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3. Static Magnetic Fields

UNIT IIT

STATIC MAGNETIC FIELDS

Biot -Savart Law, Magnetic field Intensity, Estimation of Magnetic field Intensity for
straight and circular conductors, Ampere’s Circuital Law, Point form of Ampere’s Circuital
Law, Stokes theorem, Magnetic flux and magnetic flux density, The Scalar and Vector
Magnetic potentials, Derivation of Steady magnetic field Laws.

3. INTRODUCTON

A magnetic field is the magnetic effect of electric currents and magnetic materials.
The magnetic field at any given point is specified by both a direction and a magnitude (or
strength); as such it is a vector field. The term is used for two distinct but closely related fields
denoted by the symbols B and H, where H is measured in units of amperes per meter (symbol:
A-m™" or A/m) in the SI. B is measured in tesla (symbol) and Newton’s per meter per ampere
(symbol: N'-m A" or N/(m.A)) in the SI. B is most commonly defined in terms of the Lorentz
force it exerts on moving electric charges.

Magnetic fields can be produced by moving electric charges and the intrinsic magnetic
moments of elementary particles associated with a fundamental quantum property, their spin. In
special relativity, electric and magnetic fields are two interrelated aspects of a single object,
called the electromagnetic tensor; the split of this tensor into electric and magnetic fields
depends on the relative velocity of the observer and charge. In quantum physics, the
electromagnetic field is quantized and electromagnetic interactions result from the exchange of
photons.

In everyday life, magnetic fields are most often encountered as a force created by
permanent magnets, which pull on ferromagnetic materials such as iron, cobalt, or nickel, and
attract or repel other magnets. Magnetic fields are widely used throughout modern technology,
particularly in electrical engineering and electro mechanics. The Earth produces its own
magnetic field, which is important in navigation, and it shields the Earth's atmosphere from
solar wind. Rotating magnetic fields are used in both electric motors and generators. Magnetic
forces give information about the charge carriers in a material through the Hall effect. The
interaction of magnetic fields in electric devices such as transformers is studied in the discipline
of magnetic circuits.

COMPARE BIOT SAVART LAW AND COULOMBS LAW

COULOMBS LAW BIOT SAVART LAW

e Basic law of Electric field intensity. e Basic law of Magnetic field intensity

e The produced charge in the electric field isa | ® The produced charge in the magnetic field
Scalar is a Vector

o [t does not depends on Sine angle. ¢ It depends on Sine angle.

e [t is inversely proportional to the square of | e It is inversely proportional to the square of
distance. distance.
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3.1. BIOT -SAVART LAW (Ampere’s Law)

Biot-Savart's law states that the magnetic field intensity dl produced at a point P, as
shown in Figure, by the differential current clement Idl is proportional to the product Idl and the
sine of the angle a between the element and the line joining P to the element and is inversely
proportional to the square of the distance K between P and the element.

Free space

) R,
(Point 1) e P
Ap12
[,dL, X a
LA dH, = 1 414 R12

47R 5’

Fig.3.1: magnetic field dH at P due to current element I dl.
Magnetic Flux density at any point P due to current element Idl is given by ,

dHo ldlsizn 6
R
where L= L L, - Permeability of medium
Idl - Current element
r - Distance between point P and current element
_ Idlsin 6
dH =K 72
where K is the constant of proportionality. In ST units, k = i
— ldlsin 6
dH = 3
4mr

From the definition of cross product in vector form as,

IdlXaR IdIXR

) A 4mrs

where R = |R| and @y :I%' Thus the direction of dH can be determined by the right

dH =

hand rule with the right-hand thumb pointing in the direction of the current, the right-hand
fingers encircling the wire in the direction of dH as shown in Figure. Alternatively, use the
right-handed screw rule to determine the direction of dH: with the screw placed along the wire
and pointed in the direction of current flow, the direction of advance of the screw is the
direction of dH.

The different current distributions: line current, surface current, and volume current as
shown in Figure. If define K as the surface current density (in amperes/meter) and J as the
volume current density (in amperes/meter square), the source elements are related as,
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Idl
I L]
KdS
(a) (b) (c)
Fig.3.2: Current distributions: (a) line current, (b) surface current, (c) volume current
Idl=Kds=JdV
Thus in terms of the distributed current sources, the Biot-Savart law as in equation becomes,
— Idl X ar .
= f “AnRT (Line Current)
— KdsX ar
= f “IRI (surface current)
— J dvX ar
H = “IRT (volume current)
Merit and demerit of Biot Savart law:
. It can be used if the path is not closed over which B is constant

° It is more difficult

3.2. MAGNETIC FIELD INTENSITY AND MAGNETIC FLUX

Magnelic lines l
of force

Plane at
right
angle to
conductor
Fig. Magnetic field due to conductor
3.2.1 Magnetic Field Intensity
The quantitative measure of strongness or weakness of the magnetic field is given by

magnetic field intensity or magnetic field strength. The magnetic field intensity at any point in
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the magnetic field is defined as the force experienced by the unit north pole of the Weber
strength, when place at that point. The magnetic flux lines are measured in Weber (wb) while
magnetic field intensity is measured in Newton/Weber (N/wb) or ampere/meter (A/m). It is
denoted as H. It is the vector quantity. This is similar to the electric fields intensity E in
electrostatic magnetic field.
3.2.2. Magnetic Flux
The magnetic flux density B is defined through the magnetic field intensity H at the point

B = uH wb/m*
The magnetic flux density B is also the measure of magnetic flux lines. The magnetic flux
density B is defined as magnetic flux per unit area.

