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UNIT V Wave Guides And Cavity Resonators

UNIT V
WAVE GUIDES AND CAVITY RESONATORS

General Wave behaviors along uniform Guiding structures, Transverse Electromagnetic
waves, Transverse Magnetic waves, Transverse Electric waves, TM and TE waves between
parallel plates, TM and TE waves in Rectangular wave guides, Bessel’s differential equation
and Bessel function, TM and TE waves in Circular wave guides, Rectangular and circular
cavity Resonators.

5. INTRODUCTION
Waveguides are basically a device ("a guide") for transporting electromagnetic energy
from one region to another. Typically, waveguides are hollow metal tubes (often rectangular
or circular in cross section). They are capable of directing power precisely to where it is
needed, can handle large amounts of power and function as a high-pass filter. The waveguide
acts as a high pass filter in that most of the energy above a certain frequency (the cutoff
frequency) will pass through the waveguide, whereas most of the energy that is below the
cutoff frequency will be attenuated by the waveguide. Waveguides are often used at
microwave frequencies.
It is a guiding structure which is used to transmit EM waves at a certain frequency called
microwave frequency. The forms of waveguides
i.  Parallel plate waveguide

ii.  Rectangular waveguide

iii.  Circular wave guide
5.1. GENERAL WAVE BEHAVIOURS ALONG UNIFORM GUIDING
STRUCTURES
Maxwell’s equation,

VxH = (0'+jw£)f
VXxE = —jwBH

Assume 6 =0, ~VxkH = jweﬁ
T @ T
= o a2 : — —
VaH = |- i jwe(Exay, + Eya, + Eza,)
H, H, H,
—. H, OH —(0Hy 0H,\ | —,0H,  3H, . — —
a, (0y — 0—Zy) +ay(az — ax)+a2(0_xy_ By) = jwe( Exay, + Eya, +
Eza;)
equating,
0H, O0H, . L
3y Gy = JWEEX
OH, OH, _ . ,
oz ox 7Y
0H, OH
a—xy— ayx = jweEz 3
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Similarly, VxE = -jwuﬁ

a, a, a,
- a ad 0 . — —
WE = | 5 &l = —jwB(Hxa, + Hya, + Hza,)
E, E, E,
0E, O0E, | 4
% 5y = JOBHX
0E, 0E, 5
97 = JOBHY
0E, 0E, | ” 6
o ay JWEHZ s et e e e
Propagation constant y = /(¢ + jwe)jou
With s =0 Y =joue

The wave equation is VE = yzf
ME = —w2BeE
0°E 0°E  0°E —_—
W—FW-FW: —wpeE T

0%H  0°H | 9%*H

0H,
Let Hy = HyOe — yz e HyOe — yz(—y)
= —JHy
..1,2,3 can be written as,
0H, )
W—i_ yHy = jweEx STPPORERRP® |
0H, )
_ny_W = jweEy S |
OH, O0H, )
% 3y = jweEz .11
Similarly 4,5,6 can be written as,
JE, ]
W-l_ yEy = —jwBHx SN /2
JE, ]
yEx+a = jwBHy b e e e e e e e 13
0E, OE, .
I 3y = —jweHz e e e e 14
7 and 8 can be written as,
0°E  0°E 5
W-l_a—yz-l_y E=—-w ,U€E
0°H 0°H 5
W+a—y2+y H= —w°ueH
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To obtain the value of the field component Ex,Ey,Hx & Hy equation must be solved
simultaneously. From equation 9,

1 [6H2+ - ]
jwel oy ny
From equation 13,
]wu[
= el ( [ x5
¥ 7 Joe Jw# rex
1 aH aE
= — }/ Ex+,— z
Jjwe ay jou jou ox
1 04, v? _ 7 OE,

jws oy a)z,ueEx w2pe 0x

v? 1 04, y OE,
jws 0y w2ue 0x

Ex( h? >= 1 0H, y OE,

[h2 = 2 + w2Be]

Ex[1+ >
w2 UE

w?ue jwe 0y wlue ox
—jwudH, y OE,

Ex =

R2 9y k2 ox
Similarly from equation 10,
]wg[ yHx ]
from equation 12,
Hx = aEZ+ E ]
x= —jwl L dy YEy
1 OE, OH.
,:Ey=,—_7 Z+,7ZE -
joeljoB 0dy Jjwil 0x
_ y 0E, jwl 0H,
By =-"%w"% "
L[y (o 2 Jen oty
- —jwB | oy hz dy h?  0x
—y0H, jwe O0E,
Hx = — —
Y= x TR oy
tion 13 Hy = — [E + 2
from equation 13, y = e vEx +—
Sub Ex
= 1 —jwudH, ) OE, +6EZ
Y= 5en|" Thr oy R ox | ox
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Hy — —YO0H, jwedE,
Y= W9y T h? ox

i. Rectangular waveguide
All the Field components are depends on Ez and Hz. So if Ez and Hz is zero all field
components within the guide is zero. The two field configuration Ez = 0 for TE waves and Hz
=0 for TM waves in rectangular waveguide.

—jwudH, y JE,

Ex = -
YT T 9y T2 ox
Ey = y 0E, jwB 0dH,
YT TR Ty Th Tox
_ —yO0H, jwe OE,
Hx = o Ve 5y
Hy = —Y0H, jwedE,

h2 9y R ox

ii. Parallel plate waveguide
In a parallel plane waveguide the electromagnetic wave propagating through the
positive z direction. Hence e"'represent that the wave propagate in positive z direction. This

factor is also represents the variations of the field components. The term 7 in the factor e is

called complex propagation constant. The planes are extending infinitely in y direction. So
boundary conditions can be applied along y direction. Hence the derivative with respect to y

.0 . o
L.e, 5 is zero. The two plane are x = 0 & x = a to obtain the boundary conditions. For the

oy ]
variation of field components ol 0

Y OE,

Ex = —32%x
_ JwedE,
Hy = =975
_ -7 aHz

Hx =37 5%
o, _ JwB OH,
YT R ox

iii. Circular wave guide
In order to determine the condition for propagation of waves inside a hollow, perfectly
conducting cylinder is employed r,®,z co ordinates instead of x,y,z.

_ —jwBOH,  y OE,

hz or h’r 0@
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jwe 0E, y 0H,
r= h2r do "~ R2 or
—jwe OE 0H
Ho= ;12 o % 7%
_jw."l aHZ 14 aEZ
T hIr g RZor

5.2. EM WAVES

The term wave refers to a phenomenon in which repetition of some activity occurs
with respect to space as well as time co ordinates. Formally it can be defined as a physical
phenomenon that occurs at one place at the given time and reproduced at the other place at the
later times, the time delay being proportional to the space separation from the first location.
Then the group of phenomena constitute the wave.
Classifications:

Wherever there exists the time varying field, there exists the wave and the converse is
also true. The electromagnetic wave can be classified into the following categories.
5.2.1. Transverse Electromagnetic (TEM) Waves

In this type of wave also known as the principal wave, both the electric vector E and
magnetic vector H are entirely normal to the direction of propagation of the wave. In addition
the electric vector E and magnetic vector H and the direction of propagation, all the three
vector form a right handed vector system. The electromagnetic energy travels as TEM waves
in free space and other parallel wire transmission line. The coaxial line can also hold this type
of wave.

The phase velocity and group velocity are same for TEM wave. Neither one depends
upon the frequency. So the TEM wave is non dispersive wave.

The TEM wave can be either a plane wave or a cylindrical or a spherical wave. A
plane wave is characterized by a disturbance that at given point in the time has uniform
properties across and infinite plane perpendicular to the direction of propagation and similarly
for cylindrical spherical waves the disturbance are uniform across the cylindrical and
spherical surface. All there are the dimensional waves as they propagates through a volume
and its disturbance may be function of all these space variables.

5.2.2. Transverse Magnetic (TM) Waves

In this wave the magnetic vector is entirely normal to the direction of propagation
and hence it has no components in the direction of propagation. The electric vector has both
the normal and parallel components.

5.2.3. Transverse Electric (TE) Waves

In this wave the electric vector is entirely normal to the direction of propagation and
hence it has no components in the direction of propagation. The magnetic vector has both the
normal and parallel components.  The linear combination of TE and TM wave is hybrid (or)
mixed waves. In this wave both the electric & magnetic vectors posses both the components,
normal and parallel, to the direction of propagation of the wave.
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5.3.TM WAVES BETWEEN PARALLEL PLATES

X

p

Fig 5.1. Parallel plate waveguide
Consider that the magnetic field is totally along y-axis. As the magnetic field is in y

— direction only the field components in x & z directions are absent ie, Hx = Hz = 0 Hy # 0.

