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UNIT - 2 COMBINATORICS

Topic 1:MATHEMATICAL INDUCTION

Working Rule of the Principle of Mathematical Induction:

Let P(n) be a statement .

To prove that a statement P(n) is true for all-natural numbers,
we must go through three steps.

Step 1: We must prove that P (1) is true.
Step 2: assume P (k) is true

Step 3: By assuming P (k) is true we must prove that P (k + [) is also true.

Note:
The condition (i) is known as the Basic step and
The condition (ii) (iii) are known as Inductive step

Problems:

1) Show that by mathematical induction 1+2+3+4+...n = n(n+1)
2

Solution: STEP (i): To prove P (1) is true.

Py = 1(1+1)
2

= 1 which is true.
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Assume that the result is true for P(k).That is

14243+4+... +k  k(k+1)

p(k) = )
STEP (iii)
To prove p (k+1) is true
1+2+3+...+k+(k+1) :k(k+1)+(k+1)
:k(k+1)+2(k+1)
2

or 1) K 1;(k+2)

Hence the result is derived using Mathematical induction method.

. n(n+1) (2n+1)
6

2) Foralln =1, prove that 12+22+32+42+, ... +n

Solution:

n(n+1) (2n+1)
6

P(n): 12+22+32+42+......+n2=

(i) To prove P (1) is true.

1(1+1) (2x1+1)
6

P(Q1) = = 1 which is true.

(ii) Assume that P(k) is true for some positive integer k, i.e.,

k(k+1) (2k+1
12+22+32+42+ ........ +k2= (k1) Gk (1)

6

(iii) To prove P(k+1) is also true.

(12422+32+42+....... +k2) + (k+1)= k(k”)G(Zk”) + (k+1) 2 (Using (1))
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_ k(k+1) (2k+1) +6(k+1) 2
6

_(k+D)[k(2k+1)+6(k+1)]
6

_ (k+1)(2k * + 7k + 6)
b

_ (k+D)(k+141){2(k +1) +1}

6

Thus P(k+1) is true, wherever P(k) is true. Hence, from the principle of
mathematicalinduction, the statement is true for all-natural numbern.

3). Show that n3 +2n is divisible by 3.
Solution:
Let P(n): n3+2n is divisible by 3
0) Toprove P (1) is true.
P (1): 13+2.1=3 is divisible by 3is true................ (1)
(ii)  Assume

P(k): k3+2k is divisible by 3

(iii) To prove: P(k+1) is true
Now, P(k+1): (k+1)3+2(k+1)
=k3 +3k? +3k+1+2k+2
=k3 +3k? +3k+2k+3
= (k3+2k) +3(k?+k+1)------=mmmmmmmm oo (2)

(using (1)) k3 + 2k is divisible by 3 and 3(k?+k + ) is a multiple of 3, so
we have equation (2) is divisible by 3.

~P(k +1)is true.

By the principle of Mathematical induction, n3+ 2n is divisible by 3
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4. Prove that 8"— 3"is a multiple of 5.

Solution:

Let P(n): 8"— 3"is a multiple of 5.

(i) To prove P (1) is true.
P (1) = 8'-3! = 5 is a multiple of 5 which is true.
(ii) Assume P (k) = 8<— 3kis a multiple of 5 istrue.

i.e., 8= 3k= 5m where me Z*
=>8k Y 1 1 I TG I (1)

(iii) Claim: P (k+1) is true.
Now, P(k+1) = 8k+1-3k+1
=8 k8 - 3k3
= (5m +3 %) .8-3k3 (Using (1))
=5.8m + 8.3 k3, 3k
=5. 8m+5. 3 k

=5 (8m+3 )  Which is a multiple of 5 for all 'm'.
~P(k+1)is true.

Hence, 8"— 3"is a multiple of 5 for all n.

5. Using mathematical induction prove that (3"+7"-2) is divisible by 8, for n> 1.

Solution:

Let P(n): (3"+7"-2) is a multiple of 8.

(i) To prove P (1) is true.
P (1) = (31+7%-2) =8 which is divisible by 8 is true.

(i) Assume P (k) = (3k+7%-2) is divisible by 8 is true. (1)
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(iii)Claim: P (k+1) is true.
Now, P (k+1) = 3k+i4 7k+1-2
=3k3+7k7-2

=3(3 K47 K= 2) +4(TK4 1) wmmmmmmmmmmm o (2)

Now, 7%+1 is an even number, fork > 1.
-4 (7%+ 1) is divisible by 8.

Since 3 (3%+7%-2) is divisible by 8 (Using (1)) and 4 (7*+ 1) is divisible by 8,
the RHS of (2) is divisible by 8.

P (k+1)is true.
Hence, P(n): (3"+7"-2) is a multiple of 8.

6. Show that a"-b" is divisible by (a-b).
Solution:
Let P(n): a"-b" is divisible by (a-b).
Q) To prove P (1) is true
P (1) = al- blis divisible by (a-b) is true.
(ii)  Assume P (k) = ak-bk is divisible by (a-b) is true............ (1)

(iii) claim: P (k+1) is true.
Now, P (k+1) =ak+i-pk+t
=ak.a-bk.b
= [m (a-b) +b¥] a-b*.b
=am (a-b) +ab*-bbX
= (a-b) ma+ (a-b) bk
= (a-b) [ma +b¥]
Which is a multiple of (a-b).
o P (k+1) is true.
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7) Prove that 2">n for all positive integers n.

Solution:
Let P(n): 2">n
a. To prove p(1) is true

when n=1, p(1) =21>1.
Hence, P (1) is true

b. Assume
P (k) is true for any positive integer k,
i.e., 2k>K -==mmmmmmm oo (1)

(c) Claim: P (k+1) is true whenever P (k) is true.
Multiplying both sides of (1) by 2,

We get 2.2k>2k
i.e., 2k*1>2k
2k+k>k+1
- P (k+1) is true when P (k) is true.

Hence, P(n): 2">n is true for every positive integer n.

8) Show that 2"<n! for all n> 4.

Solution:
Let P(n): 2"<n!

(i) To prove p (1) is true. Since n> 4.
P (4): 2%< 4! is true

(i)  Assume P (k): 2k<k!is true. ------------------ (1)
(iii) Claim: P (k+1) is true whenever P(k) is true.

From (1) 2k<k!

Multiplying both sides of (1) by 2,
We get 2.2k< 2.k!
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i.e., 2k*1< (k+1) k
= (k+1)!
2%+k<k+1!

- P (k+1) is true when P (k) is true.

Hence, P(n): 2N<nl! is true for all n > 4.

9) Using mathematical induction,Prove that 2+22+23+.... +2"=2"*1-2
Solution:
Let P(n): 2+22+423+.... +2"

0) To prove p(1) is true
P (1): 21=21*1-2 is true.

(ii) Assume P(K): 2+22+423+.... +2%=2K1-2 s true, ------------- (1)

(ii)  Claim: P(k+1) is true.
P(k+1): 2422423+ ... +2Kk42kH
=2k+1 D k+l ....(Using(1))
=2, 2k+1-2
=2k+2 .9
- P(k+1) is true.

Hence, 2+2%+23+.... +2"=2"*1-2 js true for all n.

10)Using mathematical induction,Prove that 2+22+23+.... +2"=2"+1-2
Solution:
Let P(n): 2+22+423+.... +2"

Q) To prove p(1) is true
P (1): 21=21*1-2 is true.
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(ii) Assume P(k): 2+22+23+.... +2k=2K*1-2 is true. ------------- (1)

(iii)  Claim: P(k+1) is true.
P(k+1): 2+22+23+.... +2k42k+1
=2Kk+1 D 4 k+l ....(Using(1))
=2, 2k -2
=2k+2 -2
- P(k+1) is true.
Hence, 2+22+23+.... +2"=2"1-2 js true for all n.