B= % whb /m?

Where ¢ is the magnetic flux and A is the area. The magnetic flux through an element of area
ds is given by the dot product of select the normal components of B through the surface ds. For
an arbitrary surface ds bounded by a closed contour, the total magnetic flux ¢ passing through
the surface

Fig.3.3. Magnetic Flux
Q= f B.ds
The unit of ¢ is Weber while that of B is wb/m”. The electric flux y is measure in coulombs

and of gauss law, the total flux passing through any closed surface is equal to the charge
enclosed.

3.3. APPLICATIONS OF BIOT SAVART LAW
3.3.1.  Estimation Of Magnetic Field Intensity For Straight Conductors

To determine the field due to a straight current carrying filamentary conductor of finite
length AB as in Figure 3.4.
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002
a N
s SR

X -

Fig 3.4 Field at a point P due to infinite length current carrying conductor

Consider a infinitely long straight conductor along Z axis. The current passing through
the conductor is direct current of I amperes. The field intensity H at a point P is also to be
calculated which is at a distance r from the Z axis as shown in figure.

Consider small differential element at point 1 along Z axis at a distance Z from origin.

1dL =1dZaz
The distance vector joining point 1 and point 2 is Ry, and
Ry, = —Za; +ra,
N P R
T Ryl i 2
L a, a, a,
dLXag;; =|0 0 dz|=rdza,
L r 0 -z
|R12 | is neglected for convenience
[dL Irdza,
e Ty
According to Biot savart law,
= 1dL Xary; Irdz @,
B 47TR122 B 4 (r? + ZZ)Z\/T'Z-I-—ZZ
Irdz a,

T an(r? + 2232
Thus the total field intensity H can be obtained by integrating dH over the entire

length of the conductor.
+0

q f Irdz a,
— ) An(r? + Z22)3/2

Put z = r tanfZ? = r’tan®6
dz = rsec’0df,z= —,0 = —n/2and z= 0,0 = /2
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+m/2
B j Irr sec*0do @,

4 (r? + ritan?0)3/?

—m/2

_tm/2 Ir2sec?6do ap
—n/2 4nr3(1+tan)3/2
+m/2
f Isec*0db @, _
4mr sec30

1+ tan?6 = sec?6

- /2
_ (tm/2IcosBdf a,
-1 /2 Amr

L% [*n/2 cosfdo
4mr J-m/2

_lagy . n/2
4nr [Slne]—”/2

If the conductor is finite

Fol

- ay E
P P
Fig 3.5 Field at a point P due to a finite length current carrying conductor
Consider a 2a length (-a to +a) long straight conductor along Z axis. The current
passing through the conductor is direct current of I amperes. The field intensity H at a point P is

also to be calculated which is at a distance r from the Z axis as shown in figure.
+a

Irdza

T P
= f— 3
4t(r2 + Z2)2

—-a
Put z= r tan0Z%=r*tan?0
dz=r sec?0 do, z= -», 6=, and z= w0, 8= q,
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a2
_J Irr sec*0d0 @,

4 (r? + ritan?0)3/2

al
2
} Ir?sec?6do a,

2n 2
pr—Tegn tan29)3/21+ tan“0 = sec“0

al
a2
f Isec*0dO @, _
4mr sec30
al
a2
j Icos8d8 @,

4mr
al

al
la,
=—— | cos6do
4nr
al

Ia
. 2
=2 1%
o [sind1id

H = E[sin a2 —sinal] A/m
4nr

B=uH= lua, [sin a2 — sin a1] wh/m?
# 4nmr
While using the result if segment carrying current I is not along Z axis then the
direction of H can not be @, It depends on which plane segment carrying current is placed.

