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UNIT V
LINEAR TIME INVARIANT-DISCREATE TIME SYSTEMS
INTRODUCTION

Linearity and time-invariant properties are considered to be important in analyzing and realizing a system. In
this chapter, we develop the relation between input and output that satisfies the linearity and time-invariant
property of the system. In this chapter, we introduce the term “convolution sum”, which gives the mathematical
refationship for the input-output. The input-output relation is explicitly discussed both in discrete- and
continuous-time.

5.1 SOLUTION OF LINEAR CONSTANT CO-EFFICIENT EQUATION

Our aim is to determine the output y(n), n 2 0 of the system given a specific input x(n),
n 2 0 and & set of initial condition. The basic idea is to obtain two sets ofisolutions to the
difference equation, a homogeneous solution and a particular solution.

The homogeneous solution is obtained by setting terms involving the input x(n) to zero
and finding outputs that are possible with zero inputs. The initial conditions dre used to deter-
mine the arbitrary co-efficients in the homogeneous solution. The particuldr solution is ob-
tained by guessing a sequence y(n) that would be obtained with the given inppt sequence x(n).

Thus the total solution can be written as,

y(n) =y, (n) +y, (n)
where, the solution y,(n), with x(n) = 0 is known as homogeneous solution ajd ¥, (n)is called
the particular solution.

5.1.1 |The Homogeneous Solution of a Difference Equation (The Natural Response)

To obtain the solution of homogeneous equation, we start the problgm of solving the
linear constant-co-efficient difference equation given by equation

N M
Y oy yin-0= Y b, aln-m)
k=l

mul
N
Y ayn=-k =0, =1
k=0

i.e., by assuming that the input x(n) = 0.
To solve eqn. (3.69), we assume a solution of form,
¥, (n)=a"

Eqn. can be written as

N
Za,u""" =0
k=0

o +a, 0 ba, 0t a0t N =0
o' [1+a, o +a,0 4. +ay o = 0.
We are interested in non-trivial solution, y, (n) # 0, therefore o mustihe a root of equa-
tion,
140, 0 +a, 0% + e + 0y 0¥ =0
a¥+g 0¥ g tay & +ay=0
Eqn. is usually referred as the characteristic equation,
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Problem  Determine the homogeneous solution of the system described by the firsi
order difference equation.

y(n) + 3y(n = 1) = x(n), with initial condition y(-1) = 1.
Sol. For the homogeneous solution, x(n) = 0 thus, y,(r) + 3y, (n = 1) = 0.
We assume solution of the form of

J’_&[ﬂ.} =g

o + Jor~1=0.

o la+3]=0

a==3

Thus, the general form of solution of homogeneous difference equation is,

¥, (n) = Aa®

= A{-3).
Using the initial condition y(- 1)= 1. We have,
W) ==3y,(n-1)
Putn=10 Y0 =-3y,(0-1)=-3,y,(0)=A
A=-3

Therefore the homogeneous solution is given by,

¥y (n)=3(=3)r =(=3)**L

Problem  Defermine the homogeneous solution of 2 order difference equatic
yin)=yn=1)=yn=2)=0

with initial condition y(0) = 0, y(1) = 1.
Sol. Let us assume the solution of the form

¥, (n) =a
H 0 ot=atl-gt-ia0,
a-2el-n-1]=0
Therefore, the roots are,
e 1148 1-46
FTIR

The general solution to the homogeneous eqn. is.

v (158 8]

2
Using the initial condition
¥(0)=0,y(1) = 1, we have,
0=A+A,
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1:51[“2‘!5]”,[1-'?’@

A= 3%,A,=_ 715‘*
A

Repeated roots. If the characteristic equation has repeated roots «; iy repeated m
times, then the general solution of homogeneous equation contains the term,

o Ay +Apn+ AN ¢ + A, A" Y)
eg. yin)-8yn-1)+%{n-2)=0
We put ) =a
o' -9 =14 900220
a2 [al-9a+9)=0.
This eqn. has two roots e = 3.
¥ ()= 3" (A, + A"

5.1.2 The Particular Solution of the Difference Eqn. or the Forced Resposse

N
The particular solution y, (n) is required to satisfy the difference eqn. q ay yin-k) =
k=

M
z by, ¥(n —m) for the specified input sequence x(n), n 2 0. The method to be 8sed1s known
m=0
as the method of undetermined co-efficient.
Problem  Determine the particular solution of the 1% order differencejequation.
yn)-ayin-1=xm). a=xl
when the input x{n) is a unit step sequence L.e.,
z(n) = ufn).
Sol. Assumed solution of the difference equation
¥y (n)=Auln)
Auln)-a Auln - 1) = uln).
A-ogA=1 az 1L I
1
AR
Therefore the particular solution,

¥ ln)= E:l-z u(n) a#l

5.1.3  The Total Solution of the Difference Equation

The linearity property of the linear constant co-efficient difference equation allows us to
add the homogeneous solution and the particular solution to obtain the total splution,

Thus, yn) =1y () +u, (n)
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Problem  Determine the total solution y(n), n 2 0 to the difference equation

yin)-ay(n-I)=xln) a=l.
when x(n) = u(n) and (y-1)=0.

Sol. Assumed solution of the difference eqn.
¥,(n) = Ax (n)
ypl'n] = A uln), z(n) = uln),

Au(n) - aAu(n <1) = u(n).