11) Showthat *+ 1 <.+ t - "
1.2 23 nn+l) n+1
Solution:
Let P(n): i+1_+ et
1.2 23 n(n +1)

(i) To prove p(1) is true

P(1): t. is true.
12 1(1+1)
(i) AssumeP(k): * + S 4.+ ©
12 23 Kk + 1)
ok
T (k+ 1)

(iii ) Claim: P(k+1) is true.
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Pk+1)=1 1_+....+

1.2 2.3 k(k +1) (k +1)(k+2)
k 1
= +
k+1) (k+1)(k+2)
_ k(k+2)+1
(k+ 1)k +2)
= Kk
C(k+ DKk +2)
_ k+1
K+ 2
- P(k+1) is true.
Hence, i+ 1_+....+ ' =" istrueforalln.
12 2 nin+l) n+1
n(n+1)(2n+1)
12. For all n > 1, prove that 124+22+32+42+....... +n2= 6
Solution:
n(n+1)(2n+1
P(n):12+22+432+42+...... n2= (n )6( +1)

(i) To prove p(1) is true For n=1,

1(1+1)(2x1+1) _ (1x2x3)

P(1)= =1 which is true

therefore, P(n) is true. Where n = 1

(ii) Assume that P(k) is true for some positive integer k ,i.e.,

k(k+1)(2k +1)
6

12422432442+ ....... +k2=
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(iii) prove that P(k+1) is also true.

(12+22+432+42+ ..... +k2)+(k+1)2

_ k(k+1)(2k +1)
6

+(k+1)2 (Using (1))

_(k +1)[ k(2k +1)+6(k +1)]
6

_ (k+1)(2k*+ 7k + 6)
6

_ (ka1)(k+1+1){2(k +1) +1}
6

Thus P(k+1) is true, wherever P(K) is true. Hence, from the principle of
mathematical induction, the statement is true for all natural number n.

13. Show that 1+3+5+....... + (2n-1) =n?
Solution:
(i) To prove p(1) istrue

p(1) =1=1%istrue

(i) Assume that P(k) is true for some positive integer n=k

1+3+5+ ... +(2k-1)=k?is true

(iii) To prove for p(k+1)
143+5+.....+(2k-1)+(2(k+1)-1)=(k+1)?2
We know that 1+3+5+... +(2k-1) = K?so,

14345+ ... +(2k-1)+(2(k+1)-1=K>+(2(k+1)-1)
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Expanding =k?+2k+2-1
=k?+2k+1
=(k+1)?

They are same! So, it is true.

14. Show that if n > 1, then 1.114+2.2!14+3.31+...4+n.n!= (n+1)!-1

Solution:
Let P(n): 1.114+2.2!4+3.3!+...+n.n!=(n+1)!-1

(i) To prove p(1) is true
P(1): 1.1'=(1+1)!-1 is true.

(i) Assume (k): 1.1'4+2.2!+3.3!+...+k.k! = (k+1)!-1 is true.

(iii) Claim: P(k+1) is true .
To prove: 1.114+2.214+3.3+...+k.k!'+ (k+1)(k+1)!

(S LI N (T (T —— (Using (1)
= (k+1)! [(1+k+1)]-1
= (k+1)! (k+2)-1= (k+2)! - 1

= ((k+1) +1)! - 1

. P(k+1) is true.By mathematical induction we have,

P(n): 1.1! 42.2! + 3.3! + ... +n.n! = (n+1)!-1, n > 1.
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15)Use mathematical Induction, Prove that LR S L ~Jn
: AEE R
forn>2
1 1 1 1=
Solution: Let: P(N): =+ =+ "=+ ..+ —= +/n
RV AN RV A -
. 1+ 1 )
Q) Assume P(2): ~ _° =(1.707)>J§ is true.
J1 42
(iii)  Assume P(k): LF t 1 +l—> K is true------ (1)
TR \—/g ....... N

Claim: P(k+1) is true.

i.e., To prove i+i+i+ ....... +L+ ! >Jk+1

N N RN HN N
1
ki1

Consider, i+ 1 +—=+ . +L+

V1 V2 3 NN

1
=Vk+ Jk+1 (Using(1))

JeJk+1+1
Jk+ 1
_ SR+
= o
\/_+1
TS

>k+1
Jk+1
1

=~k +

i.e.., \/if 1ﬁ+%+ ....... J_ \/_ >k +1 .. P(k+1) is true.

1 1 1
By mathematical induction we have, P(n) =+ e+ —=> 4/N
A% G
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= Base step: P(n) istrue forn =1; 2.
= Induction step: Let £ < N with £>2 be given andassume P(n) holds for

n=kand n=k-1. Therefore P(n) holds forn=k+1.
= Conclusion: By the principle of strong induction, P(n)holds for alln e N.

Problems

1. Fundamental theorem of Arithmetic
Prove that every integer /7> 2 js prime or a product of primes”.

Proof: We will prove by strong induction that the following statement
holds for all integers ne N

Base Step: 2 is a prime number, so the propertyholds for 17 = 2.

Inductive step:
Assume that if 2 < K< n ,then kis a prime number or a product of primes.

To prove 17 +1 is a prime number or it is not.
If it is a prime number then it is proved.

If it is not a prime number, 7+ 1 = kK, , such that 1 < kK, K< n+ 1.
The induction hypothesis can be applied to k;, and k, shows that &, and
k , can be represented as products of one or more primes.

By induction hypothesis each of n+1 is a product of primes.

Hence, every integer 77> 2 js prime or a product of primes”.

2. If u=1
u,=3"-2" vn=>1.

U,=5 and U,,,=5U,-6U,,,Yvn=2 , then prove that

4

Solution:Given ;=1 , U, =5and U,,,=5U, —-6U, ,,VYN=2,
Let P(n):u, =3"-2" ,vn=>1. (1)

Base step: Put 7=1 in (1); P(1): u=3'-2'=1 =1 is true. Therefore,

P(1) is true.

Put 7=2 in(1); P(2):u =3*-2?>=5=5 is true. Therefore, P(2) is
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Therefore, P(1) and P(2) are true.

Inductive step: Assume P(K) is true for all integer up to k, k>2.
That is, P(3), P(4), P(5), ..., P(k) are true.

To Prove: P(k+1) is True. That is v, , =37 - 2%+

Up1=5U— 06U, 4

= 5(3k _2k)_6(3k—1 _2k—1)
=(5.3“-52" 6331 +6.2¢27)
=5.3k —5.2F _23% 1 3.2¢
=3%(5-2)-2%(5-3)
U, = k1 _ k1
Therefore, P(k+1) is true
Hence by strong induction, P(n) istrue V71> 1.

3. Using strong induction prove that @ — b is a factor of g” —/’ for all positive
integer n.

Solution:Given P(n) : @ —b is a factor of @” —b” . (1)
To prove: P(n) is true forall vn=>1.

Base Step: Verify P(1) and P(2) are true.

Put n=1in (1), we get

P(1)= a - bis a factor of @’ — b’
Put n=2in (1), we get

PRR)=a’-b’=(a-b)a+b) isafactorof @ - b".
Thus P(1), P(2) is true.

Inductive Step: Assume that P(k) is true for all integer up to k (k= 3). That is
P(3), P(4), . . ., P(k-1), P(k) are true. 2)

To prove: P(k+1) is true.

That is, to prove P(k+1)=a - b is a factor of a**' — pK*1 .
Now,

gkt pi=(a-b)ak- b)+abtk - ba*
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=(@+b)ak-b)-ab@k-p)
=(@+b)a-b)x-aba-b)y
=(@-b)((a+b)x-aby)

Therefore,a — b is a factor of a* *! — p¥*1 = P(k+1) is true.
Thus, (P(1) A P(2) A ... AP(k-1) ~ P(k)) = P(k+1) is true.

Therefore, P(n) is true for all vn > 1.
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Topic 2: Linear homogeneous recurrence relation
View the video on ponjesly app

Definition: A recurrence relation of the form

an = C1an-1 + C2an-2 + *** CkAn—k ... (1)

Where ¢y, c2, ... ¢ are real numbers and ci» 0 is called a linear homogeneous

recurrence relation of degree k with constant coefficients.

Working Rule:
1. Put a,=r" to get the characteristic equation .

2. Solve the characteristic equation to get roots ry , ra,.. ..

3. To find the general solution according to the nature of the roots

Case (i) If r1and r.are real and different, then the general solution of the recurrence
relation (or difference equation) is an =Arf+Br;1, where A and B are arbitrary

constants.