Hence Ex # 0, Ey = 0; Ex # 0 ie, the components of electric field in the y direction is absent.
As the electric field in the direction of magnetic field ie, in y-direction does not exists, the
wave is called TM waves. The equation for TM waves are given by,

yHy = jweE, S I (7))
JOHy .
W = jweE, e res res s e 1(b)
J0Ez )
—vE, — Fralie jouHy TR O () |
differentiating equation 1(b)
0*’Hy 0Ez
ox2 % ox
But from equation 1(c)
o B+ jouH
ox YEx + jopny
But
H
E, = u [from 1(a)]
joe
0Ez  —y*H u
6x2 B jwe ]2 raYy
0°Hy —y“Hy P
. ox2 =] e Jopay
= —y*Hy — w’ueHy
= —Hy (y* + w’ue)
d°Hy
2 _
3x? — h*Hy where h=.y*+ w?ue
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Equation (2) is the second order differential equation representing simple harmonic
motion. Then the solution of such equation can be written in the standard form as,
Hyy, = C5 Sinhx + C4Coshx e (2)
WhereC; and C, are arbitrary constants. Considering the variation of field
components in Z direction with respect to time, the complete solution can be written as,
Hy = (C;5 Sinhx + C,Coshx)e™"* e (3)
The arbitrary constants C; & C,  cannot be found directly by using boundary
conditions as in TE Waves. Because the tangential components of H is not zero at the
boundary. (or) the surface of the conductor. To overcome this difficulty the boundary
conditions are applied for E, components.
So consider the expression for E, interms of Hy.

(b 0Hy . 5
N -7 =

0
P [(C5 Sinhx + C4Coshx)e™*] = jweE,
h(C; coshx — C,Coshx.h)e'” = jweE,
h
[C5 Coshx — C,Sinhx)e™*

z:jE
Nowat x=0 E,=0
X=a E,=0

Applying first boundary condition,
h
E, = —[C3]le™"
z jU)S[ 3]6
C3 =0
E, = h C4Sinhx]e™"*
2= jms[ 4Sinhx]e
Applying second boundary condition,
h
0 = — —[C4Sinha]e™*
o [C4Sinha]e
To fulfill the second boundary condition the value of h must be selected as

mn/a

ThenE, = (- c4sm?x)e-vz

joe
E jmnc Sin(mn )e r*
= — —X
7 wea a
The remaining non-zero field components are Hy & E, To obtain Hy
1b) > 2% =jweE,
My _ e B Sin(™ xYe—V?
o = Jwe [wm C4Sln(a x)e 1]
= esin (T ) — o727
" C4Sln(a x) e

Integrating both sides with respect to x
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Hy = ";—”CA,COS (";—”x) .";—”e‘“
Hy = (C,Cos (Tx) e
a
To obtain E, 1(a) - yHy = jweE,
E, = ]% [C4Cos (%x) e‘VZ]
When m = 0, Ex & Hy Components Exit. So the possible Smallest Value of m = 0. Hence the
lowest order mode possible with TM Waves, TM,, mode.
When the wave propagate without any attenuation « = 0
Yy =JjB

Thus the field components are

E, = TTZ C,Sin (%x) eIk

mm i
Hy = C,Cos (Tx) e IF”
E, = £C4Cos(ﬂx)e‘jﬁz
jwe a

Characteristics

The properties of the TM waves between parallel conducting planes are altogether
different than those of the uniform plane waves in the free space. From the expression of the
field components of transverse electric waves or transverse magnetic waves either sinusoidal
or co sinusoidal variations or standing wave distribution of each of the component of E and H
in the x direction. In y direction none of the field components vary in magnitude or phase
which is according to the assumption made earlier.

Thus x-y plane is an equiphase for each of the field components. The meaning of
equiphase plane is that for all the points on the plane, the maximum value of any sinusoidal
variation of any field component will reach its maximum value at the same instant.

We know,
h=.7%*+ w?ue
h? =y? + w?ue
mm

h? =72 + w’ue = (7)2

)
7o foe (2

2
At lower frequency the value of factor w?ue is found to be less than (12—”) . Thus y

become real with value equal to the attenuation constant o and phase constant B=0. Thus there
is only attenuation suffered by the wave without any propagation.
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At higher frequency the value of factor w?ue is becomes greater than that of the

2
factor (";—”) . Thus ¥ purely imaginary with value equal to the phase constant j§ and

attenuation constant o=0.

The cut off frequency can be defined as the frequency at which the propagation
constant changes from real to imaginary. F=fc value of the propagation constant is zeso.

Thus,

2
For f<fc , w?ue < (";—”) 2 y=aand =0

2
For f>fc , w?ue > (";—”) ¥y =jBand a =0

For f=fc,
7= |wlus— (m)z =0

a
e = (2
Am2 £l pe = (?)2
mn

Zﬂﬂ\/ﬁ = T

m

Hz
2a+/ue

£ =

mm 2 2
In general, ) aswcue,

7 = jem\fue [(f=1£.°) = jp
The phase constant f3,
B =2mJue |(f*-£.)

The wavelength is defined as the distance travelled for the phase shift through 27 radius. Thus
the wavelength is given by,
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called guide wavelength and denoted by A,.
The cut off wavelength is given by,

A =2 wh !
c=— wherev=—
fe Ve

But the cut off frequency is given by,

= velocity of propagation

m mv

Je = i 2a

Hence the cut off wavelength is given by,

A===
C_f‘c_m

Thus the distance of separation is given by,

a—mz

The integer m indicates the number of wavelength variations of either electric and magnetic
fields along x direction.
Wave Impedance,

B fc

E. B _
ZO(TM)————g— 1- —
y

Zo(TM) =1 /1 - (7)

5.4. TE WAVES BETWEEN PARALLEL PLATES

X

=0 ] 7Y

Fig 5.2 Parallel plate waveguide
Consider that the electric field is totally along y — axis. As the
electric field is in y — direction only the field components in x & z are absent. Ex=Ez =0,
Ey+#0
Hy=0 H,#0,H,F0
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ie., the components of magnetic field in the y direction is absent. As the magnetic
field in the direction of electric field [ie. in y direction] does not exists, the wave is called TE
waves.

The equation for TE waves are given by,

0H, )
—yHx i jweEy S ()]

yEy = —jwBHx (RPN £ 0 )
0E,

i —jweHz [EPUPVRRRRTRRR § (o)

Differentiating eqn  1(c)=>»
2
0°E, L7
0x? 0x
0H, )
1(a) =2 ol jweEy + yHx
_ 14
1(b)?»Hx = "

Ey

28— ol oty + o) |
o = Jwe|—jweEy 7_jw y
0%E

v _ 2 2
Froale —(wue +y°)E,

0%k,
0x 2
The auxillary equation is, (m? + hZ)Ey =0

+h2E) = 0 oot 2

Equation (2) is the second order differential equation representing simple harmonic

motion. Then the solution of such equation can be written in standard form as
Ey, = C; Sinhx + C, Coshx
Where C; & C, are arbitrary constants.
Considering the variations of field components in Z — direction with respect to time the
complete solution can be written as,
Ey = (C;Sinhx + C, Coshx) e™"* v (3)

The arbitary constants C; & C, can be found by using boundary conditions.

The boundary conditions are written for Ey component

ie, at x=0 Ey=0
at X=a Ey=0
The tangential components of Electric field E is Zero at the boundary or the surface of the
conductor.
Applying the boundary conditions in (3) x=0 Ey=0
0 = (¢, Sin0 + C; Cos0)e™*
C, =0
Ey = (C; Sinhx) e77* e (4)
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Applying the second boundary conditions, x=a Ey=0

0 = C, Sinhae™
Sinha =0
To fulfill the second boundry condiions the value h must be selected as,
h= % where m=123.........

(4) DEy = C,Sin ('Z—”x)e"’z e (5)
The rearranging non-Zero components are H, and H, To obtain H,
equation (1) C=> aaixy =-jwuH,

] . — .
. [Cl Sin (’Z—”x) e VZ] =-jwuH,
Cie™ Cos('ﬁ—”x) (";—”) = -jwuH,
_ —mnCy mn —yz
H, = Ton 0 Cos( - x)e
To obtain H, Equation 1(b) = -jwuH, =yEy

14 . (MT
= i yz
H, 7 G S m( x) e

In the expression for the field component m is an integer which specifies different field
configuration (or) mode for different values of m. Hence the wave associated with m is called
TE ,,, wave (or) TE ,,, mode. The smallest possible value of m is 0. But when m=0 Ey=H, =
H, = 0 ie, all the field components are Zero. Hence the smallest possible value of m is 1.
Hence the lowest order mode possible with TE waves of TE;; mode. We know that
y = +jB

Where < is the attenuation constant & f is the phase constant
When the wave propagates without any attenuation oo = 0 - y=jB
The field components are,

mmn ,
= in(— —jBz
Ey Ci Sln( a x) e
—-mmnC, mn .
= — —jBz
., Joomo cos ( 7 x)e
—jBC mr .
H, = L Sin (_x) e—/bz
jou a

Characteristics

The properties of the TE waves between parallel conducting planes are altogether
different than those of the uniform plane waves in the free space. From the expression of the
field components of transverse electric waves or transverse magnetic waves either sinusoidal
or co sinusoidal variations or standing wave distribution of each of the component of E and H
in the x direction. In y direction none of the field components vary in magnitude or phase
which is according to the assumption made earlier.

Transmission Lines And Waveguides Page 5.12

AllAbtEngg Android Application for Anna University, Polytechnic & School



www.AllAbtEngg.com

UNIT V Wave Guides And Cavity Resonators

i. Propagation constant
Thus x-y plane is an equiphase for each of the field components. The meaning of
equiphase plane is that for all the points on the plane, the maximum value of any sinusoidal
variation of any field component will reach its maximum value at the same instant.