To find the value of A, we must solve this eqn, for any n 2 1, where none of the terms

vanish, thus
A-gA=1a=1l
1
e
Therefore, the particular solution,
1
yp(n}-l—_—ﬂu{n} azl
(n)= o1 nz0,azl
3= ,a#l,
If we wish to find the complete solution, we must also find y,(n), forx(n) = 0. We assume
that solution of form,
J’l(ﬂ-) =",
Substituting v, () is the given eqn. for x(n) = 0.
" -aa"-1=0
o~ la-a]l=0

Thus the solution of homogeneous equation is
¥ (n)=A, o,
Consequently, the total solution is,
y(n) =y4ln) +y,n)
1
l1-a

where the constant A, is determined to satisfy the initial condition y{— 1).
To evaluate the A,, we must evaluate the given egn. atn =0, i.e.,
y(0) —ay(—1)=1
y(0) = 1.
On the other hand, eqn. (1) is evaluated at n = 0 yields,
1

(0) = A, + ——
4 % 1-a

nz=0,a=1.

yin)= A, a™ +

1
I=f+y-3

1
A:=l—-1_ﬂ
-_—a
Therefore, the total solution,
= at 2o, n20
_1-a.a”
l1—a
R+l
yim) = 1587 nzo.
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Problem Determine the response y(n), n = 0 of the system describell by|difference

I?Q‘Hdﬁon,
y(n)-yn-1)-2y(n-2) =x(n) + 2x(n - 1)
when the input sequence is, x(n) = 2" ufn) with y(~ 1) =y(-2) = 0.
Bol. Let us first determine the homogeneous solution of the given diffefence equation.
We assume the solution to be the form of
}',, {'ﬂ} =o"
ot —or-1_207-2=0
a2 o?-a-2]=0
a=+2-1.
Wyln)=A 2%+ A, (-1

The particular solution is assumed to be an exponential sequence of the same form as

x(n). Let us assume a solution of the form,
¥, (n) = A 2*u(n).

Since the particular solution y_(n) is already contained in homogen solution, so
that this particular solution is redundant. We treat this situation if the ics equa-
tion has multiple roots. Therefore, we assume,

¥, (n) = An 2% u(n).

Substituting this in the given eqn., we obtain,

An2" u(n) - A(n - 1)2* -~ u(n) - 2A(n - 2) 2°~ 2 u(n) '
=2%u(n) + 202~ uln - 1).

To determine the value of A we evaluate this eqn. for n 2 2, where rfone of the term
vanish,

If we select n = 2, then,

A2(4)-A(1)(2)=4 + 2(2)
BA-2A=8
6A=8 A %

Therefore, ¥, (n) = % n 2%u(n).

The total solution is,

yn)=A 2"+ A, (- 1) +§ n2" u(n)

where the constant A, and A, are determined such that the initial conditions are satisfied. Tc
accomplish this, evaluate the giveneqn. atnz 0, 1.

A0 —y(=1) = 29— 2) =x(0) = 1.
and atn = 1.

¥ =y0)=2¢(- 1) =x(1) + 2x(0) =2+ 2= 4.

Using the value of y(0) and (1) in eqn. (1), we have
A+A=1

8
%I—Az+§=5.

10
These two eqn. give A, = -;, A,= 9 .Thus the final solution forx(n) = 2" u(n) is given by,

yin)= -%2" +-1£-¢— " +%n2".
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5.2 BASIC STRUCTURES FOR IIR SYSTEMS

Causal ITR systems are characterised by the constant coefficient difference equation
ol Eq. 9.1 or equivalently, by the real rational transfer function of Eq. 9.2, From these
equations, 1t can be seen that the realisation of infinite duration impulse response
(IIE) systems involves a recursive computational algorithm. In this section, the
most important filter structures namely direct Forms [ and 1, cascade and parallel
realisations for LR systems are discussed.

5.2.1 Direct Form Realisation of IIR Systems

Equation 9.2 is the standard form of the system transfer function, By inspection
of this equation, the block diagram representation can be drawn directly for the
direct form realisation. The multipliers in the feed forward paths are the numerator
coefficients and the multiphiers in the feedback paths are the negatives of the
denominator coefficients. Since the multiplier coefficients in the structures are
exactly the coefficients of the transfer function, they are called direct form structures.

Divect Form I

The digital system structure determined directly from either Eq. 9.1 or Eg. 9.2 is
called the direct form 1. In this case. the system function is divided into two parts
connected in cascade, the first part containing only the zeros, followed by the part
containing only the poles, An intermediate sequence win} is introduced. A possible
IR system direct form [ realisation is shown in Fig. 9.3, in which wi{n) represents the
output of the first part and input to the second.

Direct Form IT

Since we are dealing with linear svstems, the order of these parts can be interchanged.,
This property vields a second direct form realisation. In direct Form 11, the poles of
Hz) are realised first and the zeros second. Here. the transfer function fA{z) is broken
into a product of two transfer functions M/ (z) and 1, (), where £/ (z) has only poles
and f7,(z) contains only the zeros as given below:

Hiz) = fHiz). H,(z)

where
1 Af
Hi(z) = ————— and Hy(2)=D bz "'
l | — Z a,z —k J k=0
k=1
= Ea -
xiayo ey — — +::! — Wi
T 1 $
[

A =y zl By A
{*} = + [
i Y Fy

=z -
az | L
1 ; e 2
i H i
i an— ey s 13
() 53 - [,
VL5 l‘ T
= -1
k= l by
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Example Determine the divect Forms L and Il realisations for a third-order
HE transfer function.

0.282° +0.319z+0.04
0.5z £032° +0.17z2—0.2

Hiz)=

Salution  Multiplying the transfer function numerator and denominator by
2z %, we obtain the standard form of the transfer function,

0.56z ' +0.638z > +0.08z °
|+0.6z "' +0.34z 2 —04:7°

Hiz)=

The direct Forms I and 11 realisations of the ahove transfer function are shown in

Fig. E9.2(a) and (b) respectively,

o & o—={¥
x(n) T i RUE o
-1 [T
056 | -08 L% 06 7 o5 yin)
= "" +) (Ee— l 1_—r-—-':.'_'+['.':-—-r,+-—o
Pl I
0533 I 34 1 -0.34 ° 0.638
P‘ (3] e |_ (e e L
L] 1 [ J =) }
oos | | o4 04 | oo
Example Determine the direct Forms I and II for the second-order filter

given by
) = 2h cos gy (n— 13— bl — 2) + x(n) — b cos mge(n — 1)

Solution  Taking z-transform for the given function, we get
Y(z)=2bcoswyz '¥(z)— b7z 2¥(z)+ X (z)—beosw,z X {z)}
H(z)= Yiz) _ 1—bcosm?z Lﬁ :
X(2) 1—2bcoswyz” +b 2"

Direct Form I
Hiz) = H,(z) H,(2)
Mz) = H\(z) Hy(z)X(z)

In this form, the intermediate sequence w(n) is introduced between H () and H,(n)

Therefore,

= Wiz}
Let Hz)=1-hcosw,z ' =
e (z) 1COS g X
Therefore, X(z)(1-hcos muz"] = Wiz)
() — beos oy x (n—1) = win)
and
Hi(z)=(1=2bcosw,z ' bz 2] b r(z)
Wiz)
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Wi(z)
(1-2bcoswyz '+ b7z %)
Y(2)[1-2bcoswyz ' + b2 2 =W(z)

Y(z)=

The inverse z-transform of this function is
ym) =2 bcoswmyy(n=1)+ b2y (n-2) = win)

The direct Form | realisation structure of the above function is shown in
Fig.

