www.AllAbtEngg.com

Principle of digital signal processing

Unit II1
IIR FILTER DESIGN
3.1 ANALOG FILTER DESIGN
The design of IIR filter involves design of a digital filter in the analog domain and
transforming the design into the digital domain.
The system function describing an analog filter may be written as

where {a, } and {b; } are the filter coefficients. The impulse response of these filter coefficients
is related to H, (s) by the Laplace Transform

H (s)= f!l[r]e “di

The analog filter having the rational function H(s) can also be described by the linear
constant-coefficient differential equation

N dty M gkt
Z“t a8 Z*”;.- —;: }

k
k=0 dr A=D

where x(t) is the input signal and y(t) is the output of the filter
The above three equivalent characterisation of an analog filter leads to three alternative
methods for transforming the filter to the digital domain. If the conversion techniques are to be
effective, the technique should possess the following properties:
i) The jQ axis in the s-plane should map onto the unit circle in the z-plane.
ii) The left half plane of the s-plane should map inside of the unit circle in the z-plane
to convert a stable analog filter into a stable digital filter.

.r'n Im{2)
4 Unit Circle

Re(2)

l, Z-plane

" s-plane
Fig 3.1: Mapping from s-plane to z-plane

IIR Filter Design-ECE Page 3.1

www.AllAbtEngg.com study materials for Anna University, Polytechnic & School



www.AllAbtEngg.com

Principle of digital signal processing

3.1.1 IIR FILTER DESIGN BY APPROXIMATION OF DERIVATIVES

In this method the analog filter is converted into a digital filter by approximating the
differential equation by an equivalent difference equation. The backward difference formula is
substituted for the derivative dy(t)/dt at time t = nT. Thus,

dy(t) = y(nT)=y(nT-T)
dt t=nT T
_ yin)-yn-1)
T

where T is the sampling interval and y(n) = y(nT). The system function of an analog
differentiator with the output dy/dt is H(s) = s, and the digital system that produces the
output [y(n) — y(n — 1)]/T has the system function H(z) = (1 — z~1)/T. These two can be
compared to get the frequency-domain equivalent for the relationship as
= 1-271

T
The second derivative d?y(t)/dt?is replaced by the second backward difference

d?y(2) _d [dy(t)]

de? |,_,p dT| d¢ J,..p
[y -y T -TT -[y(nT -T)-y(aT -2T)T
- T
_Yn)-2y(rn-D+yn-2)

Tﬂ
The equivalent in the frequency domain is
P 1-2z7+2? (1-271 =
T? T

The i*" derivative of y(t) resulte=s in the equivalent frequency domain relationship

sl'_ l—qu}i
LT

As a result, the digital filter’s system function can be obtained by the method of
approximation of the derivatives as,

H(z)= H,(8) |, -1y

where H,(s) is the system function of the analog filter characterised by the differential
equqtion.
Above equation can be equivalently written as,

Substituting s = jQ in the above equation
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.
1-;0T
s L is OF
1+ Q27?2 1+ Q272

Varying Q from -co to o, the corresponding locus of points in the z-plane is a circle
with radius 2 and with the center at z=1/2. It can be seen that the left half of plane of s-domain
is mapped into the corresponding points inside the circle of radius 0.5 and center at z=0.5 and
the right half of the s-plane is mapped outside the unit circle.. As a result, this mapping results
in a stable analog filter transformed to a stable digital filter.

As the location of poles in the z-domain are confined to smaller frequencies, this
design method can be used only for transforming analog low-pass and bandpass filters having
smaller resonant frequencies. Neither high pass nor band reject filter can be realised using this
technique.

The forward difference can be substituted for the derivative instead of the backward
difference. This gives,

dy®)  yrT+T)-ynT)

dt T
_yn+D-y)
T
in Im(z)

\\L L z-plane
® a Re(z)
\\\ Unit Circle

s-plane

Fig 2.2: z-plane mapping
The transformation formula will be,
— 1
B
or
z=1+sT
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The mapping of the above equation is shown in the figure below. This results in a
worse situation than the backward difference substitution for the derivative. When s = jQ, the
mapping of these points in the s-domain results in a straight line in the z-domain with
coordinates (Zreal,zimag) = (1,QT). Consequently, stable analog filters do not always map
into stable digital filters.

ja Im(z)
A Ss-plane Z-plane

-________-_-____—r

—

0 o u|/1 Re(z)

Unit circle
Fig 2.3: z-plane mapping

Example Use the backward difference for the derivative to
convert the analog low-pass filter with system function

1
s+2

Solution The mapping formula for the backward difference for the
derivative is

Hi(s) =

1-z"1
8=
T
The system response of the digital filter is
H@)=H(s)|, 1=t =— L
% 1-27 +2
T
=T
1-z71 42T
T =1s,
H(z)= : =
-z
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Use the backward difference for the derivative and
convert the analog filter with system function

1
H(s) =
s +16
Solution
g 222
R

The system response of the digital filter is
1

=112
(IH; J+16

H(z)= H(s}]nl-;" =

H(z) I’
= 2z +27%2 41672
If T = 1s,
1
H(z)=
27 2-22"1+17
An analog filter has the following system function.

Convert this filter into a digital filter using backward difference for
the derivative.