Case (ii) If r and r,are real and equal, say say r, then the general solution of the

recurrence relation is a» = (4 + Bn)r®, where A and B are arbitrary constants.

Case (iii) If r1 and r, are complex,

Therefore the general solution of the recurrence relation will be
an=71"(Acosn® + BsinnBO) ,where r=va?+ B2 and tan@ =_"

a

AllAbtEngg Android Application for Anna University, Polytechnic & School



www.AllAbtEngg.com

Problems:

1. Solve the recurrence relation a, = 3an-1 + 4 an-2=> 2 andao = 0, a; = 5.

Solution: Given a, =3an-1+ an—2=>2 and ao =0, a1 = 5.

characteristic equationis r2 —3r—4= 0

The roots are real and distinct.

general SOIUtion is = A4n +B (_1)n .......................................... (1)

To find the values of A and B, using ao =0, a1 = 5.
Ptn=0=>a=4+B=>A+B=0...(2)
Ptn=1=a1=44—-B=>4A—B=5... (3)
(2)+ (3)=54=5=A=1 therefore

B= -1. Therefore a, = 4" — (—1)»

2. Solve the recurrence relation a, = 6an-1 — 9 an—2> 2 andao = 2, a1 = 3.

Solution: Given a, = 6an-1 — 9 an—2,=> 2 andao = 2, a1 = 3.
characteristic equation isr2 —6r+9=0=r= 3,3
The roots are real and equal.

Therefore the general solution is a, = (A + Bn) 3" ... (1)
To find the values of A and B using ao = 2, a1 = 3.

Put n=0in (1) weget A= 2.
Putn=1in (1) wegetai=(A+B)3=B=-1

Therefore general solution is a, = (2 —n) 3~
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3. Solve the recurrence relation a,=2 (a,; —an_») wheren>2and ag=1, a;= 2.
Solution :

Given: a,=2(ay1—an_»)
an-2 a1 +t2a,_, =0
The characteristic equation is
r?-2r+2=0
_24V4-4(2) _ 24V-4 _ 2420
2 2 2

Thereforea=1and g =1
r=va?+p%2=v2andtanf=1=>0="=

4
General solution is given by a,=r" (A cos n + B sin n8)

=14

an=v2 " (A cos %+Bsin%) ..................... (1)

To find the values of A and B,
Given ag=1,a;=2

Putn=01in (1) ,we get
ao=vV2 (Acos 0+ Bsin0)
=>1=A

Putn=11in (1) ,we get
a,=v?2 (Acos%+Bsin%)
=>2=V2 (A £+B %)
=>2=A+B
=>2=1+8B
B=1
(1) => a,=vV2"( cos %”+ sin%”)

AllAbtEngg Android Application for Anna University, Polytechnic & School



www.AllAbtEngg.com

Topic 3 & 4 : Non-Homogeneous linear recurrence

relation with constant coefficient

View the video on ponjesly app

Definition: A recurrence relation is of the form
coan tc1an-1+c2an-2 + -+ + ¢k an—k = f(n) ----------
Where ¢, c1, ¢z, .... ck are constants with co # 0, cx # 0 is called a linear non-
homogeneous recurrence relation with constant coefficient.

The recurrence relation coan +c1an-1+c2an—2 + -+ + crn—r = 0

is called the associated homogeneous recurrence relation.
Let a, ™ be the general solution of (2).

Suppose a, @ is a n n
particular solution of (1), then the general solution of (1) is an = a®™ +a®
n

n

S.No f(n) Particular Integral

Type 1:

1. C
C [constant]

2. | Type 2:
Polynomial P(n) of degree m Co+Cin+Cn?+ -+ Cpn™
anP(n) [ if a is not a root of

o _ a" (Co+ Cin + C2n? + ++- + Cn™)
the characteristic equation]
an P(n) [if a is a root of the
o ] ) o arnt (Co+ Cin+ C2n2 + -+ + C,

characteristic equation with multiplicity nm)
t]
Type 3:

5. CnSan
an [ if a is a root of characteristic
equation with multiplicity s]
an [ if a is not a root of the characteristic Car
]¢ql11\aMn AY\AV‘(\;A Ai"\ﬂ];f‘l‘)fi‘f\ﬁ or Aﬂi’\f) TTY‘\I‘TQ“O;{"I Dr\1‘71—anlﬂv\1r\ /QY Qf\ ravat

1 X117 xutj_Alss I XTTUUTUTOO 7 LP TTUATIVUIT TUT 7X11ITIA UIITVvVVUuT OIL)’ 9 p s UL)’ A SISSAVIR S VWAV S LV AV




rovems WWW.AIIAbtEngg.com

1. Solve the recurrence relation a, — 5an-1 + 6an—2 = 2,a0 = 1

and a1 = -1
Solution:
Given recurrence relation is a, — 5an-1 + 6an—2 =2

The homogeneous recurrence relation is a, — 5an-1 + 6an-2= 0
The characteristic equation is r2- 5r +6 =0
=r=23

Therefore the solution of homogeneous recurrence relation is a,® = A.2n+ B .3n

Given f(n) = 2, where 2 is a constant (type 1)
Let a, = C is the particular solution and the constant c is to be determined using
a,— 5a,_1+ 6an—2 =2
c— 5c+6¢c=2
c=1
an(p) =c=1

Hence the general solution is a, = a,® +a, ®

= an= A2+ B .3+1

We have ap =1, - putting n =0in (1) we get ap = A.20 4+ B.30+1
=1=A+B+1 =A+B=0
We have a; =-1, . putting n=11in (1) we get a; = A.21 + B.31+1
=-1=2A+3B+1 =2A+3B=-2
Solving we get A= 2 and B =-2

= The general solution is a, = 2.27-2.3n +1 where n=> 0
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Solution: Given a, — 3an,-1 =2n
. The homogeneous recurrence relation is a, — 3an-1 =0

The characteristic equationisr—3=0=r=3

Therefore the solution of homogeneous recurrence relation is
an®

(h) _
A=A 3"

Given f(n) = 2n, which is a polynomial of degree 1 (type 2)

= The particular solution a, = cn + d where c and d are constants
We find cand d satisfying given equation
Cn+d—3[c(n-1)+d]=2n

cn+d-3cn+3c-3d= 2n
—2cn-2d+3c =2n

equating like coefficients on both sides we get
—2c=2 = c=-1

and —2d +3c=0

an(P) =cn+d=-3/2+(-1)n

The general solution is a, = a,® +a, ®

Givena; = 3, putn=1in (1), we get

al:A.sl—l-g
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3=3A- >
3A= =
2
A==
6
Substituting A = % in (1) , we get

. 11 3
=~ General solution a, = ?.3”— n--

3. Solve the recurrence relation a, — 5an-1 + 6an—2=8n2, a0 =4, a1 =7

Solution: Given — 5ap-1+ 6ap— =8n2 " (1)
The homogeneous recurrence relation is an — 5an-1 + 6an—2=0
= The characteristic equation is r2—5r+ 6 =0
r—3 r—2 =0
=23
The solution of the homogeneous recurrence relation is

a () =A2n+B3n

Also given f (n) = 8n2, which is a polynomial of degree 2 (type2 ) and

2 is a root of the characteristic equation.

- particular solution is a, = Ao + Ain + Azn2 [ (or) you can assume as
an=cn2+dn + e] , where Ao, A, A; are constants  to be determined

using the given equation (1)

(1) = an — 5an-1 + 6an—2 = 8n2
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= Ao+ An+Anm?2—-5[A+Ai(n-1)+A2(n-1) ?]
+6[Ag+ A (n—2)+A,m-2)2=8n?
Ao + Ain + Apn2 — 5A0 — 5Ain + 5A1 — 5A2n2+10Az2n — 5A2 + 6Ao +
6A1n — 12A1 + 6Aon2 + 24A; — 24nA; = 8n?

n2 A, — 5A2+ 6A; +nAi1—5A1+ 10A; + 6A1 — 24A;
+ Ao — 5A0 + 5A1 — 5A2 + 6A¢g — 12A1 + 24A; = 8n?
20, n2 + 2A1 — 14A: n+ 2A0 — 7A1 + 19A, = 8n?

equating like coefficients, we get
20hb=8=>A=4
2A1 —14A,=0=>2A1=144= A1 =28

2A0 — 7A1 4 19A; = 0 = 2A¢ — 7(28) + 19(4) = 0
Ao—7(14)+19(2) =0
Ap—98+38= 0
Ao =60
a n(P) =60 + 28n + 4n?