Direct Form II
Y(z) = I!:(:) II.(:-:) X(z)

> > l_»"(:)
H,(z2)=(—2bcoswyz ' +5°27%) ' =
2(2) =( 0 ) X(2)
: Y(2)
Let H (2)=1—bcoswyz ' =
¢ 1€ o U(z)
X(z)=U=){1-2 bcoswnz" +b2:’2:
Hence, x(n) = u(n)—2bcoswyu(n—1) —i—b:u(n—.‘Z)
Y(z)=U(z){l—bcoswyz '}
Hence, y(n) =u(n) —beoswyu(n—1)

The Direct Form 11 realisation structure of the above function is shown in Fig.

win)

x(n) o . -+ & o yin)
Y i i
= [z-7]
I D=t
— becos mg J‘ 2bcosmg =]
-]
— k2
{a)
w () =
x(n) o o H—oy(n)
i ¥ I
| z
—-b 't-:r:as wg

i 2bcosag
[2-1]

R,

- b2 {b}l
57 7 Cascade Realisation of ITR Systems

In cascade realisation., the transfer function fA(z) is broken into a product of
transfer functions A\ (z) . H.(z)..... H (). Factoring the numerator and denominator

polynomials of the transfer function /A=), we obtain

s ) T
[+ F—=] 1

A, B Afr, F .
H(z}:(}'-*];['{[_gkz ‘}f,,l._[j'l;l_hkz N—ai=")
ﬂl(l—f-kz ‘:IAI_II{I—dkz N —etiz ')
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Generally, the numerator and denominator polynomials of the transfer function
H{(z) are factored into a product of first-order and second-order polynomials. Here
Hi(z) can be expressed as

10 L - | L=
[tl"l';:lzll_'Bl.k"' +ﬁ:k‘

1 S
|-,z —0g, =

H(z)=G

o = - e L e ~+) o yim
x(n) Y I [ i x
=1 =1 |
M | S + -} | . = ’-I:--';-:'l
e B -'|[ Chr2 : I-T Pz 'I|"
Z77
| C o
oo [z

Cascade Structure With Divect Form IT Realisation of a Third-Ovder [IR
Transfer Function

Example Obtain a cascade realisation of the svstem characterised by the
transfer function

Az+2)
2(z—0.1)(z+0.5)(z +0.4)

H(z)=

Solution  Multiplying the transfer function numerator and denominator by z 4,
we obtain the standard form of the transfer function given by
5.2.3 PARALLEL REALI§ATION

s To
—{ + N L +} \
+ v 3
By \
i tyq |—‘—7',—' T \
L —F - [ N
k) Y
-1
raq |.Z: |
|
x(n) L L v
) T =) {4}
4 o i
[z=7]
L. Ly 1 Tiz
i 1 >
£y X
[ =1 |
L~ T
e Toa
i ) — * {4}
A !
-1
z |
—, 13 ' T1a
5 o BEE—— ==
I 1
—%1
[ 52 [z |
L 4 T
Parallel! Forn: Realisaiion Strvecitaore with olre Real and Consplex Poles 168
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Example Determine the parallel realization of the IR digital filter
transfer functions
(@) H(z)= Aozl 051 4)

(2z + 1)}z +2)

3z(5z—2)

(b} H{z)= ]
[:+ —2]1:32—11

(a) In order to find the parallel realisation, the partial fraction

Salution
expansion of A(z)z is first determined, just as we did for inverse z-transforms.

This gives

3 2 ~
F{:}_H(Z}_ -2-{22 +5L—4}_i_ A A
£ z[z—!—l]{z:—E}l % z lI (z+2)
2 2
%(222—52+4‘J
where A =zF(z)|, y==———|. ;=6

l L
[.‘ + 2-](4 -'—2]

1 : (2z° 4+ 5z +4)
A1=[z+— Fi(z) = , =—4
= 2 2= z(z+2) E_—
2 (2z° +5=+4)
Ay = (z+2)F(2)|,._; | =1
-
Therefore, H(z) = 6 4 1
z z _, b {z+2)
z+ -
2
Hence, H(z)=6— 4‘_]+ "2 i ‘l" 4 i -
s+ (z42) []+_z-|] 142z
2 2
The parallel realisation of this transfor function is shown in Fig, E9.5(a).
6 -
- = — "-I- J' -
xin - T yin 275 Y |
{. :I e "\'t\' - 1__{1_} 5 X(ﬂ] _'._‘i l'”y(:)‘]
Z B
L 4T -1/2
-1/2 [y - |
S 215 i) v
[t + }
7] [z
L2 ——
=3 I_ 13
ib)

-2 (a)
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(h) BH(z)= 3“:_ 2) :-;z_
_Hh) A,
T 'l][*—ll e (=3
Z—!—2 = 3 :2 = 3
where
1 5z—2 27
:F(:}[E—'—El:=-l-=—l :?
} [2_3]_ K
p=rea-|_ =22 =2
T3 [:—i——]
2.1
g
Therefore. H{z)= E - o % z
L -
2 _ 3
27 1 2 1

REERES

The ditference equations for H (z) and H_(z) are
3 2
»in) = yl{ir— D——»n(n—2)+x{n)— 3 —xn—1)

yafn)= }'2{u—~ 1y— ‘-]—y..(n —2)+ x,(m)y+ lx_,{u —1)— l.\:,{n — 2%
2w 4 = 2
These functions are realised in cascade form as shown in Fig. E9.7(a).