The magnitude of H is#[sin a2 —sinal] but the direction is always normal to the plane

containing the siurce and to be decided by right handed screw rule.
3.3.2.  Estimation Of Magnetic Field Intensity For Circular Conductors

Consider a circular loop carrying a direct current I place in XY plane with Z axis. The
magnetic field intensity H at point P is to be obtained. The point P is at a distance Z from the
plane of the circular loop along its axis. The radius of circular loop is r. Consider the differential
length dl along the circular loop.

i

S

H

Fig 3.6 Magnetic field due to an circular loop carrying conductor

Ponjesly College Of Engineering 3.7 Electromagnetic Fields

www.AllAbtEngg.com Study Materials for Anna University, Polytechnic & School



www.AllAbtEngg.com
3. Static Magnetic Fields

drar + rdpae + dzaz

In cylindrical coordinate system dl
But dl is in the plane for which r is a constant and z=0 constant plane. The Idl is tangential

point I in @,,. Direction.
1dL=Irdoa,
The unit vector @gq2 is in the direction along the line joining different current element

Ry, = Zaz; —ra,
Ry, Zaz;—ra,

ari2 = 75— =
|Ri2|  VrZ 422

T T g
0 rdp O =ZT'd(pﬁ?+T'2d(p(—1;

—r 0 z

to the point P. The distance vector joining point 1 and point 2 is Ry, and

dL XTgy; =

— Irdz a,
b =

IRy, | is neglected for convenience
According to Biot savart law, the differential field strength dH at point P is given by

= IdL X@z;; 1(Zrde @ +r*de @)
A (r? + Z2)°Nr? + Z2

4mR;,%
Thus the total field intensity H can be obtained by integrating dH over ¢=0 to 2n

2
- f 1(Zrde @ + r2do @)
B 41(r2 + 72)3/2

f 2r2d<p) -
(r

I (Zrdo )a,

H= (r2 + Z22)3/2 + Z22)3/2 a;

Consider the first integral to prove that the value is zero due to radial symmetry,
2
(Zrde )a, f (Zrde) ( 4 5 0 )
24 72y3/2 3 (Cos @ax + sin g @y
(r2 + 72) 2 + 72)7

0
The unit vector @, is expressed in rectangular system cos ¢ ax + sin ¢ ay

2

=sin2m —sin0 =0

Now fozn cos ¢ dg = [sin @]&"
2m
f sing dg = [—cos @]3" = —cos 2w + cos0 = 0
0
2
. (Zrde )a, 0
f (rz + 22)3/2 -

r?dg) - I
f do
TG+ 22 +22)3/2

T am f(rz + 2237
1
= ))3/2a—z[<p1%”

Tan (r? + 22
Electromagnetic Fields
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I
= G (2 + 22y 2T
- 1)
= 202 sy Am
r- radius of the circular loop
Z- Distance of point P along the axis
At the center of the circular loop Z=0
o 10
~H= Waz
— I
H = ﬂal A/m
B =uH
- ul_
B=—a,A/m?
oy 22A/m

3.4. AMPERE’S CIRCUITAL LAW

Ampere's circuit law states that the line integral of the tangential component of H
around a closed path is the same as the net current Ienc enclosed by the path. The line integral
of magnetic field intensity H around the closed path is exactly equal to the direct current
enclosed by the path. The mathematical representation of Amperes circuital law is,

$H.dI=1

Proof:
Consider a long straight conductor carrying direct current I placed along Z axis as shown in
figure. Consider a closed circular path of radius r which encloses the straight conductor carrying
direct current I. The point P is at a perpendicular distance r from the conductor.

7 4
: B -
e
gt red >y
-l 2o
Xy o5

Fig. 3.7: Magnetic field due to an finite line current carrying conductor
Consider dI at point P which is in @, direction tangential in circular path at point P.

dL=rdoa,
While H obtained at point P from Biot Savart law due to infinitely long straight
conductors,
— Ia,
H=—2
2nr
Adl= 1% rqpa
= 2mr TP
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_Zn'rr(p

T2 ¢

Integrating H. dl over the entire closed path.

2w
jgl_ifi_ f !
2T
0
—_ 2w
_211' [@] 6

= I (current carried by the conductor)
Applications of Amperes circuital Law:
1. Hdue to infinitely long straight conductor
ii.  H due to co axial cable
iii. H due to infinite sheet of current
Merit and Demerit of ampere’s circuital law:
. It is simple
. It can’t be used if the path is not closed over which B is constant.

APPLICATIONS OF AMPERE CIRCUITAL LAW
H Due to Infinitely Long Straight Conductor

Consider an  infinitely long straight

conductor placed along z-axis, carrying a direct

TI current I as shown in the Fig, + Consider

the Amperian closed path, enclosing the

conductor as shown in the Fig. . Consider

point P on the closed path at which H is to be

obtained. The radius of the path is r and hence

P is at a perpendicular distance r from the
conductor,

The magnitude of H depends on r and the
direction is always tangential to the closed
path ie. @,. So H has only component in &,
direction say H,.

Consider elementary length dL at point P and in cylindrical co-ordinates it is r d¢ in a,
direction.

H = Hya, and dL=rd¢a,
HedL = H,a,-rd¢a, =H, rdj

According to Ampere's circuital law,

$ HedL = 1
[ Hyrdp = 1
§uD
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"
Hyr [ do =1
g=0
H.g. r{?n}' = 1
1
H, = 2nr

Hence H at point P is given by,

ﬁ.= H"i*; 5* A,"m

el
2nr

H Due to a Co-axial Cable

Consider a co-axial cable as shown in the Fig. Its inner conductor is solid with
radius a, carrying direct current I. The outer conductor is in the form of concentric
cylinder whose inner radius is b and outer radius is c. This cable is placed along z axis.
The current I is uniformly distributed in the inner conductor. While - 1 is uniformly
distributed in the outer conductor.

f \
&)
([ ]
Cross-sectional view
Fig. Co-axial cable

The space between inner and outer conductor is filled with dielectric say air. The
calculation of H is divided corresponding to various regions of the cable.