We know,
h=7%+ w?ue

h? =y? + wlue

h? =72 + w’ue = (?)2
e e (2
e oy

ii. Cut off frequency
2
At lower frequency the value of factor w?pue is found to be less than (";—n) . Thus y

become real with value equal to the attenuation constant @ and phase constant 3=0. Thus there
is only attenuation suffered by the wave without any propagation. At higher frequency the

2
value of factor w?ue is becomes greater than that of the factor (n;—n) . Thus y purely

imaginary with value equal to the phase constant j3 and attenuation constant o=0.

The cut off frequency can be defined as the frequency at which the propagation
constant changes from real to imaginary. F=fc value of the propagation constant is zeso.

Thus,

2
For f<fc , w?ue < (";—”) 2 y=aand =0

2
For f>fc , w?ue > (";—”) Yy =jBand a =0
For f=fc,

mm 2 2
In general, —) asawcue,
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iii. The phase constant f3,

B =2mue |(F*~£")
iv. Wavelength
The wavelength is defined as the distance travelled for the phase shift through 27 radius. Thus

the wavelength is given by,

21
AZFZAQ

This is the wavelength in the direction of propagation of the guide. Hence this wavelength is
called guide wavelength and denoted by A,.

v. Cut off wavelength

The cut off wavelength is given by,

v
Ac =— wherev = = velocity of propagation

1
fe Vue
But the cut off frequency is given by,
m mv

fe = iz 2a

Hence the cut off wavelength is given by,

Thus the distance of separation is given by,

a—mz

The integer m indicates the number of wavelength variations of either electric and magnetic
fields along x direction.
vi. Wave Impedance,

B
x €
2(TE) = - = — =

y £\

= (7)
Zy(TE) = ——"
f_‘c 2
1-(%)
Transmission Lines And Waveguides Page 5.14

AllAbtEngg Android Application for Anna University, Polytechnic & School



www.AllAbtEngg.com

UNIT V Wave Guides And Cavity Resonators
5.5. TRANSMISSION OF TEM WAVES BETWEEN PARALLEL PLANS

X

=l ] 7 *X

Fig 5.3. Parallel plate waveguide
Consider the electric field is totally along x-axis ie, E, = E, = 0 and the magnetic
field to totally along the y-axis. ie, H, = H, = 0. As the components of the electric and
magnetic fields are transverse to the direction of propagation. ie, Z axis, the wave is called
transverse electromagnetic waves.
The equation for the TEM waves are,

jweE, = y H,
jweH, = y E,
OHy
—~ =0
0x

Properties of TEM waves:
The TEM wave is a special case of guided wave propagation. Some of the important
properties are,

i) The fields are entirely transverse

ii) In the direction perpendicular to the direction of propagation, the amplitude of the
field components are constant.

iii) The velocity of propagation of TEM wave is impendent of frequency.

iv) The cut-off frequency of the wave is Zero which indicate all the frequencies
below fc can propagate along the guide.
The equation for field components of TE waves are,

Ey=C, Sin(";—” x) e v

—mra mn —yz
H, = Tona Cos( ; x) e
—jpC mmn
H, = L Sin (—x) e
jou a

If m= 0, all the field components are Zero ie, E, =H, = H, =0
The equation for field components of TM waves are,
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Ez= CITTZ CeSin(";—nx) e v*
H, = C, Cos (";—nx) e 1
y mmn
= — JR— —vz
E, Twe CzCos( 7 x)e

If m=0, E, =0 by and E, components exists.

Hy = C2e77%, Ex = L C2e7 7%
jwe
This is the equation for TEM Waves. Comparing the field components of TE & TM Waves
for m =0, E, = H, = 0. Thus there is not field components along the direction of propagation
ie, in the Z- direction.This is called transverse electromagnetic wave. Also for this wave, we

get the cut off frequency as Zero. This is called principal wave. The propagation constant

Y =jw+Jue

- : _ L
Velocity propagation V= =
The wavelength A= ;
Wave Impedance,
E
Zy(TEM) = — = £ _ \/E
H, we 3
Z,(TEM) =1

5.6. TM WAVES IN RECTANGULAR WAVE GUIDES
For TM wave no components of magnetic field is present in the direction of
propagation i.e, Hz = 0. The wave equation in rectangular waveguide is,

&
Y 2. Width
b- Height
b
>
X
£ a
Fig 5.4 Cross section of Rectangular waveguide
0°E  0°E )
ﬁ+a—y2+y E = —w“ueE

The wave is propagating in Z direction,

Transmission Lines And Waveguides Page 5.16

AllAbtEngg Android Application for Anna University, Polytechnic & School



www.AllAbtEngg.com
UNIT V Wave Guides And Cavity Resonators
0x% ~ 0y?
Let the solution of the equation is, Ez=XY
Where X is the function of x alone and Y is the function of y alone. Substitute the value of

+Y2E, = —w?usE,

Ez in the wave equation , a;:zy a;;(zy +¥2XY = —w?ueXy
°x 0%y 5
YW+Xa—yz+y XY = —w ueXY
o’x oty B
YW+Xa—yZ+ Y+ wue)XYy =0
°’x 0%y
YW + XW + h°XY =0
Divide this equation by XY,
10°X 10%Y .
}m + ?W +hc =0
This equation equate the function of x alone to a function of y alone and this can be equated to
a constant, %Zi—;{ + h? = A? - %z;—g = A?
l62—X+hZ—A2—0 A2+162—Y—0
X 0x? Y 0y?
102X 19%y
Let h? — A*> = B? }ﬁ+32=0 A2+?6_yZ=
The solution of this equations are,
X = CicosBx + C,sinBx Y = C3c0sAy + C,sinAy
The general solution is, Ez=XY

Ez = (CicosBx + C,sinBx)(C3co0sAy + C,SinAy)
= (C;C3c0sBxcosAy + CC4cosBxsinAy + C,C3sinBxcosAy + C,CysinBxsinAy
The constants C; C,, C; C, A&B are determined by boundary conditions
Ez =0 when x=0,x=a ,y=0 &y=b
1. Whenx=0,Ez=0
C1C3c05Ay + C1Cysindy = 0
Ci[C3cosAy + Cysindy] = 0
C3c05Ay + Cysindy = 0
This is possible only if C; =0
The general solution is,
Ez = C,C3sinBxcosAy + C,C,sinBxsinAy
ii. Wheny=0,Ez=0
Ez = C,C3sinBx = 0
This is possible only if either C,=0 0or C;=0ifC,=0Ez=0
Sub.C3 = 0 .« Ez = (,C4sinBxsinAy
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UNITV
Ifx=a,Ez=0

E, sinBa sindy = 0 E0 = C2C4
";—” for all values of y where m=1,23,....

iii.

This is possible only if B

iv. Ify=bEz=0
.omm .
Eosm7xsmAb =0

This is Possible only if A= % for all values of x where n=1,2,3,...
mn nm

Hence Ez = E, sin—x sin 5
a

When the wave is propagate along Z direction with respect to time ‘ot
mmn nm
Ez = E, sinTx sinTy sinwt e — yz
Consider no attenuation, Hence a=0 y=jB
.mm | nm ) .
Ez = E, sin——x sin—-ye — jpz sinwt
—jwu aHZ Y aEZ
Ex = -
h? 9y h? ox
dH,
For TM wave Hz = 0, =0
dy
y OE,
Th Ex = ——
en x W I
aEZ_E mmw . nm omm . .
o~ Focos——xsin—-y — sinwt e jpz
Ex — j,BE mm mmw . nmw . )
x = —37E cos——x sin—-y coswt € jpz

Similarly know,
J0E jwl OH.
4 2 020 Hz = 0 Hence,

Ey = = +
YT "oy T h? ox
y O0E
Ey = =
YT he oy
—Jj nm mn nr .
Ey = %BEO > sinTx cos =~y coswt e P
Then
—y0H, jwe O0E,
Hx = — —- Hz=0
T2 ox T h oy z
jwe nm . mm nm )
Hx = ?EO " sme cosTy coswt e 17
And
—Y0H, jwedE,
Hy = —- —— NowHz = 0
Y T 9y T h? ox ow iz
jwe mm . nm mn ipz
Hy = h_ZEO c0Ss—Xx smTy TCoswte
Page 5.18
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UNIT V Wave Guides And Cavity Resonators
Where a and b are the width and height of the rectangular waveguide, m and n are integer.
The above equations are gives the field component eqn for a rectangular waveguide B? =
h? — A2
Now, A*+B*=h’
h2 = 2+ w2Be => y = \h? —w?ue = /A2 + B2 — wue

Propagation constant y = \/(%)2 + (%T)z — w?pue
At cut of f frequency, wc2Be = (?)2 + (%)2

1 2 2
we = o= (5 +(5)

1 2 2
fe = oniie ) +(5)

- o [+ )

This is the cut off frequency of rectangular waveguide. The corresponding cut off wavelength
is,

Ac = v_o Lo A
f r fe
_ c
2 2
@) +(5)
Ac = 2

@) +G)

The propagation constant y = jfif a = 0

y=ip=J jwzg_(g)z -y
2

e JwZS_(%) -5

The velocity of propagation in waveguide v =

e
B
w
J27 _(mm\? _ (nm)?
w28~ (") - (F)

The corresponding wavelength is rectangular waveguide,

vV =
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7]

1=

14
" e () -5

The non zero field components are,

jpB mmn mm | nmw —ipz
Ex = _—zEO — cos—x sin—y coswt e/
wc e a a b
—jp mmn nm
= 5 EO sin—x cos —y coswt e 77
wc?le b a b
mn nm s
Ez = Eysin—ux sm?ye TP sinwt
a
Jjwe nm mn nr pz
Hx = —on sin—x cos—y coswt e’
wc?Be b a b
jwe mng . nm omnm ipe
Hy = ——E,cos—x sin—y —coswt e™’
wc4 e a b a
Hz = 0

The general representation for TM wave is TM,,, mode. If m=0 or n = 0 the fields of
TM wave will be Zero. So the lowest possible value for m and n is 1 for TM wave. This is
called TM,; wave. This lowest mode is called dominant.