~ The general solutionisa,=a ®W+a ®

a ,=A2" + B3n +60+28n+4n2 "I (2)
To find Aand Bwe use ap=4,a1=7

Puttingn=0in (2)
av=A+B+60=A+B+60=4

(3)
—A+B=-56
Putting n = 11in (2) a1=2A+ 3B+ 60+ 28 + 4
7=2A+3B+92
7-92= 2A+ 3B
—85=2A + 3B @)

Solving (3) and (4) we get, A=—-83and B =27
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4. Solve the recurrence relation a, — 2an-1 = 2*,a0 = 2

Solution: Given recurrence relation is a, — 2an-1 =2, a0 =2
The homogeneous recurrence relation is an — 2a»-1 =0

The characteristic equationisr—2=0=r=2

Therefore the solution of homogeneous recurrence relation is a,® = A .2»

Given f(n) = 2» (Type3) , where 2 is a root of characteristicequation

a» = cn2nis the particular solution and the constant c is to be determined using
a,— 2a,_1=2"

cn2n-2c(n-1)2n-1= 2n

2n(cn—n-—1)= 2

cn—n—1=1
c=1

®) =cn.2n=n. 2"

Hence the general solution is a, = a,® +a, ®

= an=A.2"+n.2n
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We have ap =2, . puttingn=0in (1) weget ap=A20+0
=2=A =A=2
~ The general solution is a, = 2.2+ n.2n,n> 0

=a,=MNn+2)2",n=>0

5. Find the general solution of the recurrence relation a, — 5an-1 + 6anr—2=4",n>2
Solution:
leen - San—l + 6an—2 = 47’1 ---------------------------------------------------------- (1)

The homogeneous recurrence relation is a, — 5an-1 + 6a,—2 =0

=~ The Characteristic equation is 72— 5r+ 6 =0
r—2r—3=0
r=2,3

=~ The solution of homogeneous recurrence relation is a, (W = A 2" + B 3~
Given f (n )= 4" where 4 is not a root of the characteristic equation
- particular solution is g® = c. 4" ( Type 3)
Substituting in (1), we get c. 4m — 5c. 471 4+ 6¢c. 472 = 4n
4n-2 [c16 — 20 + 6 |= 4
Divideby 4n-2,2c=16 =c¢=8

sa (p) = 8 . 4n

So, the general solutionisa, =a® +a @
n

n
= A2"+B3" + 8.4n

Note: Initial conditions are not given so we can't find A and B
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6. .Solve the recurrence relation an+2 — 6an+1 + 9a, = 3.27+ 7.3, where n >0

andac=1,a1=4

Solution: Given ant+2 — 6ans1 + 9an= 3. 20 + 7. 3neeemeemeeeeeen (1)
The homogeneous recurrence relation is an+z — 6an+1 + 9a, =0

=~ The Characteristic equation is 12— 6r+9 =10

r=3,3
= The solution of the homogeneous recurrence relation is a ,® = (A 4 Bn) 3"

Given f (n)= 3.2+ 7.3», where 3 is a double root of the characteristic equation.
So, we assume the particular solution as a, = Ao 2" + A1 n? 31 (Type 3)

where Ao and A; are constants to be determined using the given equation (1)

SA2M2 4+ Ain+ 2232 -6 A0 2+ Ayn4+ 1231+ 9 Ag 2" + AjnZ 3n
=32 +7.3"
Ag2nt2 — 6,201 + 920+ Ayn+ 22,32 —6n+ 12 30+l +9n2, 3n
=3.2+7.3"
= 2"Ao4—-12+9+3"A19n+22-18n+124+9n2=3.2"+ 7.3
= 2"Ao+3"A19n?2+4n+4—-18n?+2n+1+9n2=3.2"+ 7.3
= 2" Ao+ 18 A13n=3.2"+ 7. 3"

equating like coefficients we get

7

Ap=3and 18A; =7 = A=

. o ,
~ particular solution is a® =3.2n+ ° a3n
18

n

Hence the general solutionis a,= a®+ a®

B - B L o R e — @)
18

To find A and B, we use the initial conditions ap =1, a1 =4

s~ puttingn=0in(2)weget,ao =A+3 =1=A+3=>A=-2
7

putting n = 1in (2) we get, a = (A+B)3+3.2 +E'3

7
4= (—2+B) 3+6+
6
17
~18

an= (-2 + 17/18n)3" + 3. 2" + (7/18)n? 3" is the general solution
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Topic 5: Generating function met
View the video on ponjesly app

Definition: The generating function of the sequence ao,a1,az ..., an, ... of real

numbers is the infinite series G (x )= ao + a1x + a2x2 + --- + an x* + -+

G (x) is called the generating function for the finite sequence ao, a1, az ..., a»

Note:
For example
(i)The generating function for the sequence 1, 1, 1, ...... is
G)=14+x+ x2+4 = t

1—x

(if) The generating function for the sequence 1, 2, 3, 4, .... is

Gx) =1+2x+3x2+ 4x34+.= (1-x) 2 = 1
(1-x) 2

(iii )The generating function of the sequence 1, 2, 22, 23, ... is

G(x) =1+2x+22x24 23x34+--=(1—-2x)"1=
1—-2x
(iv) 1

: =l4+ax+a’?x*+a?x3+--+arxt+ -
—ax
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Problems

1. Using the method of generating function, solve the recurrence relation
an=3a,;+1 wheren > 1 given that ap = 1.

Solution :
Given:a,=3a,;+1
an' 3an_l_1 :O
a,X" - 3a, g X"-x" =0

Yne1AnX™ - 3 X1 An X" - Y xt =

Yme1 ApX™ = 3X Ypii Ay X - YE X =

[[aX + aX? +age+......... 0] — 3X[ag+ X + X% +8X° Funeeeiinn 0]
c X HEXR X HEX 0] =0
We know G (X) = ag+ aiX + @X% +a3X° Fvvneeeeeeeeeeeeeeeee
[G(X)-a)] =3XG (X) =X [1+X+x* +x3+. oo, 0] =0
G(X) -3xG(X)=a +x(1-x)*
G(X)(1 -3x)=ay+x(1-x)*

G(X)(1 -3x)=1 +£ [ since ap = 1]

G (X)(1 —3x) = Lx

1-—

_r
(1-x)(1 -3x)

G(x) =

Apply partial fraction method
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1 - A
(1-x)(1 -3x) 1-x 1-3x

1 _ A(1-3x)+B (1-x)
(1-x)(1 -3%x)  (1-x)(1-3%)

1=A1-3x)+B(1—x)

Putting x=1/3, 1=0+B (1- 1/3)

:>B:§
Putting x=1, 1=A(1-3)+0
:>,6\:—l
2
G (x) = 1 _ C1/2 | 3/2

(1-x)(1 -3x) 1-x 1-3x
_ 1 1,3 -1
G(x)—-z(l—x) +5(1—3x)

G()=-[1+x+xX* +X . 0] +

2143 X+ (3X)” + (3X)° +o o]

General solution given by a, = coefficient of X" in G (x)

Therefore  a,=-= (1) +§(3”)

T2

2. Using the method of generating function, solve the recurrence relation
awi-2a,—4"=0 wheren >0 given thatag=1.

Solution :
an+1'2an_4n:O

A X" - 2a,X"-4"x" =0
Ym0 A1 X™ = 2 Yo QpX™ - X o4"x™ =

-1 yoo n+1 o0 n 0 n.n —
X Zn:O An+1X -2 Zn:O anXx 'Zn=04 X -

X [ax + ax® +agpC+......... 0] — 2[ag + 81X + 3X? +a3X oo o]
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We know G (X) = ag+ a1X + @oX2 +83X Freeeeeeeeieee e
X 1[G (X) - a] -2 G (x) —( 1- 4x )*=0
XTG(X) —2G (X)=apx + (1-4x)*