o ——p

x(n) —={+) 7 (+) ()
f ¥ t ¥ 5
F z-1
i 75 —2/3 I 1 =1 T4 1
() —— P [ —7 %
X ¥ [y o
|.i"'| =1 1
—a/32 T A 5 e
F ~} =

Parallel Realisation To obtain the parallel form realisation, £(z) must be

expanded in partial fractions. Thus we have

A, A, A;

Hi(z) = - == -+
) 3.4 L. i R 1.1 |
G i E e £ ER O E S S

4 8

Upon solving, we find 4, =2.933, A, = —2.947, A4, =2.507 — j10.45 and

A7 =2.507 + j10.45
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:i-’ [
4 ) —0.02 *
o
) O
"_4-/:-- -} -—
i | ¥ 1.848
|==1]
*l w} -3/32 =+ - yin
o +
_ 5.02
{4+ = "+
& ! 2
e A
1 L= 7. 743
o - =
L
=]

Problem  Find the direct form I and direct form II realizations G#ﬂ discrete time
system represented by the transfer function.

82 —d2® + 112 -2

(R} w e s
A T S |
( 4](’ = 2)

_ Y(z)

Sol. Let Hiz) = =)

Direct form-I :

= Y(z) B8z'-4z*+11z-2 Bz? —4z7 +11z-2

X@ I | T T T T T
[z 4—][2 z+§} z z +2: 42 +4z *
Y(z) _ 2%8-4z' +1127% - 227%]

X(z) z’[l 5

3 1
2 a2 -2_ 1 -3
4: +4= Ez :|

Y(z) B8-4z'+112% 229
Xz} 4_ %z—l +%z—z = 812—3
On cross multiplying eqn. {(8.16), we get,

Ye) - 227 Y + 227 i) - 22V
=8 X(z) - 421 K(z) + 11z-2 X(z) — 227 H(z)
Y(z) = 8 X(z) — dz~1 X(2) + 11=% X(z) — 2273 X(=z)
+ %z“‘ﬂz}—%z*’ Yiz) + Elz‘s’i'(z}
The direct form I structure can be obtained from egn. as shownl in Fig.

x{n) P yin}

Fig. . Dlirect form | realization of problem
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Problem . Using first order section, obtain a cascade realization for
(1+%z'r)[l‘+%z"]
AT :)( L -r]’
[I 22 ](1 42 1 101

Sol. The H(z) can be decomposed into the three section as H(z) = H,(z) H,(z) H,(2).

1+ lz"‘
where, H,(z) = .._.§1.__
1- Ez_l

Hiz) =

1+ lz'l

4 1
H,(z]:--—-—-—l-—-—- and Ha'lz)=——--—1

The cascade form structure is shown in Fig.

- i e S ——

4
I
!
I
i
]
]
]
i
]
1
]
I
]
]
]
!
]
]
I
!
I
]

yin)

| RE——" E
P ——. T~
[R——— -

_______________________ . e e e e

H,(z) H,l(z) Halz)

e . o ]

Problem .Obtain the cascade form structure for the system characterized by

& 1 I
yin) = Eyfn—l)- - yin—2) +x(n} + E:(n-]).
Sol. The system function of above system is given by
1+ éa'l)

1- g—z'l + —lz"

Hiz)=

The above equation can be decomposed into two parts as

1+L"-z‘1

H(z) =
_1a)(121
[}. 2: ](1 32 )
H(z) = H(z) Hy(z)

1+ 357
where, H,(z)= R - Hy(z) = =

i- ‘%z"

.

The cascade form structure is shown in Fig.

Hol Ty ) Fgm win)

12 18 13
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Parallel-Form Structure
The last common form of IIR structures is the parallel realization. [This form of IIR
system can be realized by performing partial fraction expansion of H(z). By partial fractional
expansion the transfer function H(z) of the system can be expressed as alsum of first and

second order sections.

Y(z) £
B — H .
He) = 2= C*;_‘; A(2)
N
A,
here, H,(z)= =,
ool gl *z‘“l-i-pkz’

C is constant and definedas C = E .
On
Ip,) are the poles and
{A,} are the co-efficients in the partial fraction expansion.

Hz)=C i A5
=Lt i1+ pjz"
The structure given by eqn. is shown in Fig.
- c
Hiz) Yol Z)
mfr} H, (2) ¥ilz)
= o @)
- =1
L H,ir) NT) ) =y}

The individual first and second order section can be realized either in direct form [ or
direct form II structures. The overall system is obtained by connecting the individual sections

in parallel.
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Problem . Obtain the parallel form realizations of the LTI system governed by the
equation,

3 3 1 .
y(n) = 3 yin-1)+ 22 yin-2}+ 5 yin =3) +xfn) + 3x(n- 1) + 2x(n - 2).
Sol. Given that

y(n]:-%y{n—lh %y{n—ﬂh %y{ﬂ-3)+x{n}+3ﬁn-l)+2ﬂn—2]
On taking z-transform of the above equation, we get,
Y(z)=-%z"' Yiz) + %z‘“Y(zH 'gij 23 Y(z) + X(z) + 3271 X(2) + 22 X(z)

Y2 _ 1+3271+ 2272
X(z) 1+§z—1_3 -2 _ 1 -3
8

2" Ta’

(1+z)(1+2:")

)

By partial fraction expansion,
H(z) = ? + f § ‘i o
=1 =1 =]
+- - -=
1 3 27 1+ 23 1 4:

(1+27'X1+2:) -35
A= T4 T ~‘—T.
141,111,
(1‘22 ](1 4: ]g--.-g

(1+z"1+2=2"H

8
B= ==
B T RS T 3
(1+Ez )(1 42 ) e o
(142" 1)(1+22"1)

C= =10
1. 1 4
(1+557)(1+3- ]_-,_,

- &3 10
He) =TT " 1oz 1 vaz

Yiz) = Y,(2) + Yy(2) + Yylz).

cru) — e ] - ol T ]
e
—T B
el -l Wal=) =
=
— 2
o -— wall=)
40
Walt=d = — Z = o+ Ecca
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Y,(z) = %{“‘ +10X(z)
Problem Obtain the parallel form structure for the system functipn
1+2:7" 427
1-0.7527" +0.125:7%"
Sol. The above equation can be factorised into the following form :
-T+827!
1-0.75z7 +0.125z72
= C + H‘[Z].