}]

%

Fig 5.5. Field configuration of Dominant mode(TMy;)
5.7. TE WAVES IN RECTANGULAR WAVE GUIDES

Y a. Width

>

X

-

Fig 5.6 Cross section of Rectangular waveguide
For TE wave no components of Electric field is present in the direction of

propagation i.e, Ez = 0. The wave equation in rectangular waveguide is,

ot az — +y*H = H
ax2 Ty TV S W’ e
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UNIT V Wave Guides And Cavity Resonators
The wave is propagating in Z direction,

9°H, N 0°H,

0x%  0y?
Let the solution of the equation is, Hz=XY
Where X is the function of x alone
Where Y is the function of y alone
Substitute the value of Ez in the wave equation ,

+y?H, = —w?ueH,

a’Xy o9°xy 5
W-i- 372 +y°XY = —w ueXY
a’x oty L,
Ym+XW+y XY = —w ueXy
o’x o9y .,
YW+XW+ Y+ wue)Xy =0
a’x 0%y
YW + Xa—y2 +h°XY =0
o , , 10°X 10%Y
Divide this equation by XY, X% + 76_312 +h°=0
This equation equate the function of x alone to a function of y alone and this can be equated to
a constant, %Zi—;{ + h? = A? - %Z;—}z’ = A?
10°X ., ,  10%
}ﬁ-l_h —A°=0 A +?a—yz=0
Let h2 — A2 = B? )1—(392(—’2%32:0 A2+%g;—§=0
The solution of this equations are,
X = C;icosBx + C,sinBx Y = CzcosAy + C4sinAy
The general solution is, Hz = XY

Hz = (C;cosBx + C;sinBx)(C3cosAy + C4sinAy)
= C;CzcosBxcosAy + C;C,cosBxsinAy + C,C3sinBxcosAy + C,C,sinBxsinAy
The constants Cy, C,, C3, C4. A&B are determined by boundary conditions
From the Boundary Conditions Hz=0 and for TE wavesEz = 0
—jop aHz
© Ex =
h? dy

Ex = % (—AC,;C3cosBxsinAy + AC,C,cosBxcosAy — AC,C3sinBxsinAy

+ AC,C4sinBxcosAy) ...1
jw@ 0H,
h? ox
jwd . o
Ey = Ve (—C;C3 BsinBxcosAy — BC; C4sinBxsinAy + BC,C3cosBxcosAy
+ BC,C4cosBxsinAy) .... 11

And Ey =
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Applying boundry conditions,
I Whenx = 0,Ey = 0inl
jwl .
F(BC2C3cosBxcosAy+ BC,C4cosBxsinAy) = 0
B C, [C3cosBxcosAy + C, cosBxsinAy] = 0
This is possible only if C2=0

joll
The general solution is, Ey == ]h—z (—C,C;5 BsinBxcosAy — BC, C4sinBxsinAy)
ii. Whenx = a,Ey =0

jwi

0= Ve (—C;C5 B sinBa cosAy - BC;C,sinBa sinAy)
mT
This is possible only if either A= OorB = Y
mT
IfA = 0; Ey = OHenceB = e
.E_jm Ccmn_mn A mncc_mn nA
.y—hz(lgasmaxcosy a1451naxsmy)
joBmt

Ev = CC'mT[ ACC'mT['A
y = 2 a (—C,C5 sin 2 x cosAy - C;Cysin a X sinAy)
iii. Ify = 0,Ex = 0 inll

—jw
%(AC1C4COSBXCOSA}I + AC,CysinBxcosAy) = 0
This is possible only if C, =0
_-(D
Ex = %(—AC1C3cosBxsinAy—AC2C3siansinAy)
iv. Ify =bEx =0
—jwp

T(—AC1C3cosBxsinAb — AC,C;3sinBxsinAb) = 0
mm
CsinszinAb =0

nT nm
This is Possible only if A = e If B = 0 the whole Ex term vanished Hence A =

B _ —jwp mTCC B_m‘t mTCC'B'mT
~Ex = =5 ( b 13cosxsmby b 2351nxsmby)
jou nT . nm
We already know C2 = 0 Hence Ex = va TC1C3cosBxsm—y
Let C;C3 = HO When the wave is propagate along Z direction with respect to time ‘wt’
Ex = jou nTrH mm  nm -
X = 35 7 Hocos—xsin——y cos wte
joBmm mm nt

Similarly,C4 = 0, Hence Ey = —

— H, sin—x cos—y cos wt e™"*
h2 a ° a b7
In Hz equation substitute C, = C4, = 0

Hz = C,C; cosBxcosAy
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UNITV
mT nm
Hz = H, cosTxcos?y sin wt e™"*
L. =Y aHz j(*) aHz
Similarly Hx = 7 ox But Ey = T ox
OH, h? .
x  jol y
oy = =Y h? joBmm . mm nm -
X = B hZ a o sin——x cos——ycoswte
—ymm . mm nT e
Hx = T Hy smecoschos wte
- —YJH, jol aHz
Similarly Hy = h_zc')_y ButEx = — T W
OH,  h? .
dy ~  jwd X
.H_ynTtH B_m't -
- Hy = 37 £ Ho cosBxsin—y cos wte
Thus the field equations for TE waves are,ifa = 0
Ex = jou nﬂH mm nnb "
X="1r cos —xsin-—b cos wte
By — joBmTt H si mTt nm "
y = 77 5 Ho sin—xcos——ycoswte
Ez =0
Hx — —ymTtH . mm nm ¢ b
x = 17 Ho sin—=xcos—ycoswte
Hy = ~ 20 1, cosBx siny cos oot e7192
mT nm .
Hz = HO cosTxcos?y cos wt e 1Pz
If m = n = 0 all the fields of TE wave is vanished. So the lowest possible value is m
= land
n = 0.This is called TE10 wave. This lowest mode is called dominant.
B2 = h2 — A2

Now,A2 + B2 = h2
h2 =y2 + w28 => y = h?—w?pe = /A2 + B2 — 0?pe

mmy2  ,nmy2
= |(— ) 2
T (G
This is the propagation constant for a rectangular waveguide for TM waves.

At cut off frequency, wc2le = (?)2 + (%)2
2

1 2
oc = = [ +(5)
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2

2113— (m“) + (E)

2

2\/_
This is the cut off frequency of rectangular waveguide. The corresponding cot off wavelength is,

v ¢ 1/yue

The propagation constanty = jifa = 0

2

e
- e

The velocity of propagation in waveguidev =

)
§
w
2 mm
Jue - (B
The corresponding wavelength is rectangular waveguide,

v
k_

vV =

nm)?
-(%)
W
2 — (BT nm ?
" o )
The lowest propagating mode is termed the dominant mode. Wave propagation

below cutoff dies out very rapidly, and such a mode is termed evanescent. If more than one
mode is propagating, the waveguide is termed overmoded. In an overmoded waveguide, the

multiple modes propagate at different velocities and there will be interference between the
waves of the propagating modes which can result in cancellation at frequencies above the
cutoff frequency of the mode above the dominant mode. For this reason, waveguide operating
bandwidth must be restricted to the dominant mode.
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The field Configuration is,

Fig 5.7 Field configuration of Dominant mode
5.7.1. Impossibilities of TEM waves in Rectangular Waveguides
Consider that TEM wave exists within a hollow guide of any shape. By the property
of the lines of magnetic field intensity H must lie entirely in the transverse plane. For a non

magnetic material with condition V.H=0, the lines of H must be in closed loops. So to have
existence of the TEM wave inside the guide this H lines must be in a plane transverse to the
axis of the guide. According to the Maxwell’s first equations the magneto motive force
around the closed loop must be equal to the axial current. In a guide consisting inner
conductor, axial current is nothing but the conductance current of the inner conductor. But in
a hollow waveguide like rectangular waveguide there is no inner conductor present. In this
case the axial current must be equal to the displacement current. By the property displacement
current needs to the components of the electric field in the axial direction. But such axial
component of E is not present in TEM waves, hence it cannot exist in rectangular waveguide.
5.8. BESSEL’S DIFFERENTIAL EQUATION AND BESSEL FUNCTION

For the circular waveguide the expression for the field components within a hollow
circular guide can be obtain conveniently by using the cylindrical co ordinate system (r ,¢, z).
The general properties are similar to the rectangular waveguide. Also the basic equations of
TE and TM waves are exactly same in both the types of the waveguides. But the solution is
totally different. When the cylindrical coordinate system is employed the resulting differential
equation has certainly different from and it is known as Bessel’s equations. The solution of
such a Bessel equation leads to Bessel functions.