Ponjesly College Of Engineering 3.11 Electromagnetic Fields
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Region 1 : Within the inner conductor, r < a. Consider a closed path having radius
r < a. Hence it encloses bnly part of the conductor as shown in the Fig.

Inner
conductor

Path

The area of cross-section enclosed is nr? m?2.

* The total current flowing is I through the area na2. Hence the current enclosed by the
closed path is, '

The H is again only in a, direction and depends only on r.
H = H,3,
So consider dL in the &, direction which is r d¢.
dL = rd¢a,
HedL = H i, -rd¢a, = H, rd¢

According to Ampere’s circuital law,

§ HedL = 1
2
r
§ Hyrde = o7 !
21 g2
[Hyrdé = — 1
a
g=0
rz
r? r
= I=
H, 2aral 2nal
= Lt .=
H = Saal M Afm
.. r < a within conductor
Ponjesly College Of Engineering 3.12 Electromagnetic Fields
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Region 2 : Within a < r < b consider a circular path which encloses the inner
conductor carrying direct current I. This is the case of infinitely long conductor along
z-axis. Hence H in this region is,

H = 2—[m_-_¢ Afm wlacr<hb)

Region 3 : Within outer conductor, b <r < ¢

Consider the clnsed_ path as shown in the
Fig. The current enclosed by the closed path is
only the part of the current - I, in the outer
conductor. The total current — [ is flowing through
the cross section 7t (c?-b?) while the closed path
encloses the cross section n (r? -b?).

Hence the current enclosed by the closed path of
outer conductor is,

oo a(r-b?) - (r?-b?)
- n(c‘ —bz} L (c‘ -b?)
I" = 1= current in inner conductor enclosed

Total current enclosed by the closed path is,
|

, TR
e = I'+1°= o L

. ()

2 _h: R,
=I1-(rq 1121[1:1:‘:[
(¢ -b?) ¢t -b?
According to Ampere's circuital law,
$ HedL = 1

I+1

BT
Now H is again in @, direction only and is a function of r only.
. H=H,a, and dL=rd¢3,
H+dL = H,a,rrd¢a, =H, rdé

:fH*rdq: -

= ]‘mc
=0
H, r[2] = 1 [;q::;zj
| Hy = z—lm' [EE :}Z:}
H = H, a = ZI::r [zi :;]aﬁ’ Alm
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Region 4 : Qutside the cable, r > c. ;

Consider the closed path with r > ¢ such that it encloses both the conductors i.e. both
currents + [ and - .

Thus the total current enclosed is,
I, = +I-1=0A
§ Hedl

0 : ... Ampere's circuital law

H=0A/m O -

The magnetic field does not exist outside the cable. The variation of H against r is
shown in the Fig :

Fig. Variation of H against r in co-axial cable

ﬁ Due to Infinite Sheet of Current

Consider an infinite sheet of current in the z = 0 plane. The surface current density is
K The current is flowing in positive y direction hence K=K . This is shown in the
Fig.

Consider a closed path 1-2-3-4 as shown in the Fig, The width of the path is b
while the height is a. It is perpendicular to the direction of current hence in xz plane.

Ponjesly College Of Engineering 3.14 Electromagnetic Fields
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Closed path

As current is flowing in y direction, H can not have component in y direction.

So H has only component in x direction.
H=Ha .. forz>0 i
= -H. 3 wforz <0 . el
4pplying Ampere's circuit law,
p HedL = I,
Evaluate the integral along the path 1-2-3-4-1.
For path 12, dL=dza,,
For path 3-4, dL=dza,
But H is in x direction while @, «3, = 0.
Hence along the paths 1-2 and 3-4, the integral § H*dL =0

Consider path 2-3 along which dL = dx a,.

X

3._._ -
J;H-dL=

o ey 15

3
(_Hx E:).(dxaxj = H'c I dx=bH

The path 2-3 is lying in z < 0 region for which His -H,a,. And limits from 2 to 3,
positive x to negative x hence effective sign of the integral is positive.

Consider path 4-1 along which dL = dx 3@, and it is in the region z > 0 hence
H=H,a

L SRt
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1 1
HedL = [ (H, &, )+(dx3,)=H, [ dx=DbH,
4 4

il "— ar

f HedL = bH_+bH, =2bH,

in equation (6),

]

Equating this to I .