G (%) 1

1-4x

~2G(X) = % +

G(x)(i —2):i +ﬁ [ since ap = 1]

G () ( 1—x2x) _ 1-dx+x

B x (1-4x)
_ (1-3x) x
G (x)= x(1—4x)(1 - 2x)
G (X) - (1-3x)

(1-4x)(1 - 2%)

Apply partial fraction method

1-3x _ A B
(1-4x)(1 -2x) 1-4x 1-2x

1-3x _ A(1-2x)+B (1-4x)
(1-4x)(1 -2x)  (1—-4%)(1-2x)

1- 3x=A(1 —2x) + B (1 —4x)

Putting X =1/2, 1- 2= A(0) + B (1-4/2)

N | =
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G ()=

(1- 4x)(1 ) 1-4x 1—2x
G()==(1-4)"+=(1-2x)"

6 0= L[1 o RP (0 "
% [1+2 X+ (2X)% + (2X)° +.eeeeeeeennn . o]

General solution given by a, = coefficient of x" in G (x)
Therefore a,= % 4" + % (3")
Using the method of generating function, solve the recurrence relation
an+2 - @n+r—6a,=0 wheren >0 given that ag =2 and a;= 1.

Solution :
An+2 = A pel— 6an =0

Ao X" - Ay X" —6a, X" =0
Ym0 An2X™ = Yoo Uni1 X" -6 X7 oa,x™ =0

n+2

-2 oo -1 oo n+1 oo n —
X Zn:O Apy2X - X Zn:O Apy1X -6 Zn:O anXx =0

X2 [apx® +agp+......... 0] = X arX + aX® +age t..eeiiiiiinnnn. o]
B[ Ag+ A1X + AX2 FA3K T ©]=0
We know G (X) = ag+ a1X + X2 +83X° T+ eeeeeeeeieeeeeeeeen
X2 [G (X) - ag- ax]- X 1[G (X)-a] -6 G (x) =0

X2G (X)- X1TG (X) —6G (X) = agX 2+ a; X~ agx™

G 6 _G, a1 4
x2 x _6G(X)_x2+ x x
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G(x)(—— = —6)—— ; - = [smceao—z a;= 1]

G () ()= 2

x2

_ (2=x) x?
G (X) B x2(1-x—6x2)
G= —=

(1-3x)(1 + 2%)

Apply partial fraction method

2-x - _A | B
(1-3x)(1 + 2x) 1-3x 14+2x

2—-x _ A(1+2x)+B (1-3x)
(1-3x)(1+2x)  (1-3x)(1+2%)

2 -x=A(1+2x)+B(1-3x)
Putting X =-1/2, 2+ == 0+ B (1+3/2)

=>B=1
Putting x=1/3, 2- 2= A(1+2/3)+0

=>A=1
_ A B
G (x) = (1- 3x)(1+2x) = Tz 1tz
G (x) = S D
(1- 3x)(1 +2x)  1-3x  1+2x

G(X)= (1-3x)7"+ (1+2x)*

G(X)= [1+3x+(BX)° +(3X)° +..ccoorrnnnn. o] +
[1-2X+(2%)° - (2X)° +.oooieee, o]

General solution given by a, = coefficient of x" in G (x)

Therefore a,= 3" +(-1)"2"
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Topic 6: Principle of Inclusion and Exclusion:

View the video on ponjesly app

Statement:
If A and B are finite subsets of a finite universal set U, then
n(AuB)=n(A)+ n(B) — n(An B) where A denotes the cardinality of the
set (i.e., the number of elements in the set A)

Note:
For any finite sets A,B and C, we have

n(AUBUC) =n(A+n(B)+n(C) —n(AnB)—n(AnC)
—n(BNnC)+n(AnBnC)

For any finite sets A,B ,C and D, we have
n(AUBUCUD) = n(A)+nB)+n(C)+n(D)-n(AnB)—n(4An0)
—n(AnD)-n(BnC) —n(BnD)—n(CnNnD)+
n(AnBnCO)+n(AnBnD)+n(AnCnND)
+n(BNCnNnD) —nCAnBNC NnD)

Problems:
1. Determine the number of integers between 1 and 250 both inclusive that are
divisible by any of the integers 2, 3, 5 and 7.

Solution:
Let A be set of integers divisible by 2,

B be the set of integers divisible by 3,
C be the set of integers divisible by 5 and
D be the set of integers divisible by 7 between 1 and 250

Tofind :n(AuBUCUD)

We know that
n(AUBUCUD)=n(A)+n(B)+n(C)+n(D)—n(AnB)—n(AnC)—
n(AnD)—n(BnC)—m(BnNnD)-n(CnD)+
n(AnBnC)+n(AnBnNnD)+
n(AnCnD)+n(BncCnD)—n(AnBNnCND)
Then

250 250 250 250
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250 250 250

n(AnB):[m]:‘]-l n(AﬂC):[m]:25 n(AﬂD):[m]:].?
250 250 250
n(BncC)= [m] =16 n(BnD)= [m] =11 n(CnD)= [m] =7
250 250 250
n (ANBN C) = [Zx — 5] =8 n(ANBN D)= [Zx — 7] =5 n(ANCn D)= [2>< ™ 7] =3
250 250
n(B nCﬂD):[3><5><7]:2 n(AﬂBﬂCﬂD):[m]zl

By the principle of Inclusion - Exclusion, the number of integers between 1 and 250 that are divisible by
at least one of 2, 3, 5 and 7 is given by
n(AUBUCUD)=n(A)+n(B)+n(C)+n(D)—n(AnB)—n(AnC)—
n(AnD)—-n(BnC)—m(BNnD)—n(CnD)
+n(AnBnC)+n(CANnBND)+
n(AncnD)+n(BnCnD)—n(AnNBNCND)

=(125+83+50+35)-(41+25+17+16+11+7)+B8+5+3+2)-1
=293 -117+18-1= 193
~n(AUBUCUD) =193.

.2. Find the numbers of integers between 1 and 500 that are not divisible by any of
The integers 2, 3, 5 and 7.

Solution:
Let A, B, C, D be the sets of integers that lie between 1 and 500 and that are
divisible by 2, 3, 5 and 7 respectively.

Tofind :n(AuBUCUD)

We know that
n(AuBUCUD)=n(A)+n(B)+n(C)+n(D)—n(AnB)—n(AnC)—
n(AnD)—-n(BnC)—m(BnNnD)-n(CnD)+
n(AnBnC)+n(AnBnNnD)+
n(AnCnD)+n(BNnCnD)—n(AnBNCND)
Then

500 500 500 500

n(A)=[51=250 n(B)=[%1=166 n(C)=[1=100 n(D)=[>"]=71

5 5 5
n(ANB)=[22]=83 n(AnC)=[22]=50 n(AnD)=[2~]=35
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500 500 500

n(BncC)= [m] =33 n(BnD)= [m] =23 n(CnD)= [m] =14

N (ANBN C) = [[Z-]=16 n(ANBN D)= [2—-]=11 n(ANCN D)= [o~] =7
5 500

n(BNCND)=[==]=4  n(ANBNCND)=[———]=2

By the principle of Inclusion - Exclusion, the number of integers between 1 and 500
that are divisible by at least one of 2, 3, 5 and 7 is given by

n(AuBUCUD)=n(A)+n(B)+n(C)+n(D)—n(AnB)—n(AnC)—
n(AnD)—n(BnC)—-n(BnD)-n(CnD)

+n(AnBnC)+n(AnNnBND)+
n(AncnD)+n(BNnCcnD)—n(AnBnCND)

= (250 + 166 + 100 + 71) — (83 + 50 + 35 + 33 + 23 + 14) + (16 + 11 + 7+ 4)- 2
= 587 — 238 + 38 — 2 = 385

~n(AUBUCUD) = 385.