The analysis of field component within the hollow perfectly conducting cylinder
with uniform circular cross section is carried out using the cylindrical coordinate system. The
resulting differential equation is called Bessel equations. The solution of such a Bessel
equation is Bessel functions. These Bessels equation are useful in applications such as wave
propagation within a cylinder, or circular cross section, the field distribution along the long
wire of infinite length, vibration of circular membrane. The surface used to define the
cylindrical co ordinates are,

1. Plane of constant z which is parallel to xy plane.

2. A cylinder of radius r with z axis as the axis of cylinder

3. A half plane perpendicular to Xy plane and at an angle ¢ with respect to xz plane where ¢ is
called azimuth angle. The range of variables are,
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Fig 5.8. Variation of Bessel Function Jy(x)J(x) J,(x) J5(x)
When such a co ordinate system is used for the analysis of the electromagnetic wave
propagating with in the circular cylindrical the differential equations obtained is of the form
given by,
d’P 1dp n?
W+?d—r+<1+r—2>P =0
Here n is the integer. Using power series solution one of the solution of equation is,
P=aqay+ar +ayr® +azrd + ..
Substitute the value of P, and n=0
d*P 1dp
@ T rar
Addition of the coefficient of all powers of r individually equated to zero. Then the resulting
series is given by,

+P=0

1\ 1
2 (57 27
P=P =0 1_(%) +%_%

oG
P=H=Q2Gﬂrmy
r=0

The series represented in integrable for all values of r. That means it convergent for
all real and complex values of r. This is known as Bessel’s function of first type of order zero.
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Such function is denoted by J,(r) where suffix zero represent the value of the integer n such
as 1,2,3,4.... The Bessel function is indicated by J; (), J, (1), J3(r) ... respectively.

The second solution is manipulated series. This solution is commonly known as
Bessel function of the second type of order zero or Neumann’s function. It is denoted by
N, (). Sometimes a notation y, (r) is also used. The series obtained for first order Bessel’s
function of second type for order zero is given by,

z")
!

M) == [in () + 1]1or) -2 -1 2
r=1

Then the complete solution of Bessel equation of order zero, represented by the
equation is the combination of the two individual solution for n = 0. The complete solution is

2r

1+1+1+ +1
( 2 3 n)

given by,
P = AJy(r) + BNy ()

The poles of J (1) and Ny(r) as Shown in fig. The important property of the Bessel
function of the second type that their values become infinite for all the order, When the
arrangement is zero i.e. r=0. Thus while analyzing the wave propagating through circular
waveguide; will be considering the region with r=0. So practically it is not possible to have an
infinite field, the second type of Bessel function cannot be employed for any physical
problem, such as wave through a hollow circular waveguide.

The curve for (1) and Ny (r) are similar to the damped cosine and sine curves
respectively. And movever it is observed that for very large valued of r, the functions are
represented in the sinusoidal form. The expression of Bessel function for larger is given by,

Jo(r) = \/%cos (r - %)
Ny(r) = \/%sin (r - %)

5.9. TM WAVES IN CIRCULAR WAVE GUIDES
The field equation in Cylindrical co-ordinate System, Sub H, = 0 in equation

jos OE,

h*H, = ﬁ 7o 1))

h*Hy = —joe aaErZ ....... )

O, 2

thr = -y a—r ....... (J)

2 _ v 0E,
h*Ep = - 5 e €))
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Fig. 5.9. The cylindrical Waveguide
The solution of Maxwell equation in rectangular co ordinates gave fields in terms of
trigonometric function of the tube dimensions. Operation on Maxwell’s equation in
cylindrical co ordinate systems leads to Bessel function J, (rth) ie. J, (r/y?% + w?ue). The
manner of J,,J,J, and J5 is,

The expression for Ex of TM wave is, E,=E,J, (rth) Cos ng
OF, _ . l(rh)

5. = o ar h cos ne
JE,
= —EynJ, (rh)Sinne
0o

E,= E,Sinwte™"*
H, = H, Sinwt e™"*
When a wave propagate only in Z direction
Sub these in equation (1) to (4)

—j A €160
H = %(r,/yz + w?ue) Sinng eV cos wt

—jA, g8 0
Hy S Antato O (rVy?* + w?ue) Cos ng e™* cos wt

- Y2 + w?ue 0p
E, J By Un (rv?+ w?ue) Cosnp e coswt = ﬁHq,

N W7pe) 0P we
Ey = __JB An, ], (ry?+ w?ue)) Sinng e % cos wt = _—BHr
W2+ w?ue) we
i. For TM waves Hz =0
The boundary condition is Jn(ph) = 0
ii.  Let the roots of the equations be Jn(ph) =0
The first few roots are,
(ha)o, = 2.405
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(ha);; =3.83
(ha)o, = 5.52
(ha);; =7.02

The various TM wave will be referred as TMnm waves
The propagation constant y = \/m
The propagation constant y=jf if a=0
o?pe — hi,
The cut off frequency,
wBe= hZ,

_ hnm
f. =
2m\ue
ha
Where hnm = M
The phase velocity is,

w (0]

€

Fig 5.9 Field configuration of Dominant mode

The Roots of Bessel Function (TM, , modes)

Xom | JoXom) | J1(xm) | Jalxom)| J3(xay) | J4lxgy)| J5(xsy)
m=1 24048 3.8317 51356 6.3802 7.5883 87715
55201 7.0156 84172 9.7610 11.0647 123386

-
3 8.6537 10.1735 11.6198 13.0152 143725 157002
4 11.7915 133237 14 7960 16.2235 17.6160 159801
5 14.9309 16:4706 17.9598 19.4094 20.8269 222178
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5.10. TE WAVES IN CIRCULAR WAVE GUIDES

Fig. 5.10. The cylindrical Waveguide
For TE Waves E; is Zero. The equations for field components in cylindrical co-ordinate is,

2p o s 9 oM,
h‘H, = 5 ryuR P )]
2 _ 0E, Y 0H,
h*Hy = —joe Ty e e 2)
2p — _, 0Fz _jou 0,
h‘E, = =y » e 3)
2 _ —_y 0EZ i 6HZ
h*Ey = _—» jwe = 4)
For TE waves, the field equations are obtained by substituting E* = 0 in the above equations.
h2H, = —y ‘9;‘: ........ ®)
2y — ¥ 9H,
h*Hy = et e (6)
2p = Jondty
h°E, = e @)
. 9H,
h’Ey = jop ot (8)
p

The expressions for Hz for TE wave is, H,, = HOJH1 (rh) Cos n®
If the wave is propagate only in Z direction is,
Hz = Hzye™"” Sin wt

Hz = Hyjnl (r{y? + w?ue)) Cosn®@e™"* Sin wt

0H, 0], (rh)
= Hyh @
3, 0 ar Cosn
0H, .
= —Hy/n (rh) Sinn®
0y

Sub these Values I the above equations,
h%’H, = —yHoh;—r]nl(r,/yz + w?ue) Cos n®e ™% cos mt
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m—‘mwwesmm
_ __TJBHo 5 e
H, \/72+ wlpe or ]n (rm) e Cos ndcos mt

—jBnHo 7 —yz
Hy = ,m]n (ryy? + w?ue) Sin n® e™* cos ot
Er=a;TuH@ and EQ):_Hr

Let the root of the equation be
1, (ha) = 0 = Y0 "a;”a) =0

1. For TE waves Ez =0
The boundary condition is Jn'(rh) = 0
ii. Let the roots of the equations be In'(rh) =0
The first few roots are,
(ha") = 3.832
(ha);, = 1.841
(ha')p, = 7.02
(ha');,=5.331

The various TE wave will be referred as TEnm waves

The propagation constant y = +/h? — w?ue where hnm = %

The propagation constant y = jf if a =0

B = \w?Be— hi,

The cut of f frequency, w2Be = h%,
_ R
f. =
2m+ue
Where
ha
hm = (ha)ym
a

The phase velocity is,

Fig 5.11 Field configuration of Dominant mode
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The Roots of Bessel Derivative (TE modes)

Xom | JoCom) | Ji0m) | T2(30m) | 30530 | Ja(xam) | T5(x50)
m=1 | 38317 | 18412 | 30542 | 42012 | 53175 | 64156
70156 | 53314 | 67061 | 80152 | 92824 | 10.5199
101735 | 85363 | 99695 | 113459 | 126819 | 139872
133237 | 117060 | 13.1704 | 145858 | 159641 | 173128
164706 | 148636 | 163475 | 177887 | 19.1960 | 20.5755

h | e | | 2

5.11. THE TEM WAVE IN COAXIAL LINES
We know that, H=H,sinwt e "*

E =Eysin wt e™*
For TEM Mode E,=H, = 0.