2bH, = K, b

H

n

L

Hence, H = K.a for z>0

= ]K a, for z<0

_E y

In general, for an infinite sheet of current density K A/m we can write,

Kxay,

where 3y = Unit vector normal from the current sheet to the point

at which H is to be obtained.
3.5. POINT FORM OF AMPERE’S CIRCUITAL LAW
According to ampere’s circuital law, the line integral of magnetic field intensity
around a closed path is equal to the current enclosed by the path.
¢ H.dL =Lipciosea
Replacing current by surface integral of conductivity of current density J over an area bounded

by the path of integration of H $H.dAL = fs J.ds

By adding displacement current density to conductor current density,

oD
SLH.szf —ds
. Ot

This is Maxwell equation derived from ampere’s circuital law.This equation in integral of H is
carried over the closed path bounding the surface s over which the integration is carried out on
R.H.S.The equation is also called Mesh relation.

Applying stoke’s theorem,

jg(VxH).ds=fZ—€.ds

Assume the surface considered for both integration is same,

VXH—aD
T oot

The equation is point form of differential form of Ampere’s circuital law.
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3.6. STOKES THEOREM
Statement
The line integral of a vector around a closed path is equal to surface integral of the
normal component of its equal to the integral of the normal component of its curl ever any
closed surface.
fH-dl - J- VxHds

Proof Consider an arbitrary surface. This is broken up into incremental surfaces of areas Vs
as shown in Fig. If H is any field vector, then by definition of the curl to one of these
incremental surfaces. The Stokes theorem relates the line integral. It states that, The line
integral of H around a closed path L is equal to the integral of curl of H over the open surface S
enclosed by the closed path L. Mathematically it is expressed as,

f H.dl=f (VxH) ds
L s

dl- Perimeter of total surface S

Fig 3.8 Stokes theorem
Stokes theorem is applicable only when H and VxH are continuous on the surface S. The path
L and open surface S enclosed by the path L.

§ H.dIVs

= (VxH)N

Where N indicates normal to the surface and dlVs indicate that the closed path of an
incremental area Vs.
The curl of H normal to the surface can be written as

§#41Vs _ (g xF).aN,

Vs
f H.d1vs
£ = (VxH).aNVs
Vs
= (VxH). Vs.

Where ay is a unit vector normal to Vs.

The closed integral for whole surface S is given by the surface s integral of the normal
component of curl H.
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fHdl = [[VxH.ds

.. Hence proved
3.7. MAGNETIC FLUX DENSITY
The magnetic flux density B is analogous to the electric flux density D. The relation
between B and H is which is through the property of medium called permeability p. The
relation is given by,
B = uH
For free space p=p0=4m x 10”7 H/m hence, B = u0H
The magnetic flux density has unitswb/m” and hence it can be defined as the flux in
webers passing through unit area in a plane at right angles to the direction flux. If the flux
passing through the unit area is not exactly at right angle to the plane consisting the area but
making some angle with the plane then the flux ¢ crossing the area is given by,
¢0=¢, B.ds
Where, ¢ — Magnetic flux in webers
B — Magnetic flux density in wb/m?
ds — Open surface through which flux is passing
Consider a closed surface which is defining a certain volume. The magnetic flux lines
are always exists in the form of closed loop. The single magnetic pole can notexists like a single
isolated electric charges. No magnetic flux can reside in a closed surface is always zero.

§B@ =0
s
This is called law of conservation of magnetic flux (or) Gauss law in integral form for
magnetic field.
Applying divergence theorem,
¢ B.ds=0=[ V.Bdv
Where dv = volume enclosed by the closed surface but as dv is not zero.
V.B=0
The divergence theorem of magnetic flux density is always zero. This is called Gauss law in
differential form for magnetic field.
3.8. THE SCALAR AND VECTOR MAGNETIC POTENTIALS
3.8.1. Magnetic scalar potential
The concept of electric potential that simplified the computation of electric fields for
certain types of problems. In the same manner let us relate the magnetic field intensity to

a scalar magnetic potential and write: H = —VV,,
From Ampere's law , we know that
VXH=]
VX(-VV,) =]

But using vector identity, V X(VV) = 0 we find thatH = —VV,, is valid only where ] = 0. Thus
the scalar magnetic potential is defined only in the region where ] = 0. Moreover, V,, in general
is not a single valued function of position.
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If V,, is the magnetic potential then,—VV,, = — %0(;/—:
I
= H
I
~V, = —ﬁ(p +C

Ifweset V,,=0at@ =0thenc=0and V, =—ﬁ(p

Atp =09,  Vm=-o—0
we observe that as we make a complete lap around the current carrying conductor , we
reachg, again but V,, this time becomes Vp =— ﬁ (o + 2m)

We observe that value of V,, keeps changing as we complete additional laps to pass through the
same point. We introduced V,, analogous to electrostatic potential V.
But for static electric fields,VXE = 0 and $E.dl =0,
whereas for steady magnetic field,VXE = 0 wherever] = 0 but ¢ H.dl = I even if ] = 0 along
the path of integration.
3.8.2.  Magnetic vector potential

The vector magnetic potential which can be used in regions where current density may
be zero or nonzero and the same can be easily extended to time varying cases. The use of vector
magnetic potential provides elegant ways of solving EM field problems.
Since ,VXB = 0 and we have the vector identity that for any vector 4, V.(V XA) = 0 , we can
write B = V XA Here, the vector fieldA is called the vector magnetic potential. Its SI unit is
Whb/m. Thus if can find 4 of a given current distribution, B can be found from A through a curl
operation.