Hiz) =

Hiz)=8+

The parallel form realization for this example with second order Eystem is shown in

Fig.
A A
1 = 4 2 =
1-05z 1-025z
After some arithmetic calculation we find that,
A =18,A,=-25,

Hiz) =8+

is 25
Thus, Hiz)=8+ -
- 1-056z1 1-025=1

= 8 + H,(z) + Hy(=).

The resulting parallel from structure with first order sections is shown in Fig.

=0.125

Problem . Obtain direct form I, direct form II, cascade structure for the
system described by
yn)l=—0Iyn—-1)+0.72y(n—-2) + 0.7x(n) - 0.252 x(n — 2).
Sol. We take z-transform both sides of difference eqn., we have
Yi(z)==—0.12z""¥(z) + 0.72 22 ¥(2) + 0.7X(z) — 0.252-"2X(z)
¥(z) _  07(1-036z7%)
HE) = X2 = T+0.12 ' — 072z~ Phe) Hale)
0.7
=l — 2 - ——
H,(z)=(1-0.36z2) and Hye) = o o7
(a) Direct form I :
Fig. (8.18) illustrates direct form I realization.

N S S,
H

x(n} § ° H
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The direct form II realization is shown in Fig

e ey ¥
I 2—1 !
l:l‘...:-m
(c) Cascade form structure

0.7(1- 0.362"2)
1+0.1z"! — 072277 "
0.7(1—06z"") (1+0.6z"")
= T(1+09z")(1-08z1)
The cascade form structure is shown in Fig.

{ + } { +}
r
0.9 06 08

Problem  Realize the system function

x(m)

Hiz) =

= 0.7 H,(z) Hy(2).

bl D gy

0.7 | ¥in)

R g O - PR ey
H(z)-1+4z'+8z”+4z +37
by using direct form structure.

Sol. Given that
2 3 3 7
i Lo o Soomg L Moyt
H(z) 1+4r+sz"+4z +2r‘,
2 3 3 i
hi{0) = 1, h(l) = :l h(Z)= Ep h(3) = El hi4) = E-

The realization is shown in Fig.

x(n}
19
¥(n)
5.3 FIR SYSTEM
5.3.1 Direct Form Realisation of FIR Systems
The convolution sum relationship gives the system response as
M—1
y(ny=">_ hk)x(n—k) (9.8)
K=0

where y{a) and x{n) are the output and input sequence, respectively. This equation
gives the input-output relation relation of the FIR filter in the time-domain, This
equation can be obtained from Eq. 9.1 by setting b, = (k). a, = 0, k= 1, 2...., M.

The direct form realisation for Eq. 9.8 is shown in Fig. 9.15, This is similar to
that of Fig. 9.7 when all the cocfficients g, = (0. Hence, the dircet form realisation
structure for FIR system is the special case of the direct form realisation structure
for LR system,
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X(n-1) X(n-2)
o — | z-1 | o -1 - - 71 -
I{ﬂ] | | {
miay h{1y/ n@n RM-a),/ hiM—1) 5/
|
b X X r
=+ {4+ =+ Sy ——
¥in)
Fig. Divect Form Realisation Structuire of an FIR System
The transposed structure shown in Fig. is the second direct form structure.
Both of these direct form structures are canonic with respect to delays.
. SR | . — . 1 .
—_— =1 i'—\-P:.)- - | — -l-:i —_ - -— -'1- (= -1 P—-i-" el
o — L & X ¥in)
A, g Ty J‘- &, e
S RiM=1) SN M=) A R(M-3) SN mM=a4)y S k(1) /N hio)
o - - - . -
x(n}
Fig. Transpased Divect Form Realisation Structure of an FIR Systemn of Fig.

5.3.2 Cascade Form FIR Structure

A higher order FIR system can also be realized as cascade of FIR sections with each
section characterized by either first order or second order transfer function. This realization is
obtained from the factored form of H(z), which we write in form of

k
H(z) = JI (o + bzt +Byg 270,

where, k is the largest integer less than or equal to N/2. If N is odd then k = (-112_—1] and if N is

even then k = N/2 with b, =0
The realization is shown in Fig.

M) P

Problem Obtain cascade form realization of the following system fuhc.tian

X g =2 I gy A
e £ =1
H(z)—[1+4z + :l[]'+ z
Sol. The system funetion Hiz) can be written as,

Hiz) = H, (=) Hy(=).

where, Hyz)=1+ iz“ + -%z:'g_
PR S S
H,(z) = B +3 -

The cascade form realization is shown in Fig.
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The cascade form realization is shown in Fig.

x(n) 1 yin)

Cascade form realization.

5.3.3 Linear Phase FIR Structure
When the FIR system has linear phase, the unit sample response of the system satisfies
the symmetric condition is given by
hin)=h(N =1 -n)
or antisymmetric condition.
hin)=-h(N-1-n)
Using the symmetry condition, we can write

N-1
Hz)= 2, him)z™,

n=0
MNiZ=1
Hiz)= E h{n)Iz"‘ +zN-1- "']
anl
N-3
for N is even, and Hiz) =h(¥) z-N-1v2 i hin) [z +z-M-1-n))
awl
for N is odd.
The realizations of eqns. (8.34) and (8.35) are shown in Fig. (8.27) and (8.28), respec-
tively.
x(n) | Ny
=]

Fig. Direct form realization of linear phase FIR system for N odd.
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Problem Obtain the direct form realization of linear phase FIR system given by
H(z}=1+§~z"+ %Z“?-I- gz""h-.‘.
Sol. We have N = 5 (odd). Therefore the above equation can be written as,

Hiz) = (1 +z7)+ —lIz“ +z9) + -IE =2

g

x{n)

h{0) = 1 h(‘l]um ¥ hi2) =152
yin} 7
'CJ
Here, we have BlO) = 1 = Rk{4)
=
Fal Ly = =
15
Fa( 2y = = -
Problem  Obtain a cascade realization using minimum numbed of multiplications
for the system