. The co-ordinate equation are, Eyz & H, =0

YH, = jwe E,
....... )
19
:E (]/ Hﬁ) =0 (2)
a —
= (yHp)=0
-YE, = —jouHy 3)
0E,
Frim o 4
_ferp _ ¥
Hp = ” E, = o E,
Y2 = —wue
Y =jwue

For a TEM Condition « = 0, § — obtained for the dissipation less line. For TEM Wave f,
= 0 (or) that all frequencies are propagated on the co-axial line by the TEM mode.

i
2> . (rHy) =0 K — constant
r Ho =K
K
Hy ==
We know the Ampere octal law, [ H.dl =1
2ma H@ = IO
Iy
To find K,r = k=—
o fin r=a o
Iy
Hy = ——
°7 2mr
_Jes oo g e
3> Er—qu)—WHq)— EH@
Transmission Lines And Waveguides Page 5.32

AllAbtEngg Android Application for Anna University, Polytechnic & School



www.AllAbtEngg.com

UNIT V Wave Guides And Cavity Resonators

-
€ 2mr
The TEM wave in the co-axial line, it is possible for higher order forms of TE & TM
wave to exist with components of electric and magnetic field in the direction of the line axis.
5.12. RESONANT CAVITIES
A cavity resonator is a hollow conductor blocked at both ends and along which
an electromagnetic wave can be supported. It can be viewed as a waveguide short-circuited at
both ends. The cavity's interior surfaces reflect a wave of a specific frequency. When a wave
that is resonant with the cavity enters, it bounces back and forth within the cavity, with low
loss. As more wave energy enters the cavity, it combines with and reinforces the standing

wave, increasing its intensity. Waveguide resonators in its simplest forms are metallic
enclosures or cavities. Electric and magnetic energy is stored in this volume thus establishing
a resonance condition. The power dissipation is through the surface of the waveguide and the
dielectric filling. Coupling energy to the waveguide resonator can be made through a small
aperture, a probe or a current loop. Depending on the type of waveguide, two types of
resonant cavities

1) Rectangular

i) Circular.
The cavity resonators are used in tuned circuits and UMF tubes, Klystron amplifier,
oscillators. The circular cavity resonators are also used in u wave frequency meter.
5.12.1. Rectangular Cavity Resonator:

X I

Fig 5.12 Geometry of Rectangular cavity resonator

Consider rectangular cavity shorted at both the ends. The guide wavelength is
Ao

-G

mode the field frequency the field configuration is lowest. For TE;;mode A, = 2 a

A=

g . The most dominant mode in rectangular wave is TE;y mode. In dominant
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Ao

R
1-(38)

The dimension ‘a’ is fixed for the resonator. So 4, - fixed we knowf = /% =
0

In a rectangular wave guide,

o e (24 ()

r= () (5 -
otue= () +(2) - v

Forx=20 (UZ,Llf = (m_)z + (%)2 _ (JB)Z

a

But the condition for the cavity resonator is given as the cavity must be an integer multiple of
a half-guide wavelength long at the resonant frequency,

B = % where P = 1,2,3 ....... 00

Depending on the Value of P, the general wave mode through the cavity resonators are
denoted by TE,, for TE wave & TMy,,, for TM wave.

w?yus = (";—n)z + (%)2 - (%)2 => At resonant frequency
o= e |(5) + (%) - &
o= (%) + (5) - B

1 2 2
fo= zm/ﬁj(%) +(G) 7

If the resonator cavity is filled in air,

1 1 1

VEE Juoe €
=5 +6) - 6

5.10.2. Circular cavity Resonator:

The circular cavity resonators modes are specified as TM,y,, for TM waves and TE,,
for TE waves

For a circular waveguide
¥2 + w?us = h?

P, \°
2 2 _nm
+ =(—
Y w UE (a>
2

P
B2 4 o2 :(nm)
B wue a
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v

—

Fig 5.15: Geometry of circular cavity Resonator

But the condition for circular cavity resonator is same as rectangular cavity resonator.
. Pr
ie,f = vE P =123 ... 00

Depending upon the value of P the mode is selected. At resonant frequency,
1 [(Bm\> (Pm\?
2 nm
= — —_— + | —
@0 UE ( a ) (d) ]

oo L (Et_m>2+(1’_ﬂ)2
07 ViE a d

Q)0=27Tf0
1 P \>  /Pm\*
= +(—) HZ
b= g {) + ()
For f ! ! Cc
or free space — = =
Vue v Hoéo
C an>2 (Pn)z
= — —) HZ
fo 21 (a d

.... For TMp mode

For TE,;,, mode,

.... For free space

5.13. Q FACTOR OF RESONANT CAVITIES (Q)
The quality factor for the resonant circuit, either series or parallel, is the measure of

efficiency with which the energy storing elements can stored maximum energy. It is also a
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measure of the frequency selectivity of a resonant circuit. Quality factor is also called as
figure of merit.

Maximum energy stored
Q = 2m X

Energy dissipated
Let the maximum energy stored in W & energy dissipated be P.

Q= T
_2nf w
fp
_a)xw w
ST TP

Where = = wq . For an ideal resonator, the energy dissipation is zero.Therefore Q factor is
. The electric energy stored in the cavity resonator is

€
W, = SE —E%dv
L, 2
The magnetic energy stored is,

W, = ?ggHZdv
v

Where E & H one the peak values of electric and magnetic field intensities. Energy loss or
energy dissipated in the resonator is,

Rs

P= 75LIH1:I2 ds

Where H; is the peak value of the tangential component of magnetic field intensity.
Surface resistance of the resonator.

Rs.
Magnetic energy stored.

At resonance, Electric energy stored is equal to

ie, W, =W,

E
w W, = ¢2E%dv
Now Q = w();: Wy —= g

2
%gﬁsmtl ds

(or)
4;#/2 szv
Q = wo Rsv |H,[2
7§s t ds

H,- Peak value of normal component of a magnetic field intensity.
H 2 = H tz + H ny

|H > = 2|H|?
u
gﬁe/zEzdv gﬁ/Zszv
v v
Q rwy52—5— = Wyp—7—
O Rs (|H|? O'Rs (|H|?
26 A Fhds
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WoE ﬁ;EZdU (o) - Woy 1;

zZ_RS%QHIZdS _Z_RS%SﬁSIHIZd
The types of Q factor are,
a. Unloaded Q
b. Loaded Q
c. External Q

5.11.1. Unloaded Q:
When the cavity is assumed to be not connected to any load (or) external circuit, the

quality factor is denoted as unloaded quality factor Q,. An unloaded resonator can be
represented either by a series resonant circuit or by a parallel resonant circuit.

—AAN I} +
R G + R % L % c T i
L t

Fig 5.16. equivalent circuit of cavity resonator.
The resonant frequency and the unloaded Q of cavity resonator are,

L
wo =t

5.11.2. External Q for TE;:

If the cavity is connected to any external load the energy will be dissipated in the external
load. This cause the power loss. The quality factor which results due to the presence of
external load in the cavity results in an external quality factor Q,.

w w

e = Wy— Wy =—
Q % 0= 7

W — Maximum energy stored
P — Power loss due to the presence of an external load.
5.11.3. Loaded Q for TE(;:
When the cavity is connected to any load or external circuit, the quality factor is denoted

as loaded Q (Qp)
Maximum energy stored

Qu =21 Energy dissipated in the cavity per cycle (Po) +
Energy dissipated due to the external load
_ 2nf w W w

G m ) G TRy
w
Qu = wo 5
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1 1 + 1
QL QO Qe

The dominant mode in a rectangular cavity resonator is TE;y; with dimensions b <a <d.
a — width of the resonator
b — height of the resonator
d — length of the resonator
The energy stored inside the cavity at resonance,

e e b rd 2
w=—f f f|Ey| dx dy dz
2 0o Jo Yo

E, = EySin? (gx) Sin? (gz) dx dy dz
e E?

ZE T abd

Thus the maximum energy stored in TE101 mode is 50?2 abd

Total power loss,
Rs a b b rd
P = [7 zf j (Hx? +Hy2)Z=0] dxdy + 2.[ j (Hy? + Hz%),_
0o Jo 0 -0
a rd
dydx + ZJ j (Hx* + Hz*),_, dxdz
0o o

REZA |b(a® +d%) + 1 ad (a® + d?)
"= (ad)?

The quality factor Q = wy = %

€/8 Eyz abd

Q = W 1
R,E2%|b(@® + d*) + 5 ad (a* + d?)
84* (ad)?

_ wnb(a® + d?)3/?
"~ 2Rs[2b(a3 + d3) + ad (a? + d?)]
For square base cavity (a=d), Q is maximum. If a = d then,
nnb(a? + d?)3/?
2Rs[2b(a® + a3) + a? (a? + a?)]
nnb(2a?)3/? nnb2v2 a’

Q max =

= 3 A 1
2Rs[4a3b + 2a*] 8Rsa3h [1 + 2a3
4ab
27y 1.11p

Qmax =

4Rs |1+ 7] " Rs [1+ 5]
For Cubic Cavitya=b=d
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na(a® + a?)3/?
- 2Rs[2a(a3 + a3) + a? (a? + a?)]
mnb(2a?)3/? nna*2V2

"~ 2Rs[4a* + 2a*]  2Rs6a*

Q

a2
6Rs
n
= 0.74—
Q Rs
PROBLEMS

Example 5.1. For a TE|;, wave travelling through a parallel plans wave guiding system which
is air filled with a spacing of 2.286 cm operating at 8§ GH, i. Calculate the cut off frequency ii.
Find out whether propagation take place

Solution: Givn m=1,a=2.286 x 1072, f=8 GH,,

1. cut off frequency

_ m
fe™ 2avie
_ 1
2% 2.86 x10~2v/4m x 10~7 x 8.85 x 1012

=6.6GH,
ii. If operating frequency f greater than cut off frequency f, propagation take place.
Here f>f, 8GH, > 6.6 GH,

= Propagation take place

Example 5.2. A TEM wave propagates through a parallel plane wave guiding system at 6
GHz, with a spacing of 3 cm. The system is made up of brass whose conductivity is 1.1

x 10”mho/m and is air filled i. Phase constant ii. Attenuation
constant iii. Propagation constant iv. Wave velocity v. Wave length
vi. Cut off frequency
Solution: f=6GHz a=3x10"2 om=1.1 x 10’"mho/m
For free space n=m,=377Q
i. Phase constant B = w Uy
1)