The vector function 4 and related its curl to B . A vector function is defined fully in
terms of its curl as well as divergence. The choice of V . 4 is made as follows.

VXVXA=uVXH =y
By using vector identity,VX V XA = V(V.A) — V24
V(V.A) —V2A=pu]

Great deal of simplification can be achieved if we chooseV. 4 = 0.
PuttingV. 4 = 0, we get V2A = —uJ which is vector poisson equation. In Cartesian coordinates,
the above equation can be written in terms of the components as

VZ/IX =ty
V24, = ],
V2A, =],
The form of all the above equation is same as that of V2V = — g. for which the solution is
1 rp o=
V—rmfﬁdv R=I|r—r
v

In case of time varying fields we shall see that V24 = ,uez—t , which is known as Lorentz

condition, V' being the electric potential. Here we are dealing with static magnetic field,
so V.A = 0. By comparison, we can write the solution for Ax as
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3. Static Magnetic Fields

K Lxgy

Ax poul 0 av
Computing similar solutions for other two components of the vector potential, the vector
potential can be written asd = f—ﬂ e ]EdV’. This equation enables us to find the vector potential

at a given point because of a volume current density/ . Similarly for line or surface current
density we can write

" I ,
A—4nfRdl.
i

A—“jkw' tivel
=27 | R4S respectively
Y

The magnetic flux y through a given area S is given by
v=J, B.ds
SubstitutingB = V XA.
v=[, VXAds= ¢ Adl
Vector potential thus have the physical significance that its integral around any closed path is
equal to the magnetic flux passing through that path.
3.9. DERIVATION OF STEADY MAGNETIC FIELD LAWS.
In steady magnetic field Biot Savart law and Ampere Circuital law are basic laws and
these laws can be derived using the concept of vector magnetic potential.
Biot Savart law
Consider the current element located at point (x;,y,z;) and another point (X,,y2,25)
vector magnetic potential 4 is given as,
_ f toJ1dV;
Ay = | ——
4R,
The definition of vector magnetic potential
B, =V, X Ay = o,

1 -
H2=_V2XA2

Ho
— 1 _ toJ1dV;
Hy=—7V,x |21
Pyt f 4mRy,
_ 1 _ JidVy
H, =—V,X
274 "2 Ry,

H=ifVX]—1dV
274 ) "R, T

The differential volume dV; is a scalar and is function of (x1,y;,z;) only. So it can be tabent out
of curl operation. The curl of the product of a scalar and a vector can be solved by using

identity.
VX(SV) = (VSHXV + S(VXV )
1 _
TakeS = — andV =]
Ry,
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2 AT 2 ] 1
1 2 R12 ]1 R12 ( 2 ]1) 1

Since V,X J; indicates partial derivatives of a function of (x,,y;,z;) taken with respect to
variables (X;,¥2,22)

VZX]_1=O
H, = ! (VX I)X_ dav;
2= 0 X 7 ] dVy
_ 1 R aR
and V,X — = Sk

Ry, R}, R%

H, = 1j Puz 1 \av
2 _471_ R%z ]1 1

1 [ (hXaRy,
- 4”-[( R, dVl

]_1dV1 = IldLl = Kd§
1 [ (LdL,XaR;,
= L[ (et
41 R{,

This is Biot Savart Law, In general,
7o j IdLXaR
h 41R?

I0 IdLXaR
"~ 4mR?
Ampere Circuital law
Ampere circuital law in point form,
VXH=]
_ _ __B
VXH=VX—
Ho

By the definition of vector magnetic potential
VXA=B
_ . _ VXA 1 _ _ _
VXH=VX = —(VXVXA)
o o o Fo  Ho
But (VXV XA) =V (V.A) — (V2A4) where V24 is Laplacian of a vector and in Cartesian co
ordinates.

V24 =V?AXa, +V?Aa, +V?Aa,
_ 1
VXqu—(v(v.A)—(vZA))

0

Divergence of A is given by,

— o o [ 1XdV
VA= | VX RS
Using vector identity,
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3. Static Magnetic Fields
V.SV) =T (V.5) + S(V.V)
VA= 12 [ 77 )+ - @] v
2-f2 = \2R) "R, 2 1

As J; not a function of (X,,y»,25)

VZX]_l—O
= 1) Ry; —( 1 Ry,
gy (1) 2
Z(Rlz Ry, "\R;,/) " Ry,
% (7) = i (75)
\Rp/ 'Ry
- o [ ——/ 1
2.4y Z_E V4 <R_12) av,