1
H(g) = ————
(s+0.1%+9
Solution The system response of the digital filter is

1
= e
H(z)-H(s)l,.iT T =
( T +0.1) +9

TE
H(z)= —; T 5
272 -2(1+01T) 2z +(1+02T +9.017%)
T2
(1+0.2T +9.01T7%)
H =
ey a+01m i, 2
(1+0.2T +9.017%) (1+0.2T +9.01T7%)
If T = 1s,

0.0979
1-0.2155 2" + 0.09792 z 2

IIR Filter Design-ECE Page 3.5

H(z) =

www.AllAbtEngg.com study materials for Anna University, Polytechnic & School



www.AllAbtEngg.com

Principle of digital signal processing

3.1.2 IIR FILTER DESIGN BY IMPULSE INVARIANCE
In this technique, the desired impulse response of the digital filter is obtained by
uniformly sampling the impulse response of the equivalent analog filter. That is,

hn)=h,@nT)

where T is the sampling interval. The transformation technique can be well understood by first
considering the simple distinct pole case for the analog filter’s system function, as shown

below.
M
Az.
H, (s)=
’ ig'n §=D;

The impulse response of the system can be obtained by taking the inverse Laplace
Transform and it will be of the form
M

he @)=Y Aje” u,(t)
i=1
where u, (t) is the unit step function in continuous time. The impulse response h(n) of the
equivalent digital filter is obtained by uniformly sampling h, (t)

M
h(n)=h,(nT) =Y A;eP" u, (nT)
i=1
The system response of the digital system can be obtained by taking the z-transform,

H@)= Y hm)z™

n=0

- [ M
Hiz)= ¥ | Y Aefi"T y, {RT)]Z“"
n=0

[i=1
Interchanging the order of summation,

H > < pinT -n
@=3 |3 Ae u,(nT) |z
n=0

i=1L

M
4
HE@) = ) T=ormr
i=1

Now, by comparing, the mapping formula for the impulse invariant transformation is

given by
1 1
s—P Tl ePig

It shows that the analog pole at s = P; is mapped into a digital pole at z = eiT.

Therefore, the analog poles and the digital poles are related by the relation

z=e"
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The general characteristic of the mapping z = e*” can be obtained by substituting
s = 0 + jQ and expressing the complex variable z in the polar form as z = re/“ . With these

substitutions,
rejw — e(rTejQT
Clearly,
r=eT
w=QT

This shows that, the left half of s-plane is mapped inside the unit circle in the z-plane
and the right half of s-plane is mapped into points that fall outside the unit circle in z. This is
one of the desirable properties for stability. The jQ axis is mapped into the unit circle in z-
plane. However, the mapping of the jQ axis is not one-to-one. The mapping w = QT implies
that the interval -m/T < Q < n/T maps into the corresponding values of —m < w < 7.
Further, the frequency interval m/T < Q < 3n/T also maps into the interval —m < w < w and
in general, any frequency interval (2k — 1)n/T < Q < (2k+ 1)rn/T, where k is an integer,
will also map into the interval —m < w < 1 in the z-plane. Thus the mapping from the analog
frequency Q to the frequency variable ® in the digital domain is many-to-one, which simply
reflects the effects of aliasing due to sampling of the impulse response.

Some of the properties of the impulse invariant transformation are given below.

l " (_ l)ﬂ!'—l dm-l E

o F = 8
(s+s)"  (m=D!gs" " |1-eT27! '
s+a 1—e T (coshT)z™"
—_—
(s+a) +b* 1-2¢“T(cosbT)z ' +e 2772
b e (sinbT)z™"
L —aT 1, _—2aT_-2
(s+a) +b 1—=2¢ ™ (cosbT)z" +e 'z~
}‘ﬂ ImZ
s-plane | e Unit Circle

//

W a \\i 1 Re Z

-nT

Fig 3.4: Mapping of z = e*7
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Convert the analog filter into a digital filter whose
system function is

5s+0.2
(s +0.2)?% +9
Use the impulse invariant technique. Assume T = 1s.

Solution The system response of the analog filter is of the standard
form

Hi(s)=

s+ da
(s +a)? +b°

where a = 0.2 and b = 3. The system response of the digital filter can
be obtained using

His)=

1-¢ %7 (cosbT) 27}
-2 (cosbT)z ! + ¢ 20T 772

~ 1-e %27 (cos3T) 27!
1-2¢7%%7 (cos3T) 27} + %47 272

Hiz) =
(ZJl

Taking T = 1s,
1-(0.8187)(-0.99) z~!
Hz)= = =
1-2(0.8187)(-0.99) z~" + 0.6703 z
That is,
-1
H () 1+(0.8105) =

T 1+16210z '+ 067032 2

Example For the analog transfer function

1
T (54D (s+2)
determine H(z) using impulse invariant technique. Assume T = 1s.

H(s)
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Solution Using partial fractions, H(s) can be written as

1 A, B _As+2)+Bs+1)

His)= = =
) +Ds+2) s+1 542 (s+1D(s4+2)
l=A(s+2)+B(s+1)

Letting s = —2, we get B = —1 and letting, s = — 1, we get A = 1. Therefore,

1 |
H(s)=——-—
) s+1 542

The system function of the digital filter is obtained by using Eq.
1 1

HA= 1—e 72! i |—e* ;7!
;-—IIE-T g3
(e T e Ty T2
Since T = 15,
0.2326z""
H(z)= . =
1=0.5032z"" + 0.0498:z
Example Determine H(z) using the impulse invariant technique for the
analog system function
1
H(s)= =
(s+0.5)s" +0.55+2)
Solution Using partial fractions, H(s) can be written as
H(s) = ;_] _ A : Bs+C
(s+0.5)s"+055+2) s+05 5 +055+2
Therefore,

A* +055+2)+(Bs+ C)(s + 0.5) =1
Comparing the coefficients of s%, s and the constants on either side of the above
expression, we get

A+B8=10
054+05B+C=0
24+ 05C=1
IIR Filter Design-ECE Page 3.9
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Solving the above simultaneous equations, we get 4 = 0.5, B= —0.5 and C = 0.