Hiz) = [I+ T‘:—z" + z""’][l +§z" + z"],
Sol. We can consider that H(z) is product of factor

1
Hz)=1+<2"+2? and Hyz)=1 R |

4 8
These two factors H,(z) and Hy(z) are having linear phase symmetry, The realization is
shown in Fig.
¥ T1/4 i
; syl
e L
"""""""""""" e
Linear phase FIR system 1 Linear phase FIR systam 2
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5.4 CONVOLUTION SUM
Find the convolution of two finite duration sequences
1, —-1=n=+1 1, —-1=n=+1
Y= =
%) { 0, otherwise il eny { 0, otherwise

Solution The convolution of two finite duration sequences is given
by

yn)= 2 xEh(n—£Fk) or yn)= 2 x((n—k& htk)

P y Sl

Step I Plot the given sequence, as shown in Fig. E6.3(a).
x(n) h(n)

The given problem can be solved by using the graphical method as

shown in Fig. We know that y(n) = ix{k) h (n— k).
e
VWhen n=0, y0)= #i Mo () = kéx(k) hi(—k) =3
When n=1, 1= *iy,{k)z ix(k}h(l—k): 2
Whisn = ;2 508 = kiyg (k) = *:‘_Zx{k) R(2Z— k) =1
When n=3, 3= ki_,?’_g (k) = kgx{k) A(B—E)=0
When n=-1, y(-1)= k_z':: y_q (k) = #_Z'; x(k) h(—1— k) = 2
When n=-2, y-2)= i)’—z (k) = ix(k} h-2-Fk)=1
I =
When n==-3, y=3)= i)’-a(k}= ix(k}h{—é?.—-k}:ﬂ
m—ua k=
Whenn=-1 hi=1-K) x(K) h(-1— K)
1] |
3-2-10 1 K 2-10 12 K
h{—1—K) &= shift h{—K) to left by one unit Product Sequence, ¥_,(K) =2x(K) h{-1-K)
When n=—2 ]- ]- ] T1 2t ] {x(K}M—Z—K}

—#4-3-2-10 1 3 -2 -1 0 1 3
hpz—mdﬁnﬁmhphﬁ“Mdﬂwmwumtmmwa&mmm“dq(m=guqm4ym

When n=-3

AR T

—4-3-2-1012 K -2 -10 1 2 kK
h {— 3 —K) <> shift h (—2—K) to left by one unit  Product Sequence, ¥_g(K) = x (K) i (—3 —K)
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x(K) h(K)
i 1]
-10 1 K -10 1 K
When n=0 h(=K) Ax(K) h (- K)
3 1 p 1
10 1 K o010 K

i~ K) += fold h(K) Product Sequence, ¥,(K) =%(K) h- K)

Vo e P1-K) *(K) h ( K)
’h | il
01 2 K -1 0 1 ‘2 :—c
h(1= K) <= shift h (- K)to right by one unit  Product Sequence, y;(K)=x(K) h (1-K)
Whenn=2 h(2-K) x{m Mz-KJ
1] 1]
0123 45 K 1012 K

h(2-K) ¢=vshilt h(1-K) to right by one unit  Product Sequence, ¥a(K) = x (K) h(2-K)

When n=3 h(3-K)

il

012 345K

x(K) h{3-K)

-
e

210 12 K

h(3-K) «= shift h (2-K)to right by one unit Product Sequence, ¥a(K) = x (K) h{3-K)

A y(n)

3

s Y
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Find the convolution of the two signals x(n) = u(n) and
hA(n)=a™u(n), ROC: |a| <1; n=0.
Solution Plot the sequence values of the two signals as shown in

Fig. E6.4(a).
The convolution of two signals is given by

Example

) g<a<1 win)

1 1
a
a
R
IRERAN
1 2 3 4 B8 2

-1 (o]

W —— s

U'lr—Oq"|

Graphical Convolution
The convolution of the given two signals can be determined by using

the graphical method as shown in Fig.

] I ] | 1
=h=g=d-1( k —2-10 1 k
x(—8 <= fold x(k) Product Sequence, yo(k) = h(k) x(-k)
1R h(k) x(1—k)
When n=1 1 1
W ] I [
e e k —; 3 o 1 k
x(1-k) <= shift x (—k) to right by one unit PRI S OGS0, 58 < R % 1=K
When n=2 x(2-k) B (k) x(2—k)
1 1
a
[ X [ [
-2 -1 0 1 2 k 10 1 2 3 k
x(2—k) <=2 shift x (1 —k) to right by one unit Product Sequence, y.(k) = h{k) x (2—k)
x(3 —k) hik) x(3—k)
When n=3 ]

IH? |11

-1 0 1 2 3 4 k 10 1 2 3
x(3—-k) <=Dshift x (2—K) to right by one unit  Product Sequence, y;(k) = h(k) x(3—k)
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Compute (a) linear and (b) circular periodic

convolutions of the two sequences x,(n)=1{1, 1, 2, 2 ) and x,(n) = 1,
2, 3, 4). (¢) Also find circular convolution using the DFT and IDFT.
Solution (a)Using matrix representation given as follows, the linear
convolution of the two sequences can be determined.

alel 1 1 2 2
%(n)

Hence, x4(n) = x;(n) » x5(n) = {1, 3, 7, 13, 14, 14, 8)
5.5 LINEAR CONSTANT COEFFICIENT DIFFERENCE EQUATION

Problem Determine the impulse response, and frequency response, of the given linear constant
coefficient difference equation.

(#)=2y(n=1)4 2 y(n-2)=x(n)=3x(n-1)
Solution X
H(a)=2y(n=1)+ Ly(n=2)=x(n)~ 1 x(n-1)

Taking Z-Transform,

¥{23~§-¥{2}Z" »r%i'(zz;z-2 = x:z}—-;.r(z;'z“’
B A gl nfi i il
}'(Z)|:I =&tz ] X{Z}(I Zz_:_]

The frequency response,

.
YZy _ (l ZZJ

HC(Z)= -
Az 1-%2"-—%2"
[l—lz-'
Rl = ==
2 3
ne 'Iz-‘
3

Taking inverse Z-Transform,

h(n) =[3lj u(n), | Z| >3

Problem Determine the unit step response of the system, whose linear constant coefficient difference
equation, is given by

p(m)=0.5y(n=1)+0.06y(n=2)=x(n)=x(n=1)
i y(=-=Ly-2)=2
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Solution "
y(1) = 0.5p(n—1)+0.063(n—2) = x(m)— x(n—1)
Taking Z-Transform, .