Again applying vector identity,
— ; bo ([ ( N | p—
Ay =—— — | —— (.
V. 4y 47Tj [Vl <R12) R, vy ]1)] avy
— M ([1 —- (]
Vy, Ay =— | |[=— (Vi J) = Vi | =— ]| dV;
2-4Az 471[ [Ru( 1-J1) 1<R12>] 1

For steady magnetic field from the continuity equation V.J = o

= [ ) o

— Ko [ N
V, 4y =——0¢—dS
2 -4z an ] Ry, &1

Where the surface S; encloses the volume throughout which are integrating. This volume must

Using divergence theorem,

include all the currents. Since there is no current outside this volume, may integrate over a
slightly larger volume or slightly larger enclosing surface without changing vector magnetic
potential A. On this larger surface the current density J; must be zero, and therefore the closed
surface integral is zero. Since the integrant is zero. Hence divergence of 4 is zero.

Comparing the X component of A with the electrostatic potential

_:_ﬂ%]_ldVl andefdeV
4n R 4megR
1

U=—,=pandAd=V
&o

For changing the variable in Poisson equation

V2V = _L
€o
The Poisson equation becomes,
V2A, = =),
VZAy = _#ij
V2A, = —po)z
or VA = —pyJ

By substituting the divergence and Laplacian of 4 in
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_ 1 ,._ _ _
VXH = #—(v V.4 — (V2A))
0
VXH=]
This is point form of Ampere circuital law.

PROBLEMS
EXAMPLE:3.1
Determine the force between two parallel conductors of length 1m separated by 50 cm
in air and carrying currents of 30A. 1. in the same dn b). in opposite dn.
Solution:
Given I1=30A,
I =1m,
d= 05m.
a). Force of attraction:
F= Mol 1,1
27ed
oIl 1,=1,=304
27d
_4xx107 x(30) x1
N 27%0.5
=900x4x107
= 3600x107"
F=036x10"N
b). Force of Repulsion:
Fotll o 36x107 .
2md
EXAMPLE:3.2
Determine the force between two parallel conductors of length Im separated
by 50 cm in air and carrying currents of 30A. 1. in the same dn b). in opposite dn.
Solution:
Given
1=30A,
I =1m,
d= 0.5m.
a). Force of attraction:
Fe Mol 1,1
27d
potoll I,=1,=304
2md
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_4xx107 x(30) x1
27%0.5
=900x 4x107
=3600x1077
F=036x10"N
b). Force of Repulsion:

Hol~!

2
F=2" _-036x107N.
27d

EXAMPLE:3.3
What is the maximum torque on a square loop of 1000 turns in a field of intensity of 1
Tesla. The loop has 10 cm sides and carries 3A. What is magnetic moment of loop?

Solution:
N = 1000
a = 0.1m
I = 3A
B = 1 Tesla
Area = 0.01m?
Torque = IAB
= 3x0.01x1
= 0.03 N-m
Magnetic Moment = 1A
= 3x0.01
= 0.03 Amp. m*
EXAMPLE:3.4

A circular coil of radius 10 Cm is made up of 100 turns. It carries a current of 5A.
Compute Magnetic field Intensity at centre of coil.

Solution:
Given a = 10x 10% m
N = 100 turns
I = 5A
poM
2a
EXAMPLE:3.5

Calculate the magnetic flux density due to a circular coil fo 100 amp turns and area of
70 cm?” on the axis of coil at distance 10 cm from the centre.

Solution:
Given
NI = 100 AT
Area = 70 +x107' m* = m’®
d = 0.1m
Sa’t=2228x10"m’
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Magnetic flux Density B = I”ONM:/Z Wb/ m?
Z(a2 +d2)
47 %107 x100x 100%x 22.28 x 107
2(22.28x107 +0.01)"

= 103.7 x 10 Tesla.
103.7uT.

B

EXAMPLE:3.6
Two wires carrying in the same dn of S00A and 800 A are placed with this axes Scm
apart. Calculate Force b/w them.

Solution
Given
I, = 500 A
I, = 800 A
R = 5x 10™m.
-7
Fo Hol 1, _ 47 x10 ><500>2<800 —16x10°°N.
27td 27 x5x107
EXAMPLE:3.7

Find the maximum torque on a n 100 turn rectangular coil, 0.2 m by 0.3m, carrying a
current of 2A in the field of flux density 5 Wb/m??

Solution:
Given
N = 100
A = 0.2 x0.3 =0.06 m’
I = 2A
B = 5 Wb/m*
Tonax = NIAB
= 100x2x0.06 x5
Tnax = 60 N-m
EXAMPLE:3.8

Determine the force per unit length between two long parallel wires separated by 5 Cm
in air and carrying current of 40A in the same direction.