The system response can be written as,

0.5 0.55
H(s)= -
s+05 s +055+2
__05 -n,s[ E ‘
s+0.5 (s+0.25)" +(1.3919)° )
__05 s s+0.25 B 0.25
s+0.5 T |(s+0.25° +(1.3919)  (s5+0.25)° +(1.3919)
_ 05 5 +0.25 }
s+05 | (s+0.25) +(1.3919)
+0.0898 ]'39[9 .
(s40.25)° +(1.3919)°
Using Egs.
H(z)= 05 o 1—e "7 (c05 1.3919T)z "
1—e 05T 1 . !—-25'*“1”{(;051.39]91"}:_1 T e
—0.25T ;_: =1
- e (sin1.39197)z

1—=2e7%7 (c0s1.3919T)z ! 4057 2

Letting T'= 1 s,

i 1—0.1385z""
By = S —
1-0.6065 z 140.277z"" 4+0.606 2"
0.7663z""
+0.0898 == :
1-0277=" +0.606=

3.1.3 IR FILTER DESIGN BY THE BILINEAR TRANSFORMATION

The above two techniques are not suitable for high-pass and band-reject filters. This
limitation is overcome in the mapping technique called bilinear transformation. This is a one-to-
one mapping from the s-domain to z-domain. That is, the bilinear transformation is a conformal
mapping that transforms the jQ axis into the unit circle in the z-plane only once, thus avoiding
aliasing of frequency components. Also, the transformation of a stable analog filter results in a
stable digital filter as all the poles in the left half of the s-plane are mapped onto the points
inside the unit circle of the z-domain. The bilinear transformation is obtained by using the

trapezoidal formula for numerical integration. Let the system function of the analog filter be

H(s) =L
&

IIR Filter Design-ECE Page 3.10
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The differential equation describing the analog filter can be obtained as,
Y(s) b
H = —=
(s) X(s) s+a
sY(s) + aY(s) = bX(s)
Taking inverse Laplace transform,
dy(t
%9+w@=mw
By integrating between the limits (nT — T) and nT

nT dy(t) nT nT
f —dt+af y()dt = bf x(t) dt
wr—r At nT—T nT T

The trapezoidal rule for numeric integration is given by

nT T
f a(t)dt = = [a(nT) + a(nT —T)]
nT =T 2
Applying the above equation we get,

aT aT bT bT
y(nT) —y(nT —T) + 7y(nT) + 7y(nT -7 = Tx(nT) + Tx(nT -7

Taking z-transform, the system function of the digital filter is,

H()_Y(Z)_ b
z _X(z)_%(i—z‘i)_l_a
+2z-

By comparing we get,
2(1-z7" _2(2—1)
STT\1+27) T T\z+ 1

The general characteristic of the mapping z = e*7 can be obtained by substituting

s = 0 + jQ and expressing the complex variable z in the polar form as z = re/¢
2/z—1\ 2(re® —1
5= F(z+ 1) - F(ref‘“ + 1)
Substituting e/* = cos w — j jsin w and simplifying, we get

2 r2—1 . 2r sinw
S == +J
1—7r2+4+2rcosw 1+712+4+2rcosw

T
Therefore,

rf =1
14-r* +2rcosw
P 2 l 2rsinw ]
Tl14r* 4+ 2rcosw
This shows that, the left half of s-plane maps onto the points inside the unit circle in

the z-plane and the transformation results in a stable digital system. Consider r=1 and ¢ is zero.
In this case,

IIR Filter Design-ECE Page 3.11

www.AllAbtEngg.com study materials for Anna University, Polytechnic & School



www.AllAbtEngg.com

Principle of digital signal processing

nzi[ sinw ]
T l+cosw

_ z[ 2sin (w/2)cos (w/2)
T { cos’(w/2) +sin’(w/2) +€08"(w / 2) — $in’(w / 2)
0= 2 tan —
r 2
or equivalently,
w=2tan"" E
2
This can be noted that the entire region in Q is mapped only once into the range —
T<O<T.
Frequency __ Q
Compressed B w=2 tan~ ?T
Frequen :
axpandacc? |
il | ; I 1 E i i i i i i B
H@| & 3% o o o Q

¥

0, 0z

Fig 3.6: Relationship between o and Q

As seen in figure, this mapping is non-linear and the lower frequencies in analog
domain are expanded in the digital domain, whereas the higher frequencies are compressed.
This is due to the non-linearity of the arc tangent function and is usually called as frequency
warping.

IIR Filter Design-ECE Page 3.12
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Example Convert the analog filter with system function
s+0.1
H(s)=———
(<) (s+0.1°+9

into a digital IIR filter using bi{#‘l&ﬂ'r transformation. The digital filter should have
a resonant frequency of v, = ry :

Solution  From the system function, we note that {), = 3, The sampling period
T can be determined using

n,_:itan&
r 2

The sampling peiiod is obtained from the above equation using

2 a2 — 24 ® ik
0 2 3

[y

I=

Using bilinear transformation,
H(z)= H(s)| _2(z-D)
T

2(z=-1)
- 0.1
T(z+l]+

2(z-))
T(z+1)
QITHz=1)z+1)+0.1(z+1)?
[2/TXz=D+0.1z+DF +9%=z+1)°

Substituting T = 0.276 s,

H(z)=

+D.ll +9

1+0.027z"' —0.973z7°

H(z)= = =
8.572-11.84z" +8.177z"
Example Apply bilinear transformation to
>
H(s)= ———
{5+ 1)s+3)
with T'=01s.
IIR Filter Design-ECE Page 3.13
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Solution For bilinear transformation,

H{z)=H(s)| 2(z-
Tz +1:

=
T(z+l] T(z+1)

Using T =0.1s,

H(z)=

T

&= 2(z+1)°
C(212—-19)(23z—-17)

Simplifying further,

0.0041(14+z7"Y?
1-1.644z7" +0.668z77

H(z)=

Example A digital filter with a 3 dB bandwidth of 0.25mw is to be designed
from the analog filter whose system response is '

H(s)=

s+ ﬂ

Use bilinear transformation and obtain H(z).

Solution Using

0, =2 en® = 2(an0.125w=0.828/7
72 X

The system response of the digital filter is given by

HE@=H)| 30
T{z+)

IIR Filter Design-ECE Page 3.14
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0.828
Q, T

=:'£_(z—1)+n ~2(z—1)_ 0828
T(z+D ¢ T(z+1 T

0828z +1)
2(z—=1)+0.828(z +1)
Simplifying we get further,
-1
H(z)= 1+z =
3414—1414:z
Example Using bilinear transformation obtain H(z) if
H(s) = —"
(s+1)°
and T=0.1s.