Number of integers between 1 and 500 that are not divisible by any of the integers
2,3,5and 7
= Total-n (AUBUCUD )=500—-385=115.

3.. Find the numbers of positive integers < 1000 and not divisible by any of 3, 5,
7 and 22.

Solution: Let A, B, C, D be the sets of integers that lie between 1 and 1000 and
that are divisible by 3, 5, 7 and 22 respectively.

Tofind :n(AuBUCUD)

We know that
n(AuBUCUD)=n(A)+n(B)+n(C)+n(D)—n(AnB)—n(AnC)—
n(AnD)—n(BnC)—-n(BnD)-n(CnD)
+n(AnBnC)+n(AnBnNnD)+n(AnCnD)
+n(BNcnNbD)-n(ANBNCND)
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1000 1000 1000 1000

n(A)=[51=333 n(B)=[:-]1=200 n(C)=[>"1=142 n(D)=[-]=45

1000 1000 1000

n(AﬂB):[m]:66 n (AN C):[W]:A'? n(AﬂD):[3X22]:15

n(BNC)= [%] =28 n (BN D)= [51:0202] =9 n(CnD)= [71:0202] =6
n (ANBN C) = [3i°5°:7] =9 n(AnBN D)= [3:‘;‘;022] =3 n(AnCND)= [3:32022] =2
n (B NCN D)= [——]=1 n(Aanan):[gxslg(;izz] =0

5X 7% 22

By the principle of Inclusion - Exclusion, the number of integers between 1 and 1000
that are divisible by at least one of 3, 5, 7 and 22 is given by

n(AUBUCUD)=n(A)+n(B)+n(C)+n(D)—-n(AnB)—n(AnC)—
n(AnD)—n(BnC)—-n(BnD)-n(CnD)
+n(AnBnC)+n(AnNnBND)+
n(AnCnD)+n(BnCnD)—-n(AnBNCND)

=(333+200+ 142 +45)—- (66 +28+47 +15+9+6)+(9+3+2+1)-0
=720 - 171+ 15-0 = 564

~n(AUBUCUD)=564.

Number of integers between 1 and 1000 that are not divisible by any of the integers
3,5, 7and 22

=Total-n (AU B UCUD) =1000 — 564 = 436.
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4.Among the first 1000 positive integers: Determine the number of integers which
are not divisible by 5, nor by 7, nor by 9.

Solution: Let A, B, C be the sets of integers that lie between 1 and 1000 and
that are divisible by 5, 7 and 9 respectively.

Tofind: N(AuBuUCD

n(AUBUC)=n(A)+n(B)+n(C) —n(AnB)—n(ANnC)
—n(BnC)+n(AnBN ()

1000 1000 1000

n(A)=[3]=200 n(B)=["]=142 n(C)=["]=111

1000 1000 1000

n(ANB)=[=]1=28 n(ANC)=[324]1=22 n(BNC)=[25]=15

1000
5X7Xx9

n(ANBN C) = 1=3

The nunﬁr of integers divisible by 5, 7 and 9 is

n(AUBUC) =n(A)+n(B)+n(C) —n(AnB)—n(ANC)
—n(BNnC)+n(AnBnCC)

= (200 + 142 + 111) — (28 + 22 + 15) + 3 = 391.
~n(AUuBuUC(C)=391.
Hence, the number of integers not divisible by 5, nor by 7, nor by 9
=Total-n (AU B U )=1000 — 391 = 609.

5.A total of 1232 students have taken a course in Spanish, 879 have taken a course
in French and 114 have taken a course in Russian. Further, 103 have taken a
course in both Spanish and French, 23 have taken courses in both Spanish and
ussian, and 14 have taken courses in both French and Russian. if 2092 students
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have taken at least one of Spanish, French and Russian, how many students have
taken a course in all three languages?

Solution: Let A, B and C be the set of students who have taken course in
Spanish, French and Russian language respectively.
Given: n(A) =1232 ,n(B) =879,
n(€) =114 n( AnB) =103,
n(Anc )=23,n(BnNC) =14,
n(AuBuUC )= 2092

Tofind:n(AnBnNnC)
We know that
n (AUBUC)=nA)+n(B)+n(C)-n(ANnB)-n(ANC) -
n(BNC)+n(ANBNC)
~n(ANBNC)=n(AUBUC)-n(A)-n(B)-n(C)+n(AnB)+
n(AnC)+n(BnNnC)
~sn(ANBNC)=2092—-1232-879-114+ 103 +23+14=7.

. In a survey of 300 students, 64 had taken a mathematics course, 94 had taken a

English course, 58 had taken a computer course, 28 had taken both a Mathematics

and a computer science course, 26 had taken both a English and Mathematics

course, 22 had taken both a English and a computer science course,14 had taken all

three courses. How many students were surveyed who had taken none of the three

courses?

Solution: Let A, B and C be the set of students who have taken course
Mathematics, English and Computer sciencerespectively.

Tofind: N(AuBuUCD

n (AUBUC)=n(A)+n(B)+n(C)-n(ANB)-n(ANC)-
n(BNC)+n(ANnBNC)
n(A) =64 ,n(B) =94,
n(€) =58 n(ANB) =26
n(AncC )=28,n(BNC)=22 n(ANnBNC)= 14
The number of integers divisible by 5, 7 and 9 is

= (64 +94 + 58) — (26 + 28 + 22) + 14
=216 — 76 + 14 = 154,
~n(AUBUC)=154.
Hence, the number of integers not divisible by 5, nor by 7, nor by 9
=Total —-n (AU B U C )= 300 — 154 = 146.
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7. There are 250 students in an engineering college. Of these 188 have taken a
course in Fortran,100 have taken a course in C and 35 have taken a course in Java.
Further 88 have taken courses in both Fortran and C, 23 have taken coursesin both C
and Java and 29 have taken courses in both Fortran and Java. If 19 of these students
have taken all the three courses, how many of these 250 students have not taken a
course in any of these three programming languages?

Solution: Let A, B and C be the set of students who have taken the programming
languages Fortran, C and Java respectively.
Tofind: NCAuBuUCD

n (AUBUC)=nA)+n(B)+n(C)-n(ANnB)-n(ANC) -
n(BNC)+n(ANnBNC)
n(A) =188 ,n(B) =100,
n(C) =35 , n( AnB) =88

N(ANC )=29n(BNnC)=23 n(AnBnNnC)=19

By the principle of Inclusion - Exclusion, we have
n (AUBUC)=nA)+n(B)+n(C)-n(ANnB)-n(ANC) -
n(BNC)+n(ANnBNC)

= (188 + 100 + 35) — (88 + 29 + 23) + 19
= 323 - 140 + 19 = 202.
~n(UBUC) =202,
Number of students who have not taken any courses is
= Total -n ( UB U C) =250 — 202 = 48.

8) A, B, Cand D are subsets of a set U containing 75 elements with the following 0000-
properties. Each subset contains 28 elements, the intersection of any two of the
subsets contains 12 elements, the intersection of any three of the subsets
contains 5 elements, the intersection of all four subsets contains 1 element. How
many elements belong to none of the four subsets?

Solution:

Given : A, B, C and D are subsets of a set U containing 75 elements with the

following properties.

n (A =n(B)=n(C)=n(D)=28

n (AnB) =n(ANnC)=n(AnNnD)=n(BnNnC)=n(BnND)=n(CNnD)=12

n(AnBnC)=n(ANnBNnD)=n(AnCnD)=n(BNnCnD)=5n(AnBnNnCND)=1
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By the principle of Inclusion - Exclusion, we have
n(AuBUCUD)=n(A)+n(B)+n(C)+n(D)—n(AnB)—n(AnC)—
n(AnD)—-n(BnC)—m(BnD)-n(CnD)+
n(AnBnC)+ n(AnBnNnD)+ n(AnCnND)
+n(BNnCnNnD)—n(AnBNCND)
=(28+28+28+28)-(12+12+12+12+12+12)+(5+5+5+5)-1
=112 -72 + 20-1 = 59.
~n(AUBUCUD)=59,

No. of elements that belongs to none of the four subjects
= Total number of elements - Number of elements in the union of 4 sets

~ No. of elements that belongs to none of the four subjects
= Total-n( UBUCUD) =75-159 =16.