¥(Z)- 0511*(212"4-;4 D]+0.06 [¥(2)Z72 +Z7'y(=1)+ (=)= X(Z)- 2" J.’{Z}

Y(Z)—0.5Z"'¥(Z)—0.5(1) +0.06Z 2 ¥(Z)+0.0627(1)+0.06(2) = X(Z}1-Z~ )
Y(Z)1-0.52"" +0.06Z272]-0.38+0.0627" = X (Z)1-27")
The input to the system is unit step, x{n)= u(n)
X@=ymz"
=}
1
X(2Z)ys————
& -z~
Y(Z)[l—o.sz-'+n.néz-2]=[l ) - :l(i-z")w.:m-c-.uez"

Y(Z)1-0.52" +0.06272]=1.38-0.06Z "
1.38-0.06Z""

=02z yi-03z )

On partial fraction expansion,
A B
T -1
(1-022"") (1-0.3Z7")
i P 1.38 - 0.06(5)
A=(1-02Z }}’{Z]L_,d T
_ 1.38—(0.06)(3.333)

¥Y(Z)=

=-2.16

= -l = = b 3.54
B=(-03Z }Y‘:Z}\z-'-a.sa: 1-0.2(3.33)

-2.16 3.54

Y{Z)= #*
e 1-0227" 1-03z"'
Taking inverse Z-Transform,

y(n)=—2.16(0.2)"u(n)+3.54(0.3)" u(n)

Problem Find the constant coefficient difference equation, if the input to the system is

l ]
x(n)= [5] u(n)and the output of the system is

y(n)= [ ]u(n)«»z[ ]"u(n}

Solution The input to the system is,
x(n)= [ Tu{n]

X(2)= i[%]n "= I_[_]l._

il . __] z-l
2

y(”)- (3 ]utnm[ ]u(n)

Taking Z-Transform,

The output of the 5)!5!:;:1 is,

Taking Z-Transform,

AllAbtEngg Android Application for Anna University, Polytechnic & School

184



www.AllAbtEngg.com

The system function is given by,
lI Y |2
1 {-Jz" |-(—]z"
Hy=Y& __ 2 . \3
X{Z) ]
- L)z
2

Ao L aa e D
y(z]=[3 3" I' 2¢ L 62 *3°
HEY (=l Viodyt] gedgtplas

2 3

F[Z){I i +lz"} =,1:'(2)J:3—Ez“1 +32—2]
6 3 6 3

5 Lo P Dy
M(Z)==Z 7 H2)+ 2 272 =3X(2) -~ 27 X(2)+ 3 Z 7 X(2)

Taking inverse Z-Transform,

y[n)—%y(n—1]+é—y{n—2}:3.r{n}——lg~x (n— I}+—§-.r{n—2:l

5.6 RELATIONSHIP BETWEEN Z-TRANSFORM AND FOURIER
) TRANSFORM
Let us derive a relation between Z-Transform and the Fourier transform, by considering a system function.

The Fourier transform representation of a system is given by

H(e)= i h(n)e '™

r=—— i

The Z-Transform representation of a system is given by

HZ)= 3 h(n)Z™

R

On comparing equations (11.39), and (11.40), we can conclude that,

z - m* i)
The unit value of r represent the locus of

points in the Z-plane. Hence, H(e’™) is equal to H(Z), which is evaluated along the unit circle.

H(e™)= H(Z)|_,m
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5.7 PROPERTIES OF LTI SYSTEM
Distributive Property

Let us consider two LT1 systems with impulse responses h (n) and /() connected parallelly as shown in Fig.

- ¥a{n)
System-1
- (%}——- y(n) = x(n} h{n)= hy{n} + hy{n) y(n

- ya(n)

System-2 i
(@) , (b)
Fig. (a) Systems Connected in Paraliel (b) Equivalent Representation

x(n) ——»

By definition of the distributive property,

x(n)a[ly () + Iy ()] = x(n)= By (n) + x(n) s By (n)
Proof The output of the first system is
yi(ry=x(n)=H(n)

Similarly, the output of the second system is

Ya(n)=x(n)ehy(n)

The overall output of the system y(n) is given by

)= yy(m)+ yy(n)

y(n) = x(n)s hy(n)+ x{n)s by (n)
By the definition of convalution from equation (3.11)

=T sk hin-k+ 3 k) (n-k)
k==

[

Y= T sk -k +hyin-K)= S x(k)hn—K)

km— k=—a
wherel h{n—k) = h{n—k)+ hy(n— k)= h(n) = b (n)+hy(m)
Therefore, W)=Y, x(k)h(n-k)=x(n)* h(n)

i m—

If two systems # (#) and h,(n) are connected in parallel, then the impulse response of the system to the
input signal x{#) is equal to sum of the two impulse responses.

Associative Property

Let us consider two LT| systems with impulse responses / (n) and h,(n) connected in series as shown in Fig.