Solution For the bilinear transformation,
H(z)= H(IH _2(z-1)

T(z+1)
b
2
2(z=1D
— +1
[T(Z+ll ]
Substituting ' = 0.1 s,
| z+41)°
H(z)= s AT
(z=1) ] (21z—-19)
20 +1
(z+1)
Further simplifying,
-12
H(2]=0.ﬂ4?ﬁ(1+z )

(1-0.9048 27"

3.2 DISCRETE TIME IIR FILTER FROM ANALOG FILTER
3.2.1 BUTTERWORTH FILTERS

The Butterworth low-pass filter has a magnitude response given by,

IIR Filter Design-ECE Page 3.15
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: A
|H(j®)| = "~
[1+@0|
where A is the filter gain and Q. is the 3 dB cut-off frequency and N is the order of the filter.
The magnitude response is shown in the figure below.. the magnitude response has a maximally
flat passband and stopband. By increasing the filter order N, the Butterworth response

approximates the ideal response. However, the phase response of the Butterworth filter
becomes more non-linear with increasing.

| H(Q)|

0.707A

0 Q, [y
Fig 3.7: Magnitude response of a Butterworth Low-pass filter

The design parameters of the butterworth filter are obtained by considering the low-
pass filter with the desired specifications as given below:

6 < |HGY)|I <10 Q<
|[HGQ)| <659, <Q<n
The order of the filter N is given by,
N = 1log{((1/67 = 1)/((1/87) — D}
2 log€2, /)

Cut-off frequency,
n!
112N
[(1 fa)= 1]

The values of ©; and Q, are obtained using the bilinear transformation or impulse
invariant transformation techniques,

2
Q= Ttan((n/Z ) for bilinear transformation
or

®
Q= T for impulse inavriant tarnsformation

The transfer function of the Butterworth filter is given as:

IIR Filter Design-ECE Page 3.16
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N72 B.Q2
N =24,6,..
k=15 +b 2 s+,

BQ, "7 B

: ~N=3,57,.
3+Cuﬂr k=l & +b*ﬁcs+ctﬂt

H(s)=

The coefficients by, and c, are given by
b, =2sin[(Zk—1)w/2N]and ¢, = |

The parameter B), can be obtained from
NI2
A= Hﬁk* for even N
k=1

(N=1)2
A= [] B, foroddN
k=]

The system function of the equivalent digital filter is obtained from H(s) using the
specified transformation technique, viz. Impulse invariant or bilinear transformation.

Example Design a digital Butterworth filter that satisfies the following constrait using
bilinear transformation. Assume T=1 s.

09 < |H(“)| < 1; OSwsg
|[H/®)| <02 ;3n/4<w<m

Solution
Given §; = 0.9; §,=0.2; w,=n/2; w,=371/4
Step (i) Determination of analog filter’s edge frequencies

Q =%tan(%) = 2tan%= 2

2 3n
Q, = Ttan(wz/Z) = 2tan— = 4.828

8
Therefore, (},/(}, = 2.414
Step (ii) Determination of the order of the filter.

From Eq.
2 1
N ?.'!' log{((1/83)—1)/((1/8)—1)}
2 log (€2, /41,)
_ 1 log{24/0.2346) — 2626
2 log(2414)
IIR Filter Design-ECE Page 3.17
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Let N = 3.
Step (iif) Determination of —3 dB cut-off frequency.

From Eq.
ﬂ 2 = 2.5467

0 = ! =
©oHeH-1"" [a/09H)-17"

Step (iv) Determination of H (s):

From Eq.
i(v=1y'2 2
H{S}= Hnﬂr - Biﬂ .
s+e,) 15 s +b Qs+ )
| B B
s+¢) J(5°+b0s+c
From Eq.
b,=2sin T =1,c,=landc, =1
6
B, B, = 1. Therefore, B, = B, = 1.
Therefore, ' S
2.5467 ][ 6.4857

H(s)= :
5+2.5467 )| s + 2.5467s + 6.4857

Step (v) Determination of H(z).
H(Z] = H{") Is=-1-{—"—_]:-'

Ti=+1)
That is,
)= = 2.5467 6.485}'
T 25467 I +2.546'}'s+6.4857
Simplifying, we get
16.5171(z +1)°

H(z)= 3 =
70.83z" +31.12052" +27.2351z +2.948

or
0.2332(1+z7"Y
H(z)= - ALtz )
14+0.4394z"" 40,3845z~

2 +0.04162°

Page 3.18
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3.2.2 CHEBYSHEYV FILTERS

The Chebyshev filter has the magnitude response given by

A
|HGQ)| = 0%

Q%
[1 +e2C2 (Q—)]
where A is the filter gain, € is a constant and Q. is the 3 dB cut-off frequency. The Chebyshev
polynomial of the I kind of Nth order, Cy (x) is given by
cosfiNcos™x), for|x| <1
Cu) = | e
cosh(NcosH™'x) , for |x| = 1

The magnitude response has equiripple passband and maximally flat stopband. By
increasing the order N, the Chebyshev response approximates the ideal response. The phase
response of the Chebyshev filter is more non-linear than the Butterworth filter for a given filter
length N.

The design parameters of the Chebyshev filter are obtained by considering the low-
pass filter with the desired specifications as below.

S1<|H@E®)|<1; 0<w<w
|[H/)| <dpw,<w<m

The expression for € is

Cut-off frequency,

Order of the filter is given by,

cosh™'(€2,/4))

The values of ©; and Q, are obtained using the bilinear transformation or impulse
invariant transformation techniques,

2
Q= Ttan(m/Z ) for bilinear transformation

or
o)
Q= T for impulse inavriant tarnsformation
The transfer function of the Butterworth filter is given as:
NI2 B nl
H$) =[] ——"F—=—5N=24,,..
k=15 +b Q2 s+c, 0
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H(s)= N=3517.,..

BO. U B0
S+C|}nf k=1 52+bjﬂrs+ftﬂ3

The coefficients by, and c;, are given by

b, = 2y, sin [(2k — 1)w/2N]

~ (2k -y

6 = ylh, +cos?lt 7
2N

Co =y

The parameter yy is given by

1 1

0.5 N 0.5 N
1| 1 1 1 1
wgllE] o )+

The parameter B), can be obtained from

Ni2
———%= H‘.’l‘ for N even
(1+e”)™  ZiG

N-1
B
A= Izl —£ for N odd
k=0 Ck
The system function of the equivalent digital filter is obtained from H(s) using the
specified transformation technique, viz. Impulse invariant or bilinear transformation.