11
Force/ length = Holifs
27md
47 %1077 x40x 40 _
= —— =64x10"N/m.
27 x5x10
Calculate B if the vector potential ;1 = Zl 5(x2 +y*+ 22 )"1
Solution:
B= Vx A
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a, a, a,
9] 0
0x dy 0z

5(x2+yz+22)_1 0 0

N

:&[O]_Jy{a_i(s(xz +y? +zz))“]+az [_5(5()62 y? +Zz))_l]

- ) - -1

= —(1)5 ay(xz +y°+ zz) (22)- Sa, (— 1)()62 +3° + zz) (2y)

E = —lOz(x2 +y + Zzyz ay+ IOy(x2 +y + 22)_2 a,
= wl|Zay-ya

(x2+y2+x2)2{ Y ZJ

EXAMPLE:3.9
A wire carrying a current of 100A is bent into the form of a circle of diameter 10cm.

Calculate a). flux density at the centre of the coil. B). Flux density at appoint on the axis of the
coil and 12 cm from it.

Solution:-
a). Flux density at the centre of the coil.
NI
B= Hy
2a
=100 A, N =1 (Let)

Radius a =?0 =5em=-5%x10"m

-7
p = Ax107 xIx100 _ o 10 b m?

2x5x%x107?
B=1.256x10"Wb/m’
b). Flux Density at appoint on the axis of the coil and 12 cm from it.
B uyNla’
2(a2 +a’ )3/2
d=12x10"m

4z %107 x100x 1% (5x107 )’
- /2
2[(5x10_2)2 +(12x10‘2)2f
B=0.0714x107Tesla
B=0.0714m Wb/ m’

EXAMPLE:3.10

A single phase circuit comprises two parallel conductors A and B, 1 cm in diameter
and spaced 1m apart. The conductors carry currents of +100 amps and -100 amps. Determine
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— ————————————————————————— ———————
the field intensity at the surface of each conductor and also in the space exactly midway
between A and B.

). g at conductor surface

=L=&=3184.7A/m
2ra 2x7x0.005

=3.1847x10° 4/ M
ii. Field at any point P between A and B is
H = HA + HB

Atmid point 7, =¥, = 0.5m

1 1 I 1 2]
27(0.5) 2#(05) # &©® =&
H= 200 Alm
V4
The variation of magnetic field intensity with respect to r is as follows.
SUMMARY

e Biot —Savart’s law states that the magnetic flux density at any point due to current
element is proportional to the current element and sine of the angle between the
elemental length and inversely proportional to the square of the distance between them

dB=pld] 222

4nr?
e Amperes circuital law. The line integral of magnetic field intensity around a closed
path is equal to the direct current enclosed by the path .

fH.dL=I

e  Magnetic scalar potential and magnetic vector potential is defined as dead quantity
whose negative gradient gives the magnetic intensity if there is no current source
present. H=-VV m Where V m is the magnetic vector potential

e The quantitative measure of strongness or weakness of the magnetic field is given by
magnetic field intensity or magnetic field strength. The magnetic field intensity at any
point in the magnetic field is defined as the force experienced by the unit north pole of
the Weber strength, when place at that point.

e The total magnetic flux passing through any closed surface is equal to zero.

f B.dS=0
e Integral and point form of Ampere’s law.
o General form: [H.dL =1
. Integral form: : [ H.dL = [].dS
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. Point form :Vx H=1J
e The magnetic flux density B is analogous to the electric flux density D. The relation
between B and H is which is through the property of medium called permeability p.
The relation is given by,
B =uH
e For free space p=p0=4n x 107 H/m hence, B = uOH
e The magnetic flux density has unitswb/m” and hence it can be defined as the flux in
webers passing through unit area in a plane at right angles to the direction flux.
e Magnetic flux density (B) =Magnetic flux area=A® webers /m> (Tesla)
TWO MARKS
1. Define Magnetic flux density.

The total magnetic lines of force i.e. magnetic flux crossing a unit area in a plane at
right angles to the direction of flux is called magnetic flux density. It is denoted as B .Unit
Wb/m2.

2. State Ampere’s circuital law.

The line integral of magnetic field intensity H equal to the direct current enclosed by

that path. around a closed path is exactly
The mathematical representationis [ H.dL = I .
3. Define Magnetic field Intensity.

Magnetic Field intensity at any point in the magnetic field is defined as the force
experienced by a unit north pole of one Weber strength, when placed at that point. Unit: N/Wb
(or) AT /m.It is denoted as r .

4. What is rotational and irrotational vector field?
If curl of a vector field exists then the field is called rotational. For irrotational vector field, the
curl vanishes i.e. curl is zero.
5.  What is the relation between magnetic flux density and magnetic field Intensity.
B=uH
Where

B - Magnetic flux density (Tesla)

H - Magnetic Field Intensity (A/m)

n0 - Permeability of free space

ur - Relative permeability of medium

6. State Biot Savart Law.

The Biot Savart law states that, The magnetic field intensity dH produced at a point p
due to a differential current element IdL is
e Proportional to the product of the current I and differential length dL.

e The sine of the angle between the element and the line joining point p to the element
e And inversely proportional to the square of the distance R between point p and the element

dH
_ldlsin 6
T 4mr?
7. What is a capacitor?
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