9. There are 2500 students in a college, of these 1700 have taken a course in C, 1000
have taken a course Pascal and 550 have taken a course in Networking. Further 750
have taken courses in both C and Pascal. 400 have taken courses in both C and
Networking, and 275 have taken courses in both Pascal and Networking. If 200 of
these students have taken courses in C, Pascal and Networking, then (i) How many
of these 2500 students have taken a course in any of these three courses C,
Pascal and Networking? (ii) How many of these 2500 students have not taken a
course in any of these three courses C, Pascal and Networking?

Solution:

Let A, B and C be set of students who have taken a course in C,Pascal and
Networking respectively.

Tofind: NCAuBuUCD

n CAUBUC)=nA)+n(B)+n(C)-n(ANnB)-n(ANnC)-
n(BNC)+n(ANnBNC)

n(A4) =1700 ,n(B) = 1000,
n(€) =550 , n(ANB) =750
n(AncC )=400,n(BNC) =275 n(ANBNC) = 200

i Number of students who have taken a course in any of these three program is
given by
By the principle of Inclusion - Exclusion, we have
~n (AUBUC)=n(A)+n(B)+n(C)-n(ANB)-n(ANC) -
n(BNC)+n(ANnBNC)
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= (1700 + 1000 + 550) — (750 + 400 + 275) + 200
= 3250 — 1425 + 200 = 2025
~n(AUBUC) =2025.
ii Number of students who have not taken a course in any of these three
courses is
=Total —n (AU B U C) = 2500 — 2025 = 475.
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Topic 7 & 8:
PERMUTATIONS & COMBINATIONS
PERMUTATIONS:

Definition: A permutation is an arrangement of a given collection of objects in a
definite order taking some of the objects (or) all at a time.

Example: Formation of words with the given letters

Results:
1) nP, =n!
2) nPr=0ifr>n
3) nPo=1.

PERMUTATION WITHOUT REPETITION:

PROBLEMS:
1. Find the value of ‘' if 5P.= 60.
Solution: 5P, =60

5P,=5X%X4x3
5Pr:5p3
r=23.

2. Find the value of 'n’ if nP3= 5nP;
Solution: np; = 5nP,
(n—=1) (-2) =5(n-1)
n—2=5
n=717.

3. How many ways are there to select a first-prize winner, a second-prize winner
and a third-prize winner from 100 different people who have entered a contest?
Solution:

The number of 3-permutations of a set of 100 elements. Consequently, the
answer is P (100, 3) = 100 -99 -98 = 970,200.

4. How many ways can the word ‘MONDAY’ be arranged. How many of them begins
with M and ends with Y.

Solution:
Number of letters in ‘"MONDAY’ = 6 [No Repetitions]
Total number of ways to arrange = 6P¢= 6! = 720 ways

The word begins with ‘M’" and ends with 'Y’
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5. Suppose that a saleswoman has to visit eight different cities. She must begin her
trip in a specified city, but she can visit the other seven cities in any order she
wishes. How many possible orders can the saleswoman use when visiting these
cities?

Solution: The number of possible paths between the cities is the number of
permutations of seven elements, because the first city is determined, but the
remaining seven can be ordered arbitrarily.

Consequently, thereare 7! =7 -6-5-4 -3 -2 -1 = 5040 ways forthe
saleswoman to choose her tour.

6. How many permutations of the letters ABCDEFGH contain
a. the string ABC
b. the string CFGA
¢. the string BA & GF

Solution:

i) number of permutations of six objects, namely, the block ABC and the individual
letters D, E, F, Gand H.

These six objects can be permutedin 6P¢= 6! = 720 permutations

(ii ) Let us consider the string CFGA as an object.
- We have the following 5 objects : CFGA, B, D, E and H
These 5 objects can be permuted in 5P5 = 5! = 120 ways.

(i) Let us consider the string BF and GF as an object.
- We have the following 6 objects : BA, C, D, E, GFand H
These 6 objects can be permuted in6Ps= 6! = 720 ways.

PERMUTATION WITH REPETITION:
Suppose a given collection of n—objects.Then the total
number of permutations of the 'n’ thingsis = "

nilnyl..n,!
7. In how many ways can the letters of the following word could be arranged
a. COMPUTER i) ENGINEERING

Solution: i) COMPUTER
Number of letters = 8 {Since, no repetitions of letters}
Total number of arrangements of all the letters = 8Pg = 8! = 40320.

ii) ENGINEERING
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Number of times ‘E’ occur = 3
Number of times ‘N’ occur = 3
Number of times ‘G’ occur = 2

Number of times ‘I' occur = 2
= The total number of arrangements of all the letters

11!
= —om = 277200 ways.

8. There are 5 red, 4 white and 3 blue marbles in the bag. They are drawn one by one
and arranged in a row. Find the number of different arrangements.

Solution: Total number of marbles = 5+4+3=12
Number of red marbles = 5, Number of white marbles = 4

Number of blue marbles = 3
2l

Total number of ways the marbles could be arranged = 2 _ 27720 ways.
51413!
Find the number of permutations of the letters of the word *“MATHEMATICS”. Also
find the number of arrangements beginning and ending with the same letter.

Solution: Given word is "MATHEMATICS"”. Total number of letters = 11
Number of times ‘M’ occur = 2
Number of times ‘T’ occur = 2

Number of times ‘A’ occur = 2
1!

= Total number of ways the letters are arranged = i 4989600 ways.
212121

M, A, T are the letter that could be placed in the beginning and ending.
Suppose M’s are the ends, (i.e., beginning and ending) then the other 9-places are

to be filled up with 2-A’s, 2-T’s, 1-H, 1-E, 1-I, 1-C, 1-S.

. 9!
~Number of ways this can be done= _— ~ -2
21211111111 212!
9!

Similarly, If A’s are the ends , then humber of ways this can be done =
212!
9!

If T's are the ends , then number of ways this can be done =
212!

~. The total number of arrangements = % + % + % = 272160 ways.
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10.Five boys and 5 girls are to be arranged around a circular table for a discussion so
that the boys and girls alternate. In how many ways can they be seated?

Solution:

First arrange the boys around the table.
This can be done in 5 — 1! = 4! = 24 ways
In each of these arrangements, there are 5 gaps in which the 5 girls can be
arranged in 5! ways.
~Total number of ways = 4! 5! = 2880 ways.

COMBINATIONS

Definition: A combination is a selection of objects from a given collection of objects
taking some or all of them at a time. The order of selection is immaterial.

e The number of combinations of 'n’ different things taken ‘r’ at a time is denoted
by nC ~1C __ n!

r rin—-r!

PROBLEMS:
1. How many ways are there to select five players from a 10-member tennis
team to make a trip to a match at another school?

Solution:

5 members can be selected from 10 members in 10Cs ways

10Cs = o 10t 252ways.

5!10-5! 5!5!

2. A group of 30 people have been trained as astronauts to go on the first
mission to Mars. How many ways are there to select a crew of six people to
go on this mission (assuming that all crew members have the same job)?
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Solution: The number of such combinations is

30 _
30C¢ = Py 593,775 ways

3. Suppose that there are 9 faculty members in the mathematics department
and 11 in the computer science department. How many ways are there to
select a committee to develop a discrete mathematics course at a school if
the committee is to consist of three faculty members from the mathematics
department and four from the computer science department?

Solution: By the product rule,
The number of ways to select the committee is
= (the number of 3-combinations of a set with nine elements)
x (the number of 4-combinations of a set with 11 elements)

=9C3 X 11C4
9 _ 11

= X__=84330=27720.
316! 4171

4. How many bit strings of length 10 contain
a. Exactly four 1's
b. Atmost four 1’s
iii)Atleast four 1’s
iv)An equal number of 0's and 1’s.

Solution:

i) Exactly four 1's:
A bit string of length 10 can be considered to have 10 positions. These 10 positions
should be filled with four 1's and six 0’s.
~ Number of required bit strings of length 10 contains exactly four 1’s
—10C, = 2 =210 ways.