Example Design a digital Chebyshev filter to satisfy the constraints
0.707 < |H(e/®)| <1, 0<w<02m
|H(e“)| <01, 05m<w<m

Using bilinear transformation and assuming T=1s.

Solution
Given §; = 0.707, §, =0.1, w; = 0.2, w, = 0.57
Step (i) Determination of the analog filter’s edge frequencies
2 w
Q =0, = Ttan71 = 2tan0.1m = 0.6498
2 ()

Q, = TtanT = 2tan0.25m = 2

Therefore, Q,/Q;=3.0779

Step (ii) Determination of the order of the filter
0.5

S Y [
£ ez ~ [0.7072 -
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Order,
171 0.5 1 0.5
-1)2 _ -1 —

y cosh {g [g 1] } cosh {1 [W 1] s
> = =1.
~  cosh™1(Q,/Q) cosh™1(3.0779)

Let N=2.
Step (iii) Determination of H(s)
N/2
H(s) = 1—[ B 0¢ 3 B0}
$)= 1 s2 + b, Qs+ 02 52+ b O.s + ¢ 02
and
1 1
T /S S | L S S
V=3 [(£2+ ) +£] [(£2+ ) +8]
1 1 1
= S{[241417 - (2414172} = 0.455
] (2k - 1)7T
by = 2y, sin = 0.6435
(Zk D
= y? 2~ =0.707
¢, = y4 +cos N
For even N,
N
2
[Z Be _ =0.707
1 la T+ 2)05 '
That is,
B,
—=10.707
S
And hence B; = 0.5
The system function is
H(s) = 0.5(0.6498)2
) = 21 (0.6435)(0.6498)s + (0.707)(0.6498)2
On simplifying we get,
H(s) = 0.2111
%) = $7 4041815 + 0.2985
Step (iv) determination of H(z). Using bilinear transformation,
H(z) = H(S)| _2¢-1»
S=T(z+1)
That is,
0.2111
(z—-1)
[2 T 1) + 0.4181 [2( ey + 0.2985
_ 0.2111(z + 1)?
© 5.1347z2 — 7.403z — 3.4623
Rearranging,
IIR Filter Design-ECE Page 3.21

www.AllAbtEngg.com study materials for Anna University, Polytechnic & School



www.AllAbtEngg.com

Principle of digital signal processing

0.041(1 + z71)?
—1.4418771 + 0.67437°2

H(z) = I

3.3 FREQUENCY TRANSLATION

There are basically four types of frequency selective filters, viz. Low-pass, highpass,
band pass and bandstop. This low-pass filter can be considered as aprototype filter and its
system function can be obtained. Then, if a highpass or bandpass or bandstop filter is to be
designed, it can be easily obtained by using frequency transformation. Frequency
transformation can be accomplished in two ways. In the analog frequency transformation, the
analog system function H, (s) of the prototype filter is converted into another analog system
function H(s) of the desired filter. Then by using any of the mapping techniques, it is converted
into the digital filter having a system function H(z). In the digital frequency transformation, the
analog prototype filter is first transformed to the digital domain, to have a system function
H, (2). then by using frequency transformation, it can be converted into the desired digital filter.

3.3.1 ANALOG FREQUENCY TRANSFORMATION

Table Analog frequency transformation
Type Transformation
Low-pass s — : s
c
High-pass s Q.09
s
2
s” + 0,9,
Bandpass R B
s(f2, - 9,)
e P s(€), - 9,)
andstop ¢ sz +anz
Example A prototype Ilow-pass filter has the system response
1 . : "
H(s) = —7—1 Obtain a bandpass filter with )" = 2 rad/s and Q = 10.
S +is+
" Q,
2, =0,-11, and OQ=——.
’ 1,-0Q

Solution
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2
s—Q, .ﬁi‘-&, ie.
s(2, —8,)
52+ s? 42 st +4
=4}, =4}, = Sﬂc
5(Q,/0) 5(2/10) P
Therefore,
HS)= HS)| nf22)
H(s) = —— e —
757 +0.40 5 + (8. +0.01)s" +1.660 5+ 16£2°
Example Transform the prototype low-pass filter with system function
2,
H(s)=——
{ 5+ ”.

into a high-pass filter with cut-off frequency (1.

Solution
.00
5
Thus we have, }
Hy,(s)= ﬂ,
), +0,
5
_ 5
s+
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3.3.2 DIGITAL FREQUENCY TRANSFORMATION

Table Digital frequency transformation
Type Transformation Design Parameter
27 z'-a sin[(w, —w,)/2]
Low—-pass ey a=— -
l—az sin[(w, +w_)/2]
<4 .
- x z ++a cos[(w. —w_)/2
High-pass z' o R a= [(w, < ]
l+az cos[(w, +w,)/2]
andpass B Y e e AT 7 a,=(K-1)/(K+1)

cos[(w, +w,)/2]
a=

cos[(w, —w,)/2]

K = cot| 22— lan[&’
2 2
2 z Z_al_-_. 'y a a, =—2a/(K+1)
Bandstop z - —~ = a,=(1-K)/(1+K)

cos[(w, +w,)/2]

o= -
cos[(w, —w,)/2]

3 — W,

K = tan tan

o
]

The frequency transformation may be accomplished in ay of the available two
techniques, however, caution must be taken to which technique to use.. For example, the
impulse invariant transformation is not suitable for high-pass or bandpass filters whose resonant
frequencies are higher. In such a case, suppose a low-pass prototype filter is converted into a
high-pass filter using analog frequency transformation and transformed later to a digital filter
using impulse invariant technique. This will result in aliasing problems. However, if the same

prototype low-pass filter is first transformed into a digital filter using impulse invariant
technique and later converted into a high pass filter using digital frequency transformation, it
will not have any aliasing problem. Whenever the bilinear transformation is used, it is of no
significance whether analog frequency transformation is used or digital frequency
transformation. In this case, both analog and digital frequency transformation techniques will
give the same result.