=C= 125.7 rad/m

3 wpm
ii. = — [—
n\NZ2om
B 1 2w X 6 % 10°
"~ 377 x0.03 [ 2(1.1 x 107)
= 4133 x107* NP/m
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iii. Propagation constant y=x +jS
=4133x 107* + j125.7/m
iv. Wave velocity

1
9 =
vV Hoco
=3x 10%m/s
v. Wave length
2
A= —
W+ Ho&o
=0.05 cm
vi. Cut off frequency
m
fo= ——==0

2a./ oo
Example 5.3. An electromagnetic wave travels through a parallel plane wave guiding system
with a spacing of 300 and aix-filled at 12 GHz. Calculate the phase construct

i. If the EM wave is TE, ii. If the EM wave is TM,
Solution: Given f=12 GHz a=0.03
mimy 2
_ 2,0 (20
I

For TE |y & TM;; mode m= 1

2
p= J @/ ies — (553)
B =228.66rad/m

Example 5.4. An air filled parallel plane wave guiding system with spacing of 4 cm and
with planes made up of silver whose conductivity is 6.1 X 10”mho/m, propagates an EM
wave at frequency of 10 GHz.i. Calculate the attenuation factor if EM wave is TE ii.
Calculate the attenuation factor if EM wave is TM;

Solution:
f=10GHz,om 6.1 x 107 a=4 x 1072
2(m?)m? miry 2
i.For TE wave < = % B = |wiue— (7)
= 20.458 X 1076 N/m
WE wum miy 2
ii) For TM wave, o= Ba % B = |wue— (T)
= 1943 rad/m
= 1821 x 10~* NP/m
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Example 5.5 A pair of perfectly conducting planes are separated 4 cm in air, frequency of
5000 MHz with TM1 mode, find following. i) Cut off frequency (ii) Cut off wavelength
(ii1) Phase constant f3
Solution: given A =4 CM, F = 5000 m MHz

For TM1 mode, m=1

m
) Cut =
i) Cut of frequency f- avie

_ 1

2X4x1072 xJ4nx 10-7 xix 10—°
36T
= 3.74 GHz

B 2a 2 X4 x10? )
ii) Cut of f wavelength A, = P s 8x 107 =m =8cm

1
iii) B = 2m\Ju. e[ fo — f2
1 1
= 27'[\/4; x 10~7 (gn) x 1079.,/(5000 x 106)% — (3.75 x 1079)

= 69.26 degree/m
Example 5.6: For a frequency of 6000 MHz and plane separation of 7 cm. following for TE,

mode.i) Critical frequency ii) Phase constant fiii) Attenuation constant &< and phase constant

B for f = 0.8 f.iv) Attenuation constant @< and phase constant § for f = 1.25 f.v) Critical

wavelength A,
f= 600 MHz
d=7ecm=7x 107°m
Medium is air, - U = typ=4xmx10"" and g, = g = 8.8542 x 10712

1) Critical frequency
f = m 1
¢ Za Aulé‘l

1 1
T 2x7x1072 J4 X 1 X 1077 x 8.8542 x 1012

=2141.39 MHz
ii) At f= 6000 MHz which is greater than f, <=0

p=5 ()

oo (600 x 106)2
T 7x1072 [(2141.39 x 106)2

=117.46

Transmission Lines And Waveguides Page 5.41

AllAbtEngg Android Application for Anna University, Polytechnic & School



www.AllAbtEngg.com

UNIT V Wave Guides And Cavity Resonators
iii) For = 0.8 f. where f< f,
Propagation constant is purely real ~ =10
2
mm f
w= 22 1= (7) -1
2a fe
T 0.8f, z
o - (2
7 X 102 f.
- = 26.9279
iv) For f=1.25 f, where f> f, propagation constant is purely imaginary < = 0
2
mmn
2a | \fe

_ T (1.25]‘6)2 1
~ 7x1072 f.
33.66

v) Critical wavelength
he=22=2X7x1072

=14 cm

Example 5.7. Given a circular waveguide used for a signal at a freq. of 11 GHz Propagated
in the TE11 mode and the internal diameter is 4.5 cm. Calculate cut off wavelength guide
wavelength group velocity and phase velocity.

Solution: f=11 GHz, d=4.5cm, n=1, m=1

a=2.25cm
(ha');, = 1.841
1= 2ma _ 25 x2.25cm
©T (hd)y 1.841
A. =7.68cm A=c/f
1
ﬂg = ﬁ :027
1‘(87)
=0.0288 m
A
IP = Tg c

=3.176 % 10® m/sec
2

c
P=—=2833x 108
) 9P m/s
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Example 5.8. A circular waveguide has an internal diameter of 5 cm. Calculate the cut off

frequency for TEy, and TE;; mode and also find cut off wavelength.

Solution: d=5cm a=2.5cm
’lnn1

" 2niE

fe
hoy  3.8320
f; j— j—

T 2m e 2mpE
=1.828 x 10%H,
2na 2na

c= 7= T
hanm h01

TE;;  hy 1841

= = = 8.784 x 10’Hz
f. 2m\fue  2m+\fue

2na  2ma 8.53
= =——=28.53cm
hanm hll

(o

Example 5.9. Determine the cut off frequencies of the first two propagating modes of a
circular waveguide with a=0.5 cm and ¢, = 2.25 if the guide is operating at f= 13 GHz.

Solution: a=0.5cm =225 f=13 GHz
f. = hn_m
2m\Jue
= ij%: 7.650 x 107 Hz
(ha),; = 3.85
f,=1.224 % 10° Hz
TE: (ha)g; = 3.832
f,=1.224 % 10° Hz
(ha);; = 1.841

f,=15.856 * 10’ Hz

Example 5.10. An air filled circular waveguide having an inner radius of 1 cm is excited in
dominant mode at 10 GHz. Find a) the cut off freq. of dominant mode at 10 GHz. b) the
guide wave length and wave impedance C, the Bw for operation in dominant mode only.

Solution: given: a= 1 cm f=10 GHz
TE;
Jo. = 2na  2m X 1cm
&A= T T 8an
=0.0341 m

fe,, = —— = 8.8GHz A =c/f=003

1011
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A

1-(5)

2

=0.0631 m n= +Ju/e =376.73
Z — ’7
TE — 2
1-(3)
=1792. 443
TMO1 p) 2ma _2m xlem _ o oo61
a, Acgp= —=————=0. m
7 hy 2.405
C
fc01 = — = 11.49GHz
/1C01
2
b A = —— A=c/f = 0.03
’ g
ﬂ. 2
1‘(17)
_ 0.03
0.03 \*
1 - (5.0267)
ZTE =

d, B.W = Cut off frequency of TM; - cut off frequency TMy,
=11.49 GHz - 8.8 Hz
=2.69 GHz

Example 5.11. A rectangular cavity resonator has diameter of a=5 cm, b =2 cm and d=15
cm computer a, the resonant frequency of dominant mode for an air filled cavity b, the
resonant frequency of dominant mode for a dielectric filled cavity of &, =2.56

Solution: a=5cm b=2cm d=15cm
TE 101 ump =>domininant mode (wave guide)
_ 1 m\2 n\2 PN2 _ _ _
a'fr—w\/(:)Jf(z)ﬂz) =1 m=0p=1
- e o) (e
© 2Jyue\5cm 15cm
= 3.1622 GHz

B 1 my2 m?2 p
TR
m=1 n =0, p=1
f. = 1.975 GHz
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Example 5.12. Calculate resonant frequency of rectangular resonator of dimensions a=3 cm,
b=2cm, d=4 cm ifthe operating mode is TE101 assume free space within cavity.

Solution: a=3cm, b=2cm, d=4cm, m=1, n=0, p=1
1 my2 m?2 p
= _ = LAY
U Zﬁj(a) +(a) +(d)
=6.25 GHz

Example 5.13. Design a rectangular cavity to have a resonant frequency of TE11 mode is 9.8
GHz having dimensionsa=d and b= %

Solution: f = %\/(%)2 + (2)2 + (%)2 ( m=1, n=1,p=0)

a

_3x108 ’1 4
9.8G= > a_2+a_2
C [/m\? n\: p
- = (= ) — &y
fr 2\/(a)+(2/a) @
oge - C|L,4 _C5
' 2 Ja?  a? 2 Ja?
_CA5
T 2a
_ 3 x 1085
*= T2 x98
=0.0342 m
a=342cm, d=342cm
3.42

b:T= 1.71Cm

Example 5.14: A rectangular waveguide with dimensions a=2.5 cmand b =1 cm to operate
below 15.1 GHz. How many TE and TM modes can the waveguide transmit if the guide is
filled with a medium characterized by 0 =0, & =4 & and p; = 1?7 Calculate Cut off
frequencies of the modes.