416!
ii) Atmost four 1’s:
The 10 positions should be filled with atmost four 1's
e No l'sand Ten0's
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e One 1'sand Nine 0's
e Two 1's and Eight 0’s
e Three 1's and seven 0's
e Four 1's and Six 0's
~ Number of bit strings of length 10 contains atmost four 1's
=10Co + 10C1 + 10C2 + 10C3 + 10C4 = 386 ways
i) Atleast four 1’s:
The 10 positions are to be filled up with atleast four 1's
e Four 1's and Six 0's
e Five 1's and Five 0’s
e Six 1's and Four Q’s
e Ten 1's and Zero Q’s
=~ Number of bit strings of length 10 contains atleast four 1’s
=10C4++ 10Cs + 10Ce¢ + 10C7 + 10Cs + 10C9 + 10C10 = 848 ways
iv) An equal number of 0’s and 1's:
The 10 positions are to be filled up with five 1’s and five Qs
= Required number of bit strings = 10Cs = 252 ways.

. From a club consisting of six men and seven women. In how many ways we selecta
committee of
3 men and 4 women
4 person which has atleast 1 women
4 person which has atimost 1 man
d. 4 person that has children of both sexes.
Solution: i) A committee of 3 men and 4 women can be selected in
= 6C3 X 7C4ways = 700 ways
i. A committee of 4 person which has atleast 1 women
=7C1X6C3+7C2X6C2+7C3X6C1+ (7C4 X 6Co)
=140 + 315+ 210 + 35 =700 ways
ii. For the committee of atmost 1 man
= 6C1 X 7C3+ 6Co X 7C4+ = 245 ways
iii. For the committee of both sexes
=6C1X7C3+6C2X7C;+ 6C3X7C1
= 665 ways.

0T o
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The basics of Counting Principle

» Two basic counting principles
= The product rule
= The sum rule

The Product Rule:

Suppose that a procedure can be broken into asequence of two tasks.Assume
there are n; ways to do the first task.Assume for each of these ways of doing the
firsttask, there are n,ways to do the second task.So, there are n;xn, ways to do the

procedure.
f
6cedure [Task 1 = Task 2 1 \\
//' Ny \
1”/ 1 . 1
: =55 2
"1”\ . " ;‘“n?
nt /
n.,

O For example, if there are n; different courses offered in the morning and
n, courses offered in the afternoon. There will be n; xn, choices for a
student to enroll 1 in morning and 1 in afternoon.
Problems (Two marks)
1. A new company with just two employees rents a floor of a building with 12
offices. How many ways are there to assign different offices to these two
employees?

Solution:
Task 1: assigning an office to employee 1
Task 2: assigning an office to employee 2

Task 1 can be done in 12 different ways and

Task 2 can be done in 11 different ways.

By product rule, There are 12 (11) = 132 ways to assign offices to two
employees.
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2. The chairs of an auditorium are to be labeled with a letter and a positive
integer not exceeding 100. How many chairs can be labeled differently?

Solution:

Task 1: assigning one of the 26 letters

Task 2: assigning one of the 100 possible integers

Task 1 can be done in 26 different ways and Task 2 can be done in
100 different ways.
By product rule, There are 26(100) = 2600 ways to assign labels to the chairs.

3. How many different license plates are available if each plate contains a sequence
of three letters followed by 3 digits?
Solution:

Task 1: choose letter 1

Task 2: choose letter 2

Task 3: choose letter 3

Task 4: choose digit1

Task 5: choose digit2

Task 6: choose digit3

"o a0 oo

g. By product rule, There are 26 . 26 . 26 .10 .10 . 10 = 17576000
different license plates.

4. If a child can draw 2 kinds of faces and 3 kinds of hates, how many cartoon can
she produce?
Solution:
Number of ways faces is drawn=2 ways
Number of ways hats is drawn=3 ways.

By product rule, no. of ways cartoon can be drawn = 2x3=6 ways.

5. (i) How many 3 digit numbers can be formed using 1, 3, 4, 5, 6, 8, 9.
(ii) How many can be formed if no digits can be repeated?
Solution:

(ii) Number of ways each of 3 digits is filled (using 1, 3, 4, 5, 6, 8, 9) =7 ways.
Number of ways 3 digit humbers formed =7x7x7 ways.
(iii) Number of ways 3 digit numbers formed without repetitions=7x6x5 ways.

The Sum Rule
Assume a task can be done either in one of ni ways or in one of n, ways.
Assume none of the set of n; ways is the same as any of the set n, ways. So,
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For example, if there are n; different courses offered in the morning and n>
courses offered in the afternoon. There will be ni+n> choices for a student to
enroll in only one course.

6. A student can choose a computer project from one of three lists. The three lists

9.

contain 23, 15 and 19 possible projects. No project is on more than one list. How
many possible projects are there to choose from?

Solution:

The student can choose a project from the first list or the second list or the third
list.

By the sum rule, there are 23+15+19=57 ways to choose a project.

Suppose either a CS faculty or CS student must be chosen as representative for a
committee. There are 14 faculty, and 50 majors. How many ways are there to
choose the representative?

Solution:
By the sum rule, 50 + 14 = 64 ways.

In how many ways can we draw a heart or a shade from an ordinary deck of
playing cards? a heart or an ace? an ace or a king?

Solution:

a. Number of heart=13, number of shade=13.

Sum rule=Ways to draw heart or shade=13+13=26 ways.

b. Number of heart=13, number of ace =3

Sum rule=Ways to draw heart or ace=13+3=16 ways.

c. Number of ace=4, number of king =4

Sum rule=Ways to draw ace or king=4+4=8 ways.

There are 5 Chinese books, 7 English books, 10 French books How many ways to
choose two books of different languages from them?
Solution: 5x7+5x10+7x10=155 ways.
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TOPIC :9
View the video on ponjesly app.

THE PIGEONHOLE PRINCIPLE
Statement: If 17 is a positive integer and n +1 or more objects are placed into n
boxes, then there is atleast one box containing two or more of the objects.

i.e If m pigeons are assigned to n pigeonholes, m>n, then there must be a pigeonhole
containing atleast 2 pigeons.

Generalised Pigeonhole Principle:
Statement: If m pigeons are assigned to n pigeonholes, then there must be a
pigeonhole containing at [“~']+1 pigeons

n

Problems:

1. If 9 colors are used to paint 100 houses, such that at least 12 houses will be the
same color.

Solution: Number of Pigeons, m= Number of Houses=100
Number of Pigeonholes, n= Number of colors=9

By Generalized Pigeonhole principle,

No. of houses having same color=[ m_—1]+ 1 =ﬂ_1]+ 1=12
n 9

Hence at least 12 houses will have the same color.

2. If we select any group of 1000 students on campus. Show that at least three
of them must have same birthday.

Solution: Number of Pigeons, m= Number of students=1000
Number of Pigeonholes, n= Number of days in a year=366 days

By Generalized Pigeonhole principle,
Number of students having same birthday=[m_—1] +1 ={£0_1]+ 1=3
n 366

Hence at least 3 students will have the same birthday.
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3. What is the maximum number of students required in a class to be sure that atleast
6 will receive the same grade, if there are five possible grades A,B,C,D,F.

Solution: Number of Pigeons , m= Number of students="?
Number of Pigeonholes, n= Number of possible grades=5
Given : At least 6 will receive the same grade.

By Generalized Pigeonhole principle,

. S ]+1=65m—-14+45=30=>m=26
5

Thus, minimum no. of students needed to ensure that atleast 6 students will
receive the same grade is 26.

4. State and prove pigeon hole principle.

(or)
If n+1 pigeonholes are occupied by m pigeons, , prove that at least one
pigeonhole is occupied by more than one pigeons.

Solution:
Number of Pigeons =n+1
Number of Pigeonholes =n

To prove: At least one Pigeonhole is occupied by more than one pigeon.
Assume that, if at least one pigeonhole is not occupied by more than one pigeon.

=Each pigeonhole contains exactly one
pigeon.

So n pigeonhole contain n pigeons
Which is a contradiction because there are n+1

pigeons
Hence our assumption is wrong.
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