3.4 STRUCTURES OF IIR FILTER

In this section, the most important filter structures namely direct forms I and II,
cascade and parallel realisations for IIR systems are discussed.
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3.4.1 DIRECT FORM I

The digital system structure determined directly from the equation,

k=0
H(z) = =
1+ ) ap z
k=1
is called direct form I.
H(z) = Hi(z) Ha2(2)
Here
M
H; (2) = z by z7*
= 1
y(zZ) = N

1+ Z ay 27k

k=1
In this case, the system function is divided into two parts connected in cascade, the
first part H; (z)containing the zeros followed by the part only containing the poles H, (z).

We can write H;(z) as
)

Hi(z) = bo+biz7' +byz72 +. . +byz™™

Y1(2)
X1(2)

Y; (2)=bo Xi @ +b1 27" Xy @ +b222 X1 (@ +...+bm 2 M X, (2)

Since H,(z) = above equation can be written as,

Taking inverse z-transform of above equation,

. 1 = i
yy (M)=bg x1 (M) +by x1 n=1) +b2 x; (n=-1) +b2 X1 (M=-2) +...+ bm Xy (n—M)

The following figure shows the direct form realisation of the above equation.
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(n) .
X1 l
-1
r 4
b,
A
z
b,
-1
7 4
b3
|
b1 "
A
-1
z

Fig 3.8: Direct form realisation of system function H, (2)

Next consider realisation of H,(z). This is all pole system. Consider H,(z) given by
the equation,

1
H; (Z) = N
1+ Z Ak zk
k=1
We know that H,(z) = Z(é)), hence above equation becomes,
YZ (:) L 1
2(2 i N
Xa12) 1+ acz™*
k=1
[ N

% Yg(Z)'l+z arz7k | = X2(2)

N
Y;(z) = - Z ar 275 Y (2)+ X2 (2)
k=1

Expanding summation of this equation we get,

Y, (:):_n1 zlY, (Z)—ﬂ: 272 Y, (2)—as z3Y, (Z)—....—H,\! zNY, (Z)+X2 (z)
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Taking inverse z-transform of above equation,
ya (M) =—ay y2 (n=1)—az y2 (n-2)—az ya (n=3) —....—an y2 (n—N) + x2 (n)

The following figure shows the direct form realisation of the above equation. Here,
observe that the feedback terms are also present.

+ yo(n)
-1
z
-1
z
-a,
-1
z
|
| -
—aN-1
*
<
z

Fig 3.9: Direct form realisation of system function H, (z)

We know that,

H (z) = Hi(z) H2(2)

This represents cascading of two systems H; (z) and H, (z). This cascading is shown in
figure below.

Y 5 = Y (2)
1(2) | y4(n) = x5(n) HZ(Z):AZ)

X(n) = x4(n) —— H4(2) =
1 1 X4(z) X5(2)

F——= y,(n) = y(n

Fig 3.10: H(z) = H,(2). H,(z) represents cascading of two systems

By connecting H; (z) and H,(z) in cascade we will get direct form realisation for H(z).
This connection is shown in figure below.
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All zero system All pole system

Fig 3.12: Direct form-I realisation of IIR system
3.4.2 DIRECT FORM 11

In direct form II, the poles of H(z) are realised first and the zeros second. Here, the
transfer function H(z) is broken into a product of two transfer functions H,(z) and H,(z),
where H, (z) has only poles and H,(z) contains only the zeros as given below:

H(2) =H,(3) Hy (2)

i bk Z_k
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Let H(z) be written as,

- % l:—t% By rearranging terms
Wi Y@

and H, () = ~&)

By cross multiplication,

W(z){l + i a z-“] =X (2)

k=1
W(z) = X(2)- i a z7F W(z)
k=1

=X(z)-a1 27" W(2)- a3 22 W(2)-a3 2 W(2)

Taking inverse z-transform of this equation, _
w(n) = x(n)-ayw(n-1)-a; w(n-2)-....—ay w(n-N)

Figure below shows the direct form implementation of above equation.
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— w(n)
y
-9
z
-1
Z
-1
z
| I
| |
-a
5 N-1
-1
v 4

Fig 3.13: Direct form implementation. All pole system

Now let us obtain the realisation of H; (z). From this equation we obtain,
M

Y(z) = Z by z7k W(z)

k=0

bo W(2)+ by z7' W(2)+by 272 W(z) +........ +bmzM W(2)

Taking inverse z-transform of this equation we get,
y () =bo w(n) +by w(n-1) +by w(n-2) +..... + by w (n—M)

The following figure shows the direct form implementation of above equation.
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w(n) l
-1
z
b, "
-1
z
b, "
-1
z
b3 .
i i
| ]
D11 e
-1
z
by

Fig 3.14: Direct form implementation. All zero system

By connecting H; (z) and H,(z) in cascade we will get direct form realisation for H(z).
This connection is shown in figure below.

_W(@) w(n) Yol
) Hy(2) y(n)

x(n) —{ Hy(2)

Fig: Cascade connection of H;(z) and H,(z)

IIR Filter Design-ECE Page 3.31

www.AllAbtEngg.com study materials for Anna University, Polytechnic & School



www.AllAbtEngg.com

Principle of digital signal processing

; ) win} by
x(n) * y(n)
=1
z
7S - by
win—1)
=1
z
-8y by
+ - -
=]
z
=85 by
+ - -
i |
~8p-1 Dy
+ +
=1
z
-8y | by

Fig 3.15: Direct form-II realisation of IIR system. Here N=M is considered

3.4.3 CASCADE FORM STRUCTURE

Consider the rational system function of equation

bo +byz7 1 +byz2 +....+byzM

l+amzl +a,22+.. + an z-N

The numerator and denominator polynomials of above equation can be expressed as
multiplication of second order polynomials. i.e.,

H(z) = H; (2)xHz ()X H3 (2) X...x Hk (2)

where
ka +bk1 21 +bk2 z2
1+an z7! +axp 272

We know that the system function H; (z), H,(Z) ... etc can be connected in cascade to
obtain realisation of H(z). This is shown in following figure.

Hi (2) =

4
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x{n) = xy(n) ¥4(n) = X5(n) ¥aln) = %3(n) — Yyq(n) = x{n) ¥i () = ¥(n)

Hy(z)

Halz)

Hu[ﬂ:'

Fig 3.16: Cascade form realisation

Now each H;(z), H;(2),.... etc can be realized by direct form I and II structures.

This direct form structure is shown below:

n) = ®%.(n wln n) =%, 400
Yt} = %) N 1 ki) Bio L)Yl = Xes ()
~1
z
W ~Bicq D1 %
-1
z
2 Bz
Fig 3.17: Direct form II realisation of second order subsystems used in cascade connection of
IIR systems
Ex. Realize the following system function in cascade form.
1+ 1 :"l

H(z) =
(1—%:4 +%z‘2][1+iz'2]

Sol. : The given transfer function can be written as the product of two functions. i.e.,

Lia
1 1+§z
H(Z) =H-| (Z)'HE (Z): 1 . 1 '{
1+-2z71 1 zl 4222
4 2
1
Here Hl{z} .
) S |
1+—z
4
1-|-éz‘1
and H, (z) =
1- 1 271 4 ]i 22
3
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b 1
Hy() = —20 = ——
1+ag z 14+=z~
4
-l
-1 l+-z
HI(Z} _ bm +b11 z _
=3 -
l+agz T +anz? 1 1,a,1,2
e T i v
) 17 1 P G} 1 1 i)
; | Y b
N L =1
’. I 1L 1
: : () : :
| =3y o =y Dyy
lmmmmm e e ————————— ; ! -1
Hy(2) : i -
] 3
, .
l -ay
1
1K . m g oa i i i kS
Hy(z)

Fig 3.18: Cascade realisation of H(z)
3.4.4 PARALLEL FORM STRUCTURE

The rational system function of IIR filter is given by,

_bg+byz by 2 4 +by =

N

1+a, £ +a, Z ¥ +ontly T
The above system function can be expanded in partial fractions as follows:
H(z) =C+H, (2)+ Hy (2) +...+ H, (2)
Here C is a constant and H (z), H; (2),.... etc is the second order subsystem which is
given by,
brg +bgq 2 oA

Hy(z) =

1 +ig 771 +ilgs 7%
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Hy(2)

o5

Ha(2)

Hy(z)

x(n) yin}

Fig 3.19: Parallel form realisation structure for IIR systems

Here each H;(z), H;(Z),.... etc can be realized by direct form I and II structures.

Ex. The transfer function of a discrete causal system is given as follows :
1-z71
1-0.2z71-0.15z72

i) Find the difference equation
ii) Draw cascade and parallel realization
iii) Calculate the impulse response of the system.

H(z) =

Sol. : i) To determine the difference equation
The given system function can be expressed as,

Y(z) _ 1-z7}
X@) 1-0.2z7-0.15z72
Y2 [1-0227' -015272)=[1-2""] X(=z)
: Y(z) =02z7 Y(2) + 015272 2 Y (2) + X(2) =27 X(2)
Taking inverse z-transform of above equation
y(n) =02 yin - 1) + 0.15 y(n - 2) + x(n) - x(n - 1)
This is the required difference equation.
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ii) Cascade and parallel realization
Cascade realization
The given system is second order. Hence let us write it as,

H(z) = Hi(z) -Haz) = 1 -z 7Y) - 3

1-0.2z71-0.1522

Here Hi(z) =1 -2z 7! is all zero section
1
1-0.2z71 -0.15z72
The cascade realization will be as shown in Fig,

and Hi(z) = is all pole section.

%#{n) o] H,y(z) Hy(z) }——se= yin)
Hy(2) Ha(2)
x{n) .f':'\ *f:-.."' : -+ y(n)
1_?1
z -1
-1 0.2 z
i + -+
=1
z
0.15
Parallel Realization
Consider the system function,
H(z) = 1-= !
1-0.2z7 -0.15z"
Hiz) - =0.625 1.625
z z=0.5 z+0.3
0. :
Hz) = 6251+ IEQEI.
1-0.527" 1+0.3z7
— H]{I}‘FH:{:]
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These two system functions can be connected in parallel. This is shown in
Fig.

Hylz)

¥(n) ——= == y(n)

Hg{zl

Hylz)

x(n)

Ha(z)

iii) To obtain unit sample response
H(z) is expressed earlier as,

H(z) = -0.625 1.625

+
1-0.5z"0 1+0.3z7}

Taking inverse z-transform,
h{n) = - 0.625 (05)" u(n) + 1.625 (-03)" u(n)
ROC: |z| > 0.5
This is the unit sample response of the system.

Ex. Obtain the direct form-1, direct form-II cascade and parallel form realization for the
following system.

y(n) =075 y(n = 1) = 0.125 y{n - 2) + 6x(n)
+7xMm=-1+x(n-2)

Sol. : i) Direct form-I

Here by = 6, IJ[ = ?, iJ: =1
and —a; =075 —-a:=-0.125
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4]
x(n) J = -.=...: * 9, | = y{n)
=1 =1
z z
7 ,CD G) 0.75
-1 -1
z z
1 —0125 I
ii) Direct form - II
4]
x{n) (+) - + y(n}
¥
-1
brd
075 7
- - +
=1
Zz
0,125 1

iii) Cascade realization
Consider the given difference equation,
yinl =075 yin - 1) - 0.125 yin - 2) + 6 xin)

+7xin-=1) + xtn - 2)

Taking z-transform of above equation,
Y(z) =075z7" Y(z) - 0125 72 Y(z) + 6 X(2)

+ 727V X(z) + 272 X(z)

i S ]
H(z) _Y@) _ ﬁ+?z1 +z :
X(z) 1-0.75z"'+0.125z"
_ 622 +7z+1
2?2 —0.75z +0.125
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_ (z+1)(z+1)
(z-0.5)(z-0.25)

_ 6+z H(1+z7h
(1-0.5271)(1-0.2527")

= H(z)-H,(z)

1 =1
Here Hq2) = -ﬁiz——l and H,(z) = ”—"'l
1-0.5z7 1-0.25z"
-\ 6 1
x(n} + - + + o + yin)
=1 =1
z z
0.5 i 0.25 1
iv) Parallel realization
We know that,
2
H(z) = bz” +7z+1

z% +0.752 +0.125
Let us divide both sides by z ie.,

H(z) _ 622 +7z+1
2 z(z? +0.752 +0.125)
48 -50

e

-
z z-05 z-0.25

8 50
1-052z"1 1-0.25z71

= Hi(z) + Ha(z) + Ha(z)

Hi{z) =8 +
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Yo

x{n) = iﬁ (- D—- yi(n)

(.

N

05

=1

0.25

Ex. A system function is specified by its transfer function H(z) given by,
Hez) = (2-1)(z-2)(z+1)(z)

(o) PG4

Realize the system function in following forms :
i) Cascade of two biquadratic sections ii) Parallel realization in constant, linear and
biquadratic sections.

Sol. :
i) Cascade realization
The given H(z) can be represented as,
H(z) = (z-1)(z-2) . (z+1)z
[2-(05+]05)[z-(05-]0.5) (z-)02)(z+]025)

_ 22-32+2_ 22 42
z? -z+40.5 z% +0.0625

= Hy(2)-Hy(z)
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x(n) + -

=05 2 - 0.0625

ii) Parallel form realization
Expanding H(z) in partial fractions we get
H(z) e -2.7683 + j2.1517 +-2.?683-j2.151? " 3.2683-j7.8371 n 3.2683 + j7.8371
2 z-(0.5+j0.5)  z-(0.5-j0.5) z-j0.25 z+j0.25

The realization using second order sections is asked. Combining complex conjugate
poles in above equation,
H(z) _ -5.5366z +0.6112 A 6.5366z + 3.9184

z 222405 22 40,0625
_ -5.5366+0.6112z " , 65366 +3.9184 27
1-z"1 405272 1+0.0625272

= Hi(z) + Hz(z)
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Principle of digital signal processing

x{n) yin)
L
=1
F4
= 0.0625
Ex. Obtain the direct form-II (canonic) and cascade realization of
—-— 2 —
H(z) = {zz 1)(z +521+l5}(z 3)
(z© +6z+5)(z" -6z +8)
The cascade section should consist of two biquadratic sections.
Sol. : i) Cascade form realization
The given system function is,
— 2 —
H() = {zz 1)(z° +5z :6}{1 3)
(z= +6z+5) (z= —-6z+8)
. 22 --iz-|r3'z2 +5z+6
z? +62+5 2z —6z+8
= 4z71 +3z72 -3 +5z7 1 + 6272
1+6z7 #5272 1-6z71 +82z72
= Hy(2)-H,(2)
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x(n) ——G}

...E 3

ii) Direct form-II realization
The given system function is,

(z-1(2* +52+6)(z-3)

H(z) =
(22 +i:’3|z+5,‘|{zI -6z+8)

_ ozt 47?1124 -9z 418

h 2% 4023 =232 +18z+ 40

_ 1ezl-1132 928 41807
14027 -23272 +18273 + 40274

y(n)

o O
/
=1
Z
-18 -5
+ ) — —{ +)
p
[
|
—~1
Z
40 18
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Ex. A discrete time system H(z) is expressed as,

10[1—12'1 ][1 n2 1 J (1+227Y)
2 3

(-3 )5 o33 |-GG 2K

i) Find the difference equation of the system
ii) Realize the system in direct form [ and II
iii) Realize parallel form using second order sections
Sol. : i) To obtain difference equation
The given system can be expressed in polynomials ratio as,
10+8.33z7" - 202 +6.6672

1-1.875z) +1.1468822 - 0.53132 > +0.0469z

Hiz) =

H(z)

Y(z) _ 10+8.33z7" - 20272 + 6,667z
X(z)  1-1.87527" +1.146882 72 - 0.53132° +0.0469z*

Y(z) =1.875z7 Y(z) - 1.14688 z 2Y(z) + 05313 2 Y(z)
- 0.0469 z ™% Y(z) + 10 X(z) + 833z~ X(2)

- 20272 X(z) + 6.667 272 X(z)

Taking inverse z-transform, .

y(n) = 1875 y(n — 1) - 1.14688 y(n — 2) + 05313 y(n - 3)
- 0.0469 y(n -~ 4) + 10 x(n) + 833 x (n - 1)

- 20 x(n - 2) + 6,667 x (n - 3)
This is the required difference equation.
ii} To realize in direct form-I and II
We have,

by =10, by = 8.33, b5 = - 20, 4= 6.667
a; ==- 1875, a, = 1.1468, a; = - 0.5313, ay = 0.0469
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(+) - yin)

x{n)

(a) Direct form - I realization

l 1=n @—- yin}

L

x(n)

=1
z

-1

.,,"‘u. 0.5313 6.667
O,

-1

~0.0469

(b) Direct form - 11 realization

iii) Parallel form realization
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Let us combine the complex conjugate poles and convert to second order sections :
H(z) _ -3.4861z+16.0953 . 13.4862z +9.309

2 z%-1.3913z+0.1409 z* —0.4838z +0.3328

, Hiz) = -3.4861+16.0953z”1  13.48622+9.304z”"
B 1-1.3913z71 +0.1409z72  1-0.48382z71 +0.3328z 2

= Hi(z) + Ha(z)

-34861

;

i
z

16.0953

L G yin)

x{n)

-0.3328

Two Mark Question and Answers:
1. Why impulse invariant method is not preferred in the design of IIR filters other than low pass
filter?

In this method the mapping from s plane to z plane is many to one. Thus there are an
infinite number of poles that map to the same location in the z plane, producing an aliasing
effect. It is inappropriate in designing high pass filters. Therefore this method is not much
preferred.
2.What do you understand by backward difference?

One of the simplest methods of converting analog to digital filter is to approximate the
differential equation by an equivalent difference equation.
d/dt(y(t)/t=nT=(y(nT)-y(nT-T))/T

3. What are the properties of chebyshev filter?
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