Solution: Given: a=25cm =2.5 %107 m

b=1lcm =13%102m

f=15.1 GHz
The cut-off frequency f. is given by,

= = BT )

a a

Transmission Lines And Waveguides Page 5.45

AllAbtEngg Android Application for Anna University, Polytechnic & School



www.AllAbtEngg.com
UNIT V Wave Guides And Cavity Resonators
1

1 1 v Ho€o

But Vl == =
\/lel \/(#Oﬂr)(4€0) 4.“1’
poo Co3x 108
T2 2
3 x 10° m 2 N
fomn == J(z.s —=) +(570%) e)

Let us consider different values of m and n.
For TE,; mode: m=0, n=1

fron =2 JOF A X 1077 = 7.5 GHz
For TEy, ,mode: m=0, n=2
For TE,, , EM, |, (degenerate modes), f.; ; = 8.078 GHz
TE,;, TM,, f:21 =9.6 GHz
TE;,, TM;, f3, =11.72 GHz
TE41, TMyy, fo4) =14.14 GHz
TEi,, TM,, fo12 =15.3 GHz
The modes whose cut-off frequencies are less or equal to 15.1 GHz will be transmitted.
Thus in all total 11 TE modes and r TM modes are transmitted by the rectangular guide.

Example 5.15: A standard air filled rectangular waveguide with dimensions a = 8.5 cm and b
=4.3 cm is fed by a 4 GHz carrier from co-axial cable. Determine if a TE;; mode will be
propagated. If so calculate phase velocity and group velocity.

Solution: For TE;; mode : m=1,n=1.Forair, V,=c=3 X 10® m/sec

2

L Vi |/my2 o m
The cut — of f frequency is given by f. = > (E) + (E)

3 x 108 1 2 n 2
e
2 8.5 x 10 43 x 10

- f. =3.909 GHz
Asf = 4GHz > fc,the TE1,1 mode will propagate .
Hence the phase velocity is given by

A 3 x 108 o
v, = = = 14.14 x 10° m/sec

ey R
2

_3><108( 0 )2+( 2 )—15GH
feor =— 2.5 x 102 1x 10-2) z
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For TEO,3 mode: m = 0, n =2

S ) s () = z2san
feos =— 25 x 10-2 1x 10-2) ~ “> W17

Thus for TEq3;mode f,,3 > fi.e f.,3 > 15.1 GHz. Hence the mode with n>2 cannot
propagate through guide.

3 x 108 OIS 0y
For TE1I0 mode:m = 1,n = 0 feoz = ( ) +( )

4 2.5 x 102 1x 102
=3GHz
For TE20 mode:m = 2,n = 0 _3X108( - )2+( : )2
or mode:m = 2,n = fer0=—7 55 % 10-2 1x 10-2
=6 GHz

For TE30 mode:m = 3,

— 0 _3><108 ( 3 )2+( 0 )2—9GH
n=0 feso=— 25 x 102 1x 102) ~ U7

For TE40 mode: m = 4,

— o 3><108 2 ( 0 )2—1ZGH
n=0 foao= 25><10 1x 102 d

For TE50 mode: m = 5,

=0 g =22 ) (o) —156m
n=0fes0= 25><10—2 1x 102 z

For TE60 mode: m = 6,

2

3 x 108 2 0
n=0fc6'0— ( ) =18 GHz

25 X 10‘2 1x 102

3510 3.909 x 10°
N 4% 10°

= 0.6362 x 108 m/sec
Example 5.16: When the dominant mode is propagated through a waveguide at a frequency
of 9 GHz, the wavelength is found to be 4 cm. Find dimension of the breadth a of the guide.
Solution: The dominant mode is TE;, mode. ~ m=1,n=0

The group velocity is given by,

. , _ _ _ _ ¢ _ 3x108
Given: guide wavelength = 4, = 4cm, f = 9GHz A= il
0.033
The guide wavelength is given by
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/10 /10 Ao
1y = / ] [
1- [10
B [0.033 ]2
= /1c
1.10889 x 1073
1.0 x 1073 = > = 0.69305
Ae
Dividing all the terms by lcz we get,
11 1 ) ) ;
— 5= A5 — 0.69305 4,.° = 1.10889 x 10~
A" A A
11 1 ) ;
— == A% =6.612 x 10~
A A" A
c 3 X 108
But Ay = f 3 < 10° =0.0333m A. = 0.06m
/15,—46m—4><10‘2 A = 6cm
1 1

Substituting values, we can write

2.2 (0.03333)2 (4 x 1072)2
A.=0.06 m=6cm
But for TE10 mode A, =2a
6 =2a

Example 5.17: A TE;, mode is propagated through a waveguide with a = 10 cm at frequency

2.5 GHz. Find A, V,,, V;, A, Z, 7y and B.

Solution: Given a=10 cm=10x10">m=0.1m
f=2.5GHz=2.5 x 10° Hz

TE,ymodeie. m=1,n=0

8
The free space wavelength is given by, Ay = ]% X 235XX1(1)09 =0.12m
i) Cut — of f wavelength is given by, Ade = Ao =2(a) =2x%x0.1
=02m
. o C 3 x 108
ii) The phase velocity is given by, Vp = =
T Jl B (0.12)2
1- [A—O] 0.2
(o
=3.75 x 108 m/s
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o 6 o 0.12)?
iit) The group velocity is given by, V; = C |1 — [/1—] =3x10° |1- (W)
. .
=24 x108m/s
. o 0.12
iv) The group wavelength 1, is given by, 1, = =0.15m
j A J 0 12
T
=15cm
7, 377

The wave impedance Zz(TE) is given by, Z = =

2(TE) >
[

= 471.25Q
The ph tant B is given b S 2T 4188rad
e phase constant B is given by, B = 7 = Tox102 3L rad/m

Example 5.18: The cut-off wavelengths of a rectangular waveguide are measured to be 8 cm
and 4.8 cm for TE, and TE;; modes respectively. Determine waveguide dimensions.
Solution: Given: For TE;ymode : A9 =8cm
For TE;; mode : A.4; = 4.8cm
For TEy mode which is the dominant mode, cut off wave length is given by,
/1010 =2a
A=2a
a=4cm
For TEM,;; mode, i.e. for dominant mode, the cut-off wavelength is given by,
2ab

Nyl

2(4)(b) _
J(@)? + b2

b
———=0.6
Vvb? +16
Squaring and cross multiplying 0.36 (b* + 16) =b*

b=3cm

A1 =

Buta=4cm

Example 5.19:Waveguide, the guide wavelength measured is 8 cm and when TE11 mode
propagation the guide wavelength increases to 12 cm. If operating frequency for both 6 GHz.
Calculate a and b for the guide.

Solution: For TE;omode : A5 =8cm =8x1072m
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For TE;; mode : Ayq; = 12cm =12 x107%m
f=6GHz=6x 10° Hz
For standard waveguide, a=2b
For dominant TE10 mode, 1.1 =2 a
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Solving we get,a = 7.826 cm
a 7.826
Hence b = 5= "5 = 3913 cm
SUMMARY

e Transverse Magnetic (TM) Waves

In this wave the magnetic vector is entirely normal to the direction of propagation and hence
it has no components in the direction of propagation. The electric vector has both the
normal and parallel components.

o Transverse Electric (TE) Waves
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Wave Guides And Cavity Resonators

In this wave the electric vector is entirely normal to the direction of propagation and hence it

has no components in the direction of propagation. The magnetic vector has both the
normal and parallel components.

Circular wave guide

Characteristics

Rectangular Waveguide

Parallel plate waveguide
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UNIT V Wave Guides And Cavity Resonators

e The phase constant f3,

B = 2mfue |(F2~£.")

e wavelength
21
A= 7 =1
e The cut off wavelength 1, = fl where v = % = velocity of propagation

. L 2
e Thus the distance of separation is given by, a = m?”

- R T PTAY
. WaveImpedance,ZO(TM)—Hy—we—\/: 1 (f)

Zo(TM) =7 |1 - (?)2

e By the property displacement current needs to the components of the electric field in the
axial direction. But such axial component of E is not present in TEM waves, hence it
cannot exist in rectangular waveguide.

e The expression of Bessel function for larger is given by,

Jo(r) = \/%cos (r - %)
Ny(r) = \/%sin (r - %)

e TM waves The first few roots are,

(ha)g, = 2.405
(ha),, = 3.83
(ha)y, = 5.52
(ha);» = 7.02

e  The various TM wave will be referred as TMnm waves

The propagation constant y = /h2 — w?pue

e The propagation constant y=jB if a=0

~.B = o%ue —hZ,

e The cut off frequency,

f — hnm
¢ 2myue
h
Where hnm = %

The phase velocity is,
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UNIT V Wave Guides And Cavity Resonators

v wzlug_ h‘rzlm

e For TE wave The first few roots are,

(ha"); = 3.832
(ha);, = 1.841
(ha')p, = 7.02

(ha');,=5.331

e  Properties of TEM waves

The TEM wave is a special case of guided wave propagation. Some of the important
properties are,

The fields are entirely transverse

In the direction perpendicular to the direction of propagation, the amplitude of the field
components are constant.

The velocity of propagation of TEM wave is impendent of frequency.

The cut-off frequency of the wave is Zero which indicate all the frequencies below fc can
propagate along the guide.

e Rectangular wave guides
Ae

. Wavelength/i = \/ﬁ
2a

o The phase velocity
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e Relation between phase velocity and group velocity
— 92
Y,.9,=9
e If f<f. - The propagation constant is realie, x+ 0, f =0

o The group velocity

e Phase shift B,

e If f>f, - The propagation constant is imaginary ie, x = 0, # = 0

TWO MARKS
1. What are the three properties of EM Waves?
(i) EM Waves travel at very high velocity
ii) While traveling, they assume the properties of waves
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