LN o) BELU ey B R N ey oy M
(a) (b)
Fig.  (a) Systems Connected in Series (b) Equivalent Circuit
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By definition of the associative property,

[x(n}e i{m)])+ Iy (n) = x(n) [ A (n)+ i (n)] (3.13)
Proof The output of the first system
yi(n) = x(m)s by (n) (3.14)
Similarly, the output of the second system
y(n) =y (m)why(n) - (3.15)

Substitute equation (3.14) in equation (3.13),
y(n)={x(m) e by (m)] # hy(n) = x(m) e [y () iy ()]

Commutative Property

Let us consider two LTI systems with impulse responses & (n) and A () connected in series as shown in Fig.

a(0) —=[ (o) |—=[ retoh | —+vt0) = xir) [ hyfo) |— yim

Fig. Systems Connected in Serles

By definition of the commutative property,
Hy(n)x by (n) = hy(n)s by () . (3.16)

h(nyshy(my= 3 h(k) by(n-k)
k==

Proof
Let n=-k=m=>k=p-m

h)ehy()= 3 B(n-my(om)

fr=—m

B(m)shy(m)=3 hy(m)hy(n—m)
by ()« y () = hy () 1y (m)

Equation (3.16) finds application in solving convolution problems. This property can also be extended to
signals, i.e.

y(n)=x(n)s h(n) = k() x(n) (3.17)
5.8 PROPERTIES OF DISCRETE-TIME LTI SYSTEM _
LTI System With and Without Memory

A system is memoryless if the output at any time depends only on the present input
This is true for the LTI system if and only if
) =0, n=0
Let us consider the impulse response of the form
h{m) = k &(m)
where & = #{0), is a constant
The output of such a system is given by

yimy= 3 x(k)yh(n-k) Hint S(m=1,

n=0
e Bln—k)=1, n=k
yim= ¥ x(k)kd(n—k)
yin) =k x(k) (3.18)
Equation (3.18) is a memoryless LTI system.
If hir) = 0, n = 0, then the LTI system is called a memory system.
187
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TInvertibility of LTI System

Asystem is invertible only if an inverse system exists. Similarly, an LTI system is invertible only ifan inverse LTI
system exists.

Let us consider the following figure.

o) M) L b o) |—— wio) = xio

Syslam 1 System 2
Fig. Invertibility of LTI System

The system response /i) results in an output y{») and the output of system | is given to system 2, whose
response fi,(n) results in an output w(n), which is equal to the original iiput x(n). This is possible if

h(n)siy(n) = (n) (3.19)
Stability for LTI System

A system is said to be stable if every bounded input produces a bounded output. The statement can be
extended to LTI systems also.

Let us consider a bounded input x(n), i.e.

[x(m|< M <=sfor all n (320)
Suppose the bounded input is applied to an LTI system with unit impulse response h(rm), then using
convolution sum, we obtain an expression for the output p(n), i.c.

Jy[n)|=‘ Y x{nlfr(n—k)l G2y
&

By the inequality relation, the magnitude of the sum of a set of numbers is no longer larger than the sum of
the magnitudes of the numbers, i.e.

RO ESNEG eS|
k=

Iy(m]s 3, [CkYx(n=k)] (622)
il
From equation (3.20), [x(n)| < My <o
Therefore, [x(n-K) < My <= for all nand k.
Substitute the equivalent relation of equation (3.20)in (3.22)
|yt s My 3, [h(k) forallk D)
k=
The impulse response h(k} is absolutely summable if
2 [Hhof<es (24)
ki

then the output of the LT1 syster y(n) is stable (bounded output). If the impulse response A(k) is not absolutely
summable, then the system is a ‘nonstable system’,

SOLVED PROBLEMS — — —

Problem Find whether the system with impulse response h{n)= 2 is stable or not.
Solution  The condition for stability is

X [hm] <=
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NLOE hiq 27" =2 [ zl gl i c-!m]

fi=—a H=—= n=l Y
E |i‘|(n)f= 2 ZE‘I" +EE‘I"J
= e n=l
i|h{n]|—2 b iﬁ‘- g lal<1
e \1-e? 1-e7 Hint i =g’
- l'i' -1 - |
Y |n(n)|=2 °_z]<m Eﬁ*:—."jlcl
Pt l-e o 1-p
Therefore, the system is stable.
Problem Find whether the system with impulse response h(») = e* u(x) is stable or not.
Solution The condition for stability is
3 [h(m)| <=

i |(n) = icz“ =1+ +e' e+, =0
fn=—= a=l

Therefore, the system is unstable.
Causal System

By definition, for a discrete-time causal LTI system, the impulse response A(n) must be zero for n < 0. The
causality can be extended to convolution sum as

yim= Y, x(k)hin-k) (329)
ke
For a causal discrete-time LT[ system, h(n) = 0 for » < 0. Therefore, the output of a causal system must be
expressed as
y(m)= Y x(k)hin—k) (326)
k=0

A causal system cannot generate an output before an input is given to the system.

’ i
Problem The impulse response of an LTI system is h(n}=[:_1~] u(n). Determine the output of the
system y{n) at
(iyn==2 (ii)n=2 and (iii) n=+4, when input signal x(n)= u(n).
Solution By convolution sum, .

y(n)= h{n)* x(n) = x(n)* h{n) (Commutative property)
)= Y, x(mhin-F)

kz-m
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ym= 3 u:n}[[%]"_k w(n—k)]

k=

o =k
=33
k=0
Forn=-2 W-2) =0
Forn=2
; a.«.-q
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STEP RESPONSE

By using the convolution sum, we can easily represent the step response in terms of the impulse respcnse Let
us consider the output response of the system y{n) as,

y(my= x(n)*hin)= Z x(kYh(n-ky="3. Mk)x(n-k) (3.27)
K- Am—a

where x(n) is input signal and h{n} is impulse response of the sys!ern
The step respanse of the system, means. applying a unit step function asa 5|gna| to the system. that is,

x{n) = u{n)
. w20 . n2k
—k)=
e W= {U. otherwise Bl {0. otherwise
Then, step response  S(m) =Y h(k)u(n-k)
&wll
Stm)= Y. hk) (3.28)

k=0
Equation (3.28) explains that the step response is the impulse response.

SOLVED PROBLEMS . .

Problem Find the step response of the system if the impulse response is h(n) =a"u(n),0<ax<1.
Solution The step response of the system is given by,

S(ny= h(my*=uin)

S(n) = i h{k)u(n—k)

hmoen

S(m= f [a* u(k)u(n - k)

ke-m
n
Stn) = L.
() 2—;“ |-
Problem Find the step response of the system if the impulse response fi(n) = 8(n=2)=6(n-

1— a:u—l

Solution The step respcnse.' &(n) = h(n)*u(n)

S(n) =[6(n—-2)-8(n—D]*u(n)
S(m) = [8(1—2) # u(m)] — [8(n — 1) = u(m)]
S{m=uln—2)—u(n-1)
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