1
|-

1 1
= odd : = l— —
forn=o On 21 1+n 'l—n+1—|-n+1—n
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; 1[ 1 1 1 1]
= 217 : —
arn erven - dy 2rll 4+ n 1—n 1+n 1—n
_1[1—11+1+nl_ 2
R 1 —n? - (1 —n?)
0 for n=odd
an = { 2 for n =even
(1 — n?)

To find b,

2 (T 2 ("
b, = —’- x(t) sinnflyt dt = —[ sint sinnt dt
T Iy 21 Jo

1 ™ ( ) ( ))
= cos1-n t—-cosl+nt dt
2n”
L Y sin@ =)t [sin@ + n)t @

2 (1-n) (1+n)

1 sin(l-n)r sin(l+n)r
21 (1-n) (1 +n)

0]=0

calculate the Fourier coefficients of Cosine Fourier series from Trigonometric
Fourier series:

1
T

2
A =Va2+h2= , for neven

" " oon o g(1-n?
b
9, = —tan™t "=0
an

Cosine Fourier Series

x(t) =Ap + Z A, cos(nQyt+6,)

n=1
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° 2
=+ > coS nt

(n=even)

1 2 2
b cos2t+————cos 4t + -
T (-4 T ra—16)”

= = - 2t 2 4t = 1 24 2t ! 4t
= — =3 C0S 2t ——CoS + —ﬂ—n[gcos -|-15(.'O.S' + ]
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2.2 FOURIER TRANSFORM

The Fourier representation of periodic signals has been extended to non-
periodic signals byletting the fundamental period T tend to infinity and this
Fourier method of representing non- periodic signals as a function of frequency
Is called Fourier transform.

Definition of Continuous time Fourier Transform

The Fourier transform (FT) of Continuous time signals is called

Continuous Time Fourier Transform

Let x(t) = continuous time signal

X(jw) = F{x(t)}

The Fourier transform of continuous time signal, x(t) is defined as
X(w) = Fix(®)}=J  x(t) e7®dt

Conditions forexistence of Fourier transform
The Fourier transform x(t) exist if it satisfies the following Dirichlet’s condition

1. x(t) should be absolutely integrable

(¥ 4]

e , f x(t)dt < oo

— 00

2. x(t)should have a finite number of maxima and minima with in any finite
interval.

3. x(t) should have a finite number of discontinuities with in any interval.

Definition of Inverse Fourier Transform

The inverse Fourier Transform of X(jcw) is defined as,

O MR 1= g
xt=F Xj = X(]a) dQ

Download Binils Android App in playstore Download Photoplex



http://www.binils.com/
https://play.google.com/store/apps/details?id=binilselva.allabtengg.release001
https://play.google.com/store/apps/details?id=com.binilselva.photoship

www.binils.com for Anna University | Polytechnic and School

EXAMPLE 1: Find Fourier transform of impulse signal.

Solution:
Fix()}=X(w) =]  x(t)e7«'dt

F[6(O)1=] &(@t)e7*dt

—0o0

[ Impulse signal 5(t) = {E‘;::: : ?:‘: [ﬂ

F[5(t)] = 6(0)e 7@ =1

EXAMPLE 2: Find Fourier transform of double sided exponential signal.

Solution:

—at .
F[e—a|t|] - {e t= O}
e :t<0

0 0
Fleal]=[  edteTwtdt+ [ eatejwtdt
—00 O

o0

0
:I e(a_jw)tdt +J- e_(a"'jw)tdt

o0 0
e(a—jw)t 0 e—(a+jw)tOO
= +
ey ey
—0 0
3 1 N 1 _atjwta—jw
(a-jw) (a+jw) a?+ w?
3 2a
a?+ w?

Download Binils Android App in playstore Download Photoplex



http://www.binils.com/
https://play.google.com/store/apps/details?id=binilselva.allabtengg.release001
https://play.google.com/store/apps/details?id=com.binilselva.photoship

www.binils.com for Anna University | Polytechnic and School

EXAMPLE 3: Find Fourier transform of rectangular pulse function shown in
figure

F xt)

Solution:

x(t)=n(t)=A: -

<t<
2 2
T e . T
—Jw
Fln(@®)] =1 2 & o dt=A[ "¢
T o
- jaw _g
T T i w
- i[e_jwz—— e_jwz ]—: ZAL J‘*%fe ! 2]:2_Asin (1)_T
—Jw jw 2 w 2
. T
P T SN w T
) 2 _ .
A y = = ATsincw —
oT T sinw 5 A <+ 5

@2
EXAMPLE 4: Find inverse Fourier transform X(j w) = 6(w).
Solution:

FX(jw)] = F[6(w)]

. 1
)y 17y L
rt = | xw dw=2nf_ Ow e da)=2ﬂ1

for w=0

5(w) =10 for w#0

F6(w)] = i
